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Bit Error Probability of M -QAM Subject to
Impulsive Noise and Rayleigh Fading
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Abstract— In this paper exact expressions are presented for
the bit error probability (BEP) of M -ary Quadrature Amplitude
Modulation (M -QAM) signals subject to Double Gated Additive
White Gaussian Noise (G2AWGN) combined with Rayleigh
fading. In this study, the Rayleigh fading channel can be seen as
a channel subject to an additive noise, R, obtained by the ratio
between the received signal and the fading amplitude. Besides,
for each model of impulsive noise considered, the probability
density function (PDF) of R is presented, which is defined as the
ratio between the random variable of the impulsive noise and
the random variable of the fading.

Keywords— Rayleigh fading, bit error probability, impulsive
noise.

I. INTRODUCTION

THE impulsive noise may significantly affect the perfor-
mance of communication systems. The sources generat-

ing this type of noise are numerous [1]. Impulsive noise may
be natural, due to atmospheric phenomena, such as lightning
strikes, or artificial. Noises caused by electrical equipment
in factory environments, fluorescent and incandescent lamps,
light switches, for example, are impulsive [2]. Studies on
impulsive noise began with Middleton in 1951 [3]. Since them,
several studies have arisen on Double Gated Additive White
Gaussian Noise (G2AWGN) binary [4], [5]. Impulsive noise
is of interest to several researchers [6], [7], [8], [9], [10], [11].

Nowadays, with the advances of the researches on Fifth
Generation (5G) systems, studies of impulsive noise on com-
munication links in millimeter waves have been presented.
In [12], for instance, a discussion is presented on the effects
of noise of an impulsive nature, characterized statistically by
Gaussian mixtures, in the performance of systems that operate
in the spectral range corresponding to millimeter waves. The
author also addresses blanking and clipping filter to minimize
these effects.

A variety of automation techniques in industrial environ-
ments can benefit from the high bandwidth of the spectrum
in the millimeter range for 5G systems [13]. In these envi-
ronments, however, besides the permanent noise with greater
power, due to the larger bandwidth of the channel, there
are also sources such as motors, inverters, ignition systems
and other elements of heavy machinery that contribute to the
emergence of impulsive nature noise.
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In the spectral range below 1 GHz, in which the operation
of wireless sensor networks and internet links between devices
(in the scenario of Internet of Things, IoT) is taken into
account, one of the main sources of impulsive noise is the
fluorescence lamp [14]. It is therefore plausible to consider
models of impulsive noise in communication channels so that
the transmission and reception systems can be designed to
minimize the noise effects.

In this work, new closed expressions for calculating the
bit error probability (BEP) of M -QAM signals subject to
G2AWGN noise combined with the Rayleigh fading are pre-
sented. The computation of the BEP is performed from an
alternative method, which consists of dividing the received
signal by the estimated fading envelope and considering the
resulting signal subject to a new noise, R, which is modeled
as the ratio between the random variable that represents the
impulsive noise and the random variable the represents the
fading.

This alternative approach to calculating the BEP was intro-
duced in [15], in which the ratio of two random variables
was used to determine closed expressions of the BEP for
Quadrature Phase Shift Keying (QPSK) modulation scheme
subject to AWGN and Rayleigh fading. A study of the influ-
ence of AWGN noise and Rayleigh fading on the performance
of an optimal maximum a posteriori probability receiver for
M -ary Pulse Amplitude Modulation (M -PAM) signals and
Rectangular Quadrature Amplitude Modulation (R-QAM) is
presented in [16]. This performance is evaluated by means of
BEP curves obtained by exact expressions, which were also
determined using the ratio of random variables.

In addition to this introductory section, this article is di-
vided into six more sections. In Section II the mathematical
model for the communication system is presented. Section III
presents the stochastic process and the probability density
function (PDF) for the G2AWGN noise. In Section IV expres-
sions for the PDF of the additive noise, obtained by the ratio
between the random variable that characterizes the impulsive
noise and the random variable that characterizes Rayleigh
fading, are presented. Section V describes the BEP of the
M -QAM signals subject to impulsive noise G2AWGN and
Rayleigh fading. In Section VI, BEP curves as a function of the
signal-to-noise ratio (SNR) under the effect of the impulsive
noise and Rayleigh fading are presented, and conclusions are
presented in Section VII.

II. MATHEMATICAL MODEL FOR THE RECEIVED SIGNAL

Consider a communication system in which the received
signal is composed by the transmitted signal affected by the
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fading and the impulsive noise, that is,

Y (t) = γX(t) + η(t), (1)

in which X(t) is the transmitted signal, η(t) is the impulsive
noise, Y (t) is the received signal and γ is the fading [17].
The fading is caused by multipath propagation and imposes
random variations of intensity to the transmitted signal. For
the received signal model described by Equation (1), non
frequency selective slow fading is assumed. This implies that
the multiplicative parameter γ can be considered constant at
least during a signaling interval.

Lopes and Alencar [15] have shown that the Rayleigh fading
channel can be viewed as a channel subject to an additive
noise, R, by performing the division of the received signal
Y (t) by γ. This additive noise is modeled by a random variable
defined as the ratio of the random noise variable η(t) by the
random variable of fading γ [15], [16].

III. MATHEMATICAL MODEL FOR THE IMPULSIVE NOISE

The general model of the Double Gated Binary Gaussian
Impulsive Noise with random occurrences of pulses and bursts
and with the presence of the permanent noise is given by [4]

η(t) = ηg(t) + C1(t)C2(t)ηi(t), (2)

in which ηi(t) represents a zero-mean complex white Gaussian
random process with variance σ2

i , ηg(t) is the background
Gaussian noise with zero-mean and variance σ2

g and C1(t)
and C2(t) are auxiliary random signals which characterize the
bursts and pulses, respectively, and assume values from the
discrete set {0,1}. The signal C1(t) is written as

C1(t) =

∞∑
k=−∞

mkPR1
(t− kT1), (3)

in which mk is the k-th bit of the alphabet {0,1} with
probability distribution p(mk = 1) = p1 and p(mk =
0) = 1 − p1. The pulse PR1(t) assumes unit amplitude
at 0 ≤ t ≤ βT1, with β assuming values between zero and
one. The random signal C2(t) assumes the values zero and
one randomly and is represented by

C2(t) =

∞∑
l=−∞

mlPR2(t− lT2), (4)

in which ml is the l-th bit of the alphabet {0,1} with proba-
bility distribution p(ml = 1) = p2 and p(ml = 0) = 1−p2.
The pulse PR2

(t) assumes unit amplitude at 0 ≤ t ≤ αT2,
with α assuming values between zero and one.

The probability density function of the impulsive noise for
this model, fη(t)(η), is given by [18]

fη(t)(η) =
αβp1p2√

2π(σ2
g + σ2

i )
exp

[
− η2

2(σ2
g + σ2

i )

]

+
(1− αβp1p2)√

2πσ2
g

exp

[
− η2

2σ2
g

]
. (5)

From the general model G2AWGN presented in Equa-
tion (2), it is possible to obtain seven simpler noise models.

Two distinct models are determined when the permanent
component of noise is absent, with total noise being pure; and
when the permanent component is present in the system, the
total noise being composed. When p1 = 1, it means that the
bursts are deterministic, 0 < p1 < 1 means that the bursts
are random, p2 = 1 means that the pulses are deterministic
and 0 < p2 < 1 means that the pulses are random.

IV. PDF OF THE NOISE R

This section presents the PDF of the random variable of
the noise R, which is modeled as the ratio between two
random variables, one characterized by a Gaussian mixture
and the other characterized by the Rayleigh distribution. This
division is performed to make the fading channel as a channel
subject to an additive noise R. Mathematically, that ratio can
be expressed as

R =
η

γ
, (6)

in which η denotes the G2AWGN impulsive noise, with PDF
given by Expression (5), and γ denotes the fading amplitude,
with PDF [19]

fγ(γ) = 2γe−γ2

u(γ), (7)

in which u(·) denotes the unit step function.
Under those conditions, the PDF of R is given by [20]

fR(r) =

∫ ∞

−∞
|γ|fη,γ(rγ, γ)dγ, (8)

in which fη,γ(rγ, γ) is the joint PDF of η and γ. Since η and
γ are independent random variables, it follows that

fη,γ(rγ, γ) = fη(rγ)fγ(γ)

=
2γαβp1p2√
2π(σ2

g + σ2
i )
e
−
(
γ2+ r2γ2

2(σ2
g+σ2

i
)

)
u(γ)

+
2γ(1− αβp1p2)√

2πσ2
g

e
−
(
γ2+ r2γ2

2σg

)
u(γ). (9)

Hence, the PDF of R can be written as

fR(r) =

∫ ∞

−∞
|γ|fη(rγ)fγ(γ)dγ

=
αβp1p2(σ

2
g + σ2

i )

(r2 + 2(σ2
g + σ2

i ))
3
2

+
(1− αβp1p2)σ

2
g

(r2 + 2σ2
g)

3
2

. (10)

V. BEP OF M -QAM SIGNALS IN CHANNEL WITH
IMPULSIVE NOISE AND RAYLEIGH FADING

In this section, the PDF given by Expression (10) is con-
sidered to obtain closed form expressions for the BEP of
M -QAM symbols subject to impulsive noise G2AWGN and
Rayleigh fading.

In the I × J-QAM scheme, the waveforms consist of two
quadrature carriers modulated in amplitude, independently,
expressed by

s(t) = AI cos(2πfct)−AJsen(2πfct), 0 ≤ t ≤ T, (11)

in which AI and AJ respectively represent the amplitudes of
the in-phase and quadrature components of the symbol to be
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transmitted, fc is the carrier frequency and T is the duration
of the symbol [19]. In this scheme, log2 M bits of information
are mapped into a two-dimensional constellation using a Gray
code. In Equation (11), AI and AJ are independently selected
from the set {±d, ±3d, · · · , ±(

√
M − 1)d}, in which 2d is

the minimum Euclidean distance between the components of
two distinct symbols of the constellation, with d given by

d =

√
3log2M · Eb

2(M − 1)N0
, (12)

Eb is the bit energy and N0 is the power spectral density of
the noise [17].

Cho and Yoon [21] proposed a exact expression for calcu-
lating the BEP of the QAM scheme with arbitrary dimension
of the constellation, considering AWGN [21] noise. In this
section, the expressions obtained by Cho and Yoon are con-
sidered to obtain new expressions for the BEP of the square
M -QAM scheme in a channel with impulsive noise G2AWGN
and Rayleigh fading.

Consider a noise AWGN with zero mean and power spectral
density N0/2. Let Pe be the BEP, Eb be the bit energy, M
the number of symbols on the QAM constellation and Pe(k)
the BEP for the k-th bit, with k ∈ {1, 2, · · · , log2M}. The
expression for the BEP of the M -QAM scheme for a AWGN
channel obtained by Cho and Yoon is given by [21]

Pe =
1

log2
√
M

log2

√
M∑

k=1

Pe(k), (13)

with

Pe(k) =
1√
M

(1−2−k)
√
M−1∑

i=0

{w(i, k,M)

× erfc

(
(2i+ 1)

√
3log2M · Eb

2(M − 1)N0

)}
, (14)

in which

w(i, k,M) = (−1)

⌊
i·2k−1
√

M

⌋
·
(
2k−1 −

⌊
i · 2k−1

√
M

+
1

2

⌋)
,

(15)
M is the order of the constellation, Eb/N0 denotes the SNR
per bit, ⌊x⌋ denotes the largest integer less than or equal to
x, and erfc(·) represents the complementary error function.

The contribution of Cho and Yoon was to write the BEP
of the M -QAM scheme transmitted in an AWGN channel in
terms of the weighted sum of complementary error functions.
The weights w(i, k,M) incorporate the effect, in the BEP,
of the k-th bit position in symbol with log2M bits. Notice
that the term erfc((2i + 1)

√
3log2M · Eb/2(M − 1)N0), in

Equation (14), corresponds to twice the probability that the
additive noise exceeds [22]

(2i+ 1)
√
3log2M · Eb/(M − 1)N0. (16)

Assuming the channel with G2AWGN impulsive noise and
Rayleigh fading, the probability that the additive noise r(t)

exceeds (2i + 1)
√
3log2M · Eb/2(M − 1)N0 is given by

Equation (18), with

a(i,M) =
3(2i+ 1)2 log2 M

M − 1
. (17)

Using Equation (18) and the weights of Equation (15),
the expression for the BEP of M -QAM scheme subject to
impulsive noise G2AWGN and Rayleigh fading is given by
Equation (13), with Pe(k) given by Equation (19). In [16]
expressions are presented for the BEP of M -QAM scheme
considering channel with AWGN and Rayleigh fading. In
Equation (18), the term SNR represents the ratio of the signal
power to the power of the background Gaussian noise, that is
always present in the system, and SNI is the impulsive signal
to noise ratio, defined as the ratio between the power of the
signal and the power of the impulsive noise that acts in the
system.

VI. RESULTS

In this article, the values adopted for the parameters of η(t)
and the modulation schemes are based on the results of theoret-
ical and experimental studies with impulsive interference in the
European Digital Video Broadcasting (Terrestrial) (DVB-T) by
the United Kingdon Digital Television Group (DTG) [10].

The BEP curves of the 64-QAM modulation scheme under
the effect of the G2AWGN impulsive noise and Rayleigh
fading for four distinct values of the SNI are shown in
Figure 1. The values adopted for p1, p2, β and α were 0.5. It
is noted that the BEP decreases with increasing SNR for fixed
SNI values. For the blue curve, in which SNI = 10 dB, it is
observed that for SNR values above 20 dB there is a small
reduction in the BEP with increasing SNR. For SNR values
above 10 dB, when the SNR is larger than the SNI, for a fixed
signal power it follows that the power of the impulsive noise
is greater than the power of the permanent noise. Therefore,
the action of the impulsive noise ηi(t) further contributes to
increase Pe.

Curves of the BEP of the 64-QAM modulation scheme
under the effect of the G2AWGN impulsive noise and Rayleigh
fading, considering α = 0.5, β = 0.5, SNI = 20 dB and different
probabilities of the signals C1(t) and C2(t) assume value one
are shown respectively in Figures 2 and 3. As the value of p1
or p2 increases, the BEP obtained for fixed values of SNR is
greater. It is noted that for values of SNI = 20 dB, Pe is not
less than 10−3 for SNR < 30 dB, for values of p above 0.1.

Considering the noise G2AWGN and Rayleigh fading, the
evaluation of the influence of the order M of the modulation
scheme on the BEP is shown in Figure 4 for four values of M ,
considering SNI = 20 dB, p1, p2, β and α equal to 0.5. The
higher the value of M , the greater the BEP since the symbols
affected by the noise are closer, so the received signal is more
susceptible to errors. It is also observed that the BEP equal to
10−2 is obtained with SNR ≈ 14 dB for M = 16 whereas it
is obtained with SNR ≈ 27 dB for M = 1024.

VII. CONCLUSION

In this paper we present a study of the influence of
Double Gated Additive White Gaussian Noise (G2AWGN)
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2P

(
r ≥ (2i+ 1)

√
3log2M · Eb

2(M − 1)N0

)
= 2

∫ ∞√
3(2i+1)2log2M·Eb

2(M−1)N0

fR(r)dr

= αβp1p2

1− 1√
1 + SNR·SNI

a(i,M)(SNR+SNI)

+ (1− αβp1p2)

1− 1√
1 + 1

a(i,M)·SNR

 .

(18)

Pe(k) =
1√
M

(1−2−k)
√
M−1∑

i=0

w(i, k,M)

αβp1p2

1− 1√
1 + SNR·SNI

a(i,M)(SNR+SNI)

+ (1− αβp1p2)

1− 1√
1 + 1

a(i,M)·SNR

 .

(19)

Fig. 1. Bit error probability of the modulation scheme 64-QAM under the
effect ot the G2AWGN impulsive noise and Rayleigh fading, with for distinct
values signal to impulsive noise ratio.

Fig. 2. Bit error probability of the modulation scheme 64-QAM under the
effect of the G2AWGN impulsive noise and Rayleigh fading, with different
probabilities for p1.

and Rayleigh fading on the performance of an optimum
maximum-likelihood receiver for the modulation scheme M -

Fig. 3. Bit error probabiity of the modulation scheme 64-QAM under the
effect of the G2AWGN impulsive noise and Rayleigh fading, with different
probabilities for p2.

Fig. 4. Bit error probability for different values of the modulation order M
under the effect of the G2AWGN impulsive noise and Rayleigh fading.

QAM. This performance was evaluated by means of the bit
error probability (BEP) curves, obtained by exact expressions.
To determine the BEP expressions, an alternative method was
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used to facilitate mathematical development. In this method
the division of the received signal by the fading envelope was
performed, making the channel subject to an additive noise
R. In addition, new expressions have been presented for the
PDF of the noise R, defined as the ratio between the random
variable of the G2AWGN, and the random variable of the
envelope fading.

In the results, it was observed that some BEP curves
presented an asymptotic behavior, tending to a constant value
with the increase of the SNR. This is because when the
power of permanent noise decreases relative to signal power,
the component of impulsive noise continues to affect the
performance of the receiver. With respect to different values
of probabilities of occurrences of pulses and bursts in an
impulsive event, it was noticed that as these values increase,
the greater the BEP. This is because the increase of these
parameters implies a greater probability of impulsive noise
being present in the system. In relation to the effects of
increasing constellation order, the results are as expected –
the performance of the receiver worsens with the increase of
the order M .

As future works, the authors intend to determine closed
expressions for the BEP of M -QAM considering the channel
subject to impulsive noise G2AWGN and other kind of fading,
such as η-µ, κ-µ and α-µ.
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