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Abstract— High-speed low-density parity-check (LDPC) decod-
ing is a major bottleneck in continuous-variable quantum key
distribution (CV-QKD) and motivates hardware acceleration with
fixed-point arithmetic. This work compares the sum-product
algorithm (SPA), min-sum algorithm (MSA), and normalized
min-sum (NMS) under a unified low-SNR fixed-point framework
using common graph, matrix, and quantization settings. Multiple
formats are evaluated through frame error rate (FER), with
emphasis on identifying the lowest tested numerical precision
that preserves viable reconciliation. The results show that the
lowest viable tested precision is decoder-dependent. SPA achieved
the best overall decoding performance. Among the reduced-
complexity decoders, MSA required Q16.8 to preserve viable
reconciliation, whereas NMS remained operational at Q12.6. SPA
preserved reliable decoding down to Q8.4, offering the most
favorable combination of decoding reliability and fixed-point
word-length reduction within the evaluated numerical framework.

Keywords— Fixed-point arithmetic,c MET-LDPC codes, low-
SNR decoding, hardware-oriented implementation.

I. INTRODUCTION

Low-density parity-check (LDPC) codes play a central role
in modern error-correction systems operating close to channel
capacity, especially in scenarios where reliable communication
must be maintained at very low signal-to-noise ratio (SNR), typ-
ically around or below 0 dB and, in severe operating conditions,
in the negative-SNR regime [1], [2]. This regime is particularly
relevant in reconciliation architectures for continuous-variable
quantum key distribution (CV-QKD), where the legitimate
users, conventionally referred to as Alice and Bob, must convert
correlated continuous variables into a common binary key
after transmission through a noisy quantum channel. In this
context, decoding efficiency and error-correction capability
directly impact the achievable secret key rate and transmission
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distance [3], [4]. Structured low-rate constructions, typically
associated with code rates far below those used in conventional
communication systems and often below 0.1, such as multi-
edge LDPC codes, have therefore received increasing attention
due to their favorable balance between decoding performance
and implementation feasibility [5], [6].

Although floating-point implementations are useful for algo-
rithmic validation, practical high-throughput decoders intended
for hardware platforms such as FPGAs must operate under
strict constraints on memory footprint, arithmetic complexity,
latency, and power consumption [7]. For this reason, fixed-
point arithmetic becomes a natural requirement in the transition
from software-based simulation to hardware-oriented realiza-
tion. However, reducing numerical precision introduces non-
negligible effects, including quantization noise, restricted dy-
namic range, saturation, and sensitivity to intermediate products
and accumulations. These effects are especially critical in low-
SNR decoding, where small differences in message reliability
may determine whether iterative convergence succeeds or fails

(81, [9], [7].

The literature already reports relevant advances on limited-
precision LDPC decoding, both from the perspective of hard-
ware implementation and from the standpoint of low-bit-width
message-passing strategies [8], [10], [11], [12]. In parallel,
multi-edge constructions have been investigated as promising
candidate for reconciliation in long-distance CV-QKD systems
[5], [13]. Nevertheless, a direct and controlled comparison
between distinct decoding algorithms under the same fixed-
point experimental framework remains relevant, particularly
in the low-SNR regime. In practice, the numerical behavior
of the sum-product algorithm (SPA), the min-sum algorithm
(MSA), and the normalized min-sum algorithm (NMS) may
differ substantially when subjected to the same clipping, scaling,
and word-length restrictions [14], [12].

In this work, we present a unified fixed-point decoding
framework for the comparative evaluation of SPA, MSA, and
NMS. The three decoders are implemented under the same
sparse graph representation, the same parity-check matrix, and
the same quantization pipeline, allowing a fair comparison
of the impact of arithmetic precision on decoding behavior.
The analysis considers distinct fixed-point configurations, pa-
rameterized by total word length and fractional precision, and
evaluates their effect on frame error rate (FER). In addition,
the proposed framework makes it possible to discuss practical
implementation effects, such as saturation and intermediate-
product overflow.
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A. Multidimensional Reconciliation

In CV-QKD, Alice and Bob initially share correlated Gaus-
sian variables rather than binary sequences. In the low-SNR
regime, direct reconciliation over these continuous observations
becomes inefficient. Multidimensional reconciliation (MDR)
addresses this issue by transforming the original Gaussian cor-
relation into an equivalent binary-input additive white Gaussian
noise (BI-AWGN) channel, enabling the use of binary error-
correcting codes such as LDPC codes [15]. In this work, MDR
is not the main object of investigation, but the reconciliation
strategy that motivates the decoding stage analyzed in the
following sections.

B. MET-LDPC

Multi-edge type low-density parity-check (MET-LDPC)
codes generalize irregular LDPC ensembles by describing the
Tanner graph through multiple edge classes rather than a single
aggregated degree distribution [5]. This allows variable and
check nodes to be characterized not only by their total degree,
but also by the distribution of edge types connected to them,
providing finer structural control.

This flexibility is especially relevant in very low-SNR recon-
ciliation scenarios, where conventional irregular degree profiles
may be insufficient to sustain efficient iterative decoding. MET-
LDPC ensembles are commonly described by multivariate
degree-distribution polynomials, enabling more detailed graph
design at the cost of increased construction complexity. In this
work, MET-LDPC codes are relevant as a structural framework
suitable for low-rate, low-SNR decoding conditions.

C. Fixed-Point Modeling

The transition from floating-point to fixed-point arithmetic is
a fundamental step when moving from algorithmic validation
to hardware-oriented decoder design. In practical implemen-
tations, especially in FPGA-based architectures, arithmetic
precision must be explicitly constrained in order to reduce
memory usage, simplify datapaths, and improve throughput.
However, this reduction in numerical precision may also affect
decoder convergence, message reliability, and overall error-
correction performance, particularly in low-SNR regimes [8],
[10], [9].

In the fixed-point model adopted in this work, real-valued
quantities are represented by signed integers associated with
a scaling factor determined by the number of fractional bits.
Let n; denote the total word length and n; the number of
fractional bits. A real-valued quantity x € R is quantized as

(1

xy = round(z2"7),

where z, is the corresponding integer representation. The
inverse mapping is approximately given by

o~ 4
2nf :

2

Therefore, ny controls the resolution of the representation,
while n; determines the available dynamic range.

For a signed fixed-point format with n; total bits, the
representable integer interval is

1

ne— nyg—1
Gmin = =27 ) Gmax = 2™ -1

3)

Any value exceeding this interval must be clipped or saturated
to the nearest representable bound. In addition, before quanti-
zation, channel log-likelihood ratios (LLRs) are clipped to the
interval

[*Lmaxa Lmax}a (4)

where Lp,,x is a design parameter that limits the dynamic
range of the decoder messages. This clipping operation is
particularly important in low-SNR decoding, since excessively
large message magnitudes may produce numerical instability
without providing significant reliability gains [9].

In practice, the use of finite precision introduces two distinct
numerical effects. The first is quantization itself, which limits
the resolution with which message magnitudes can be repre-
sented. The second is saturation, which limits the maximum
representable magnitude. In iterative LDPC decoding, both
effects are relevant because messages are repeatedly updated,
accumulated, and transformed along the Tanner graph. As a
consequence, the chosen word length may affect not only FER,
but also convergence speed and numerical stability [10], [11].

Under the model adopted here, the three decoding algorithms
considered in this paper share the same fixed-point infras-
tructure. Channel LLRs are clipped and quantized according
to (1)—(4), variable-node messages are accumulated under
saturation constraints, and decoder outputs are kept within
the representable range defined by (3). The main difference
lies in the check-node update: MSA uses the standard min-
sum rule, NMS applies a normalization factor «, and SPA
employs nonlinear reliability updates while keeping message
storage in fixed-point form. This unified representation makes
it possible to isolate the influence of arithmetic precision from
the influence of the decoding rule itself.

The fixed-point model is therefore not only a numerical ap-
proximation, but also an abstraction of the constraints expected
in future hardware realization. By varying n; and ns, one can
investigate the trade-off between decoding performance and
implementation cost, identifying precision regimes that pre-
serve reliable operation while reducing arithmetic complexity
(8], [10].

D. Decoding Algorithms

The decoding framework considered in this work is based
on iterative message passing over the Tanner graph associated
with the parity-check matrix. In all cases, reliability messages
are exchanged between variable nodes and check nodes until
either the target syndrome is satisfied or the maximum number
of iterations is reached. Under the fixed-point model introduced
in the previous subsection, the three algorithms analyzed here—
SPA, MSA, and NMS—share the same message representation
and the same variable-node update rule. Their main difference
lies in the check-node processing.

Let L$" denote the channel log-likelihood ratio (LLR)
associated with variable node j, L;_,; the message sent from
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variable node j to check node 4, and L;_,; the message sent
from check node ¢ to variable node j.

In the sum-product algorithm (SPA), the check-node update
follows the standard belief-propagation rule in the LLR domain
[16]:

Lig,j = 2tanh_1

II

tanh (T) , (®))
JEN(D)\J
where N (i) denotes the set of variable nodes connected to
check node ¢, and AV (7) \ j denotes the same neighborhood
excluding variable node j. Among the algorithms considered
in this work, SPA provides the most accurate reliability update,
since it preserves the nonlinear form derived from the exact
message-passing equations. For this reason, it is used here as
the main decoding reference, although its implementation is
also the most demanding from the numerical and architectural
points of view.

The min-sum algorithm (MSA) replaces the nonlinear check-
node rule by a reduced-complexity approximation based on
the sign product and the minimum magnitude of the incoming
messages [16]:

II

3 EN(D\J

(6)

sign(Lj/_n-) 7N

Li—>j ~

This approximation substantially simplifies the check-node
computation and makes MSA attractive in implementation-
oriented scenarios. However, since it neglects the correction
term implicitly present in the SPA formulation, MSA tends
to overestimate message magnitudes, which may degrade
decoding performance depending on the operating regime.

To reduce this discrepancy, the normalized min-sum algo-
rithm (NMS) introduces a scaling factor o« € (0,1] in the
min-sum update [17]:

LNMS — min
o H J'EN (i

JEN(D\J

Sigl’l(Lj/*”‘) |Lj14”| . (7)

When o = 1, NMS reduces to the conventional MSA. For
a < 1, the outgoing check-node messages are attenuated, which
generally leads to a better approximation of the SPA behavior
while preserving the simplicity of the min-sum structure.
As discussed by Chen and Fossorier [17], this normalization
improves the convergence behavior of min-sum-based decoding
and can yield a more favorable performance-complexity trade-
off.

In the fixed-point framework adopted in this paper, the
three algorithms are evaluated under the same sparse graph
representation, the same quantization pipeline, and the same
saturation constraints. This allows the comparison to focus
on the combined effect of arithmetic precision and check-
node update rule. In particular, SPA serves as a higher-
complexity decoding reference, MSA represents the simplest
approximation, and NMS occupies an intermediate position by
introducing a controlled correction to the min-sum rule.

II. EXPERIMENTAL CONFIGURATION

The experimental evaluation was conducted under a common
simulation framework in order to compare the fixed-point
behavior of the SPA, MSA, and NMS decoders under identical
decoding conditions. For all experiments, the same parity-check
matrix, channel model, stopping criterion, and maximum num-
ber of iterations were adopted, so that the observed differences
could be associated primarily with the decoding rule and the
fixed-point precision.

Decoder performance was evaluated in terms of frame error
rate (FER). Considering Nf.ames Simulated frames of length
N, the FER is defined as

Nframe err
FER — —ameerr 8
Nframes ( )

where Npame err 1S the number of frames containing at least
one residual bit error. The simulations were performed over a
low-SNR range, with

SNRyp € {—20.0, —19.5, ..., —15.0}, 9)

using a step of 0.5 dB. For each SNR point, 2000 frames were
simulated. The codeword length was fixed at N = 10000, and
the design rate was set to R = 0.02. The code ensemble was
generated from the rate-0.02 MET-LDPC degree-distribution
polynomials proposed in [1]: v(z) = 0.02z223' +0.022325° +
0.96x3 and p(z) = 0.016x7 +0.00429 +0.3025 23 +0.662323,
with normalized check-node fractions, where v(x) and p(x)
denote the variable-node and check-node degree-distribution
polynomials, respectively.

The fixed-point analysis was carried out by varying the
total word length and the number of fractional bits. The tested
configurations were

Q8.4,

all evaluated with the same clipping limit L, = 8.0 and
the same maximum number of decoding iterations, Ij.x =
100. In this notation, ()n;.ny denotes a signed fixed-point
representation with n; total bits and n; fractional bits. For
Q8.4, the representable range is [—8, 7.9375]; therefore, values
clipped at +8 are subsequently saturated to 7.9375. The same
Lmax = 8 was retained across all formats to preserve a common
clipping policy. A dedicated sensitivity analysis of Lmax is
outside the scope of this work.

For NMS, « was preliminarily swept from 0.40 to 0.85 in
steps of 0.05, and o = 0.65 was empirically selected from
the preliminary sweep because it provided the most favorable
FER behavior across the evaluated SNR range. The MSA
results correspond to the particular case o« = 1, while SPA
was evaluated separately through its own check-node update
rule.

To ensure a fair comparison, all decoders were tested using
the same sparse graph representation, the same quantization
pipeline for a given fixed-point configuration, and the same
simulation procedure at each SNR point. In this way, the
analysis isolates the effect of arithmetic precision and decoding
rule, allowing the comparison to focus directly on the reliability
and convergence behavior of SPA, MSA, and NMS in the low-
SNR regime.

Q12.6, Q16.8, Q24.12, (10)
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III. RESULTS AND DISCUSSION

Figure 1 highlights the most representative FER comparison
among the decoders when the fixed-point precision is kept
constant. In this analysis, the target is the lowest fixed-point
precision that does not compromise reconciliation, rather than
the precision providing the absolute lowest FER.

1004

10-14

FER

10721 —e— msa
=& nms
—e— spa

-20 -19 -18 -17 -16 -15
SNR (dB)

Fig. 1
FRAME ERROR RATE (FER) VERSUS SNR FOR SPA, MSA, AND
NMS USING THE Q12.6 FIXED-POINT FORMAT.

The comparison indicates that SPA is the most reliable
decoder among the evaluated strategies. For all precision
settings, SPA exhibits the most pronounced waterfall region
and the lowest FER over the relevant SNR interval, reinforcing
its role as the strongest decoding reference in the present study.
In contrast, the reduced-complexity decoders, especially MSA,
show a stronger dependence on the adopted numerical format,
which directly affects their ability to converge in the low-SNR
regime.

Figures 2, 3, and 4 show the FER behavior of each decoder
as a function of the tested fixed-point precision values.
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Fig. 2
FRAME ERROR RATE (FER) VERSUS SNR FOR MSA UNDER
DIFFERENT FIXED-POINT FORMATS.
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Fig. 3
FRAME ERROR RATE (FER) VERSUS SNR FOR NMS UNDER
DIFFERENT FIXED-POINT FORMATS.
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Fig. 4
FRAME ERROR RATE (FER) VERSUS SNR FOR SPA UNDER
DIFFERENT FIXED-POINT FORMATS.

Under the criterion of lowest numerical precision that pre-
serves viable decoding behavior, MSA requires at least Q16.8,
whereas NMS remains operational with Q12.6. Although
higher-precision formats may provide slightly lower FER
at some SNR points, they do not represent the minimum
precision required to preserve the expected waterfall behavior.
Lower precisions progressively impair decoder convergence
due to quantization effects, eventually making reconciliation
ineffective.

For SPA, the interpretation is slightly different. The decoder
remains robust over a wider precision range, reaching its
quantization-limited behavior at Q8.4 and extending up to
Q24.12 without visible degradation in the final FER curves.

IV. CONCLUSION

This work presented a comparative fixed-point evaluation
of the SPA, MSA, and NMS decoders in a low-SNR LDPC
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decoding scenario, with emphasis on the influence of numerical
precision on FER and convergence behavior. The results show
that decoder performance depends not only on the decoding
rule itself, but also on how well the selected fixed-point format
matches the numerical requirements of each algorithm.

Among the evaluated decoders, SPA delivered the best
overall decoding results. It consistently achieved the lowest
FER values, the clearest waterfall behavior, and the most stable
convergence across the tested precision range. In addition, SPA
remained effective even under reduced precision, which makes
it particularly attractive from an implementation perspective.

For the reduced-complexity decoders, the precision sweep
revealed different minimum viable tested formats. MSA re-
quired Q16.8 to preserve viable decoding, whereas NMS
remained operational at Q12.6. Therefore, Q16.8 represents the
lowest common tested precision that preserves viable decoding
for both reduced-complexity algorithms. Lower precisions
progressively intensified quantization effects and impaired
convergence.

From a practical standpoint, however, the most relevant
outcome of this study is that the best overall scenario is
obtained by combining SPA with the Q8.4 format. Although
wider representations may still be numerically feasible for
SPA, the Q8.4 format already preserves excellent decoding
performance while significantly reducing the number of bits
required in the fixed-point representation. This becomes es-
pecially important when the analysis is scaled to much larger
parity-check matrices, where memory footprint, data movement,
and arithmetic cost grow substantially. In this sense, SPA with
Q8.4 provides the most favorable combination of decoding
reliability and fixed-point word-length reduction within the
evaluated numerical framework.

Overall, the results establish a clear ranking for the tested
configurations: SPA is the most reliable decoder, NMS provides
the most robust reduced-complexity alternative, and MSA is
the most sensitive to fixed-point constraints.

As a final outcome, this work provides practical guidance
for the numerical design of hardware-oriented LDPC decoders
in the low-SNR regime. SPA should be regarded as the
performance reference, while Q16.8 represents the lowest
tested common precision that preserves viable decoding for
the reduced-complexity decoders. At the same time, SPA
with Q8.4 stands out as the most attractive operating point
in terms of decoding reliability and fixed-point word-length
reduction. This conclusion concerns numerical precision and
representation width, while the overall hardware complexity
of the different decoding algorithms remains to be assessed in
a future implementation.
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