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Low-Complexity Tensor-Based Channel Parameter
Estimation for mmWave MIMO-Assisted Systems

Francisco I. T. Pires, Jean C. S. Ferreira, and Fazal-E Asim

Abstract— This paper presents a low-complexity tensor-based
channel estimation framework for downlink mmWave massive
MIMO systems using partially connected Butler-matrix beam-
forming. By modeling received signals as a third-order PARAFAC
tensor, we exploit known pilot structures via bilinear alternat-
ing least-squares (BALS) optimization to reduce computational
overhead. The decoupled spatial factors are then processed via
1D and 2D ESPRIT to extract angles of arrival and departure
with automatic pairing. Additionally, we derive the Cramér-Rao
lower bound (CRLB) for this architecture. Simulations confirm
the proposed estimator outperforms conventional least-squares,
achieving accurate channel reconstruction and approaching the
CRLB at moderate-to-high signal-to-noise ratios.

Keywords— Channel Estimation, Butler Matrices, PARAFAC
Decomposition, 2D-ESPRIT, mmWave MIMO.

I. INTRODUCTION

Millimeter-wave (mmWave) communications offer massive
spectral bandwidths for 5G and future 6G systems, though they
suffer from high path loss and severe attenuation [1]. While
massive MIMO arrays can mitigate these impairments, fully
digital architectures require a dedicated radio-frequency (RF)
chain per antenna, leading to prohibitive hardware complexity
and power consumption. Hybrid analog/digital architectures
offer a practical trade-off; however, conventional structures
relying on high-resolution adaptive phase shifters often incur
significant insertion losses and complex calibration [2]. As
an energy-efficient alternative, passive Butler matrices (BMs)
generate fixed orthogonal beams via analog discrete Fourier
transform (DFT) operations, reducing hardware constraints
while retaining robust beamspace probing capabilities [2], [3].
Nevertheless, isolating angles of arrival (AoAs), angles of
departure (AoDs), and path gains remains challenging due to
the multidimensional coupling inherent to beamspace probing.

Tensor decompositions, particularly the parallel factor anal-
ysis (PARAFAC) model, are powerful tools for preserving
uniqueness in multidimensional signal processing [4], [5].
Leveraging multilinear models enables the efficient decoupling
of spatial signatures, pilot domains, and fading gains [6].
In this paper, we propose a low-complexity tensor-based
framework for joint channel parameter estimation in passive
BM-assisted mmWave massive MIMO systems, modeling the
received training block as a third-order PARAFAC tensor.
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Unlike prior works that rely heavily on unconstrained
PARAFAC models or exhaustive beam-sweeping, our ap-
proach distinctly combines a deterministic CAZAC pilot
structure with a constrained bilinear alternating least-squares
(BALS) optimization, significantly reducing computational
overhead. The main contributions of this work are summarized
as follows. First, we establish a structured tensor signal model
for downlink BM-assisted mmWave MIMO systems featuring
uniform rectangular transmit arrays (URAs) and uniform linear
receive arrays (ULAs). Second, we design a robust train-
ing stage employing constant-amplitude zero-autocorrelation
(CAZAC) Zadoff—Chu sequences [7], [8] to improve factor
identifiability and noise resilience. Third, by exploiting the
deterministic, known pilot matrix, we reformulate the un-
constrained trilinear problem into a highly efficient bilinear
alternating least-squares (BALS) optimization scheme. Fourth,
we apply one- and two-dimensional ESPRIT algorithms [9]
to the estimated spatial factors to extract paired AoAs, az-
imuth/elevation AoDs, and complex gains automatically. Fi-
nally, we derive the Cramér—Rao Lower Bound (CRLB) [10]
tailored to the tensor-structured BM system as a theoretical
benchmark and validate it against conventional least-squares
baselines via extensive simulations.

II. SYSTEM MODEL

We consider a downlink multiple-input multiple-output
(MIMO) system in which the transmitter (fx) employs a
Butler-matrix-assisted hybrid beamforming architecture to
transmit signals to a single receiver (rz). The transmitter
uses a reduced number of RF chains, denoted by Ngp, to
feed a larger antenna aperture through analog beamforming
networks. For the considered transmit aperture, let M =
MpM, denote the number of antenna elements addressed
by the two-dimensional Butler beam codebook, where M,
and M, are the numbers of horizontal and vertical elements,
respectively.
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Fig. 1. Butler-matrix-assisted partially connected hybrid beamforming
architecture.
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The receiver is equipped with a fully digital ULA composed
of () antenna elements [3], [5]. The received signal at the
receiver using the m-th transmit beamforming vector is given
as

R
Yo = VP S Wia(gr)a”
r=1
+ WH[nl,ma n2,ma ()

(037, 0:°) F (Op, vg) e

nL,m] € CQXL,
(1)

where m = 1,..., M indexes the transmit beamforming
vectors, Pr is the instantaneous transmit power, R is the
number of propagation paths, and «, denotes the complex
path gain of the r-th path. The vectors a(¢l*) € C@*! and
a(gt*,0t*) € CM*! are the receive and transmit steering
vectors, respectively, W € CP*? denotes the receive DFT
beamforming matrix, f,,, (6, v,) € CM*1 is the m-th transmit
beamforming vector, and ¢, € CE*! is the pilot sequence
associated with the r-th path. The noise vector mn;,, ~
CN(0gx1,021g), 1 =1,...,L, represents the additive white
Gaussian noise at the [-th pilot symbol for the m-th transmit
beam.

We assume that the considered transmitter aperture is a
uniform rectangular array (URA) in the y — z plane with M},
horizontal elements and M, vertical elements. Therefore, the
transmit array response to the multipath of receiver can be
modeled as

[ a( tr eta:)]

—jm[(my,—1) sin 07 sin ¢I +(m, —1) cos 017]
r o YUr )

2
where ¢!” and 6!* denote the azimuth and elevation AoDs,
respectively, and m = m, + (m, — 1)M, with m;, €
{1,..., My} and m,, € {1,..., M,}.

Similarly, we assume that each receiver is equipped with
a uniform linear array (ULA). The receive steering vector
a(¢r®) € C*L is defined with the angle of arrival (AoA)
o

a(é}") =

=€

[1, e~ K drsin(@r®) | =15 (Q=1)d. sin(¢7")T

3)

The azimuth and elevation angles are assumed to be dis-
tributed within the angular region visible to the corresponding
transmit and receive arrays. Assuming the receive antenna
array inter-element spacing d, = % and defining the receive
spatial frequency p, = m sin(¢!"), the receive steering vector
can be rewritten as

a(pr) =

Now, let us consider the two-dimensional steering vector
a( 3’”,9?) given in (2) and define the spatial frequencies
as p, = wsinf¥sin ! and v, = wcosO respectively.
Therefore, the steering vector can be written as the Kronecker
product of the following steering vectors

a(pir, ¥r) = ap(py) @ ay(Pr) €

[17e_jpT)“.,e_j(Q_l)l)T]T c (CQXl. (4)

(CMXl, (5)
where
an(pr) = [1,6_‘jﬂ7', ...,e_j(Mh_l)”’”]T e CMrx1  (6)

ay(¢r) = [Le77¥r e MU T e CMeXT (7

The m-th two-dimensional beamforming vector, formed by
using a network of Butler Matrices (BMs) [3], [2] to excite a
URA at the transmitter, is expressed as the Kronecker product
of the columns of DFT matrices as

fm((spv’/q) = fh(5p) ® fv(l/q)

where m = 1,....M = MyM,, with each value of m
corresponding to one pair (p,q) of horizontal and vertical
DFT beams. Here, f,,(d,,7,) is the resultant beamforming
vector for probing the channel, d,, is the DFT spatial frequency
controlling the horizontal antenna elements, and f5,(d,) is
defined as

fh(5p) =

e(cMXl7 (8)

1
v My,

where 6, = %p, p=0,..., M, —1. The parameter v, is the
DFT spatial frequency exciting the vertical antenna elements
in the URA, while f,(v,) is defined as

1

[1,e79%, . e I M=o T ¢ CcMrx1 " (g)

Folvy) = —===[1,e79va .. e i Mo=Dva)T ¢ cMox1 (1)
VM,
where v, = 2%-q, ¢ =0,..., M, — 1.

To ensure tensor factor identifiability and mitigate mul-
tipath interference, we employ constant-amplitude zero-
autocorrelation (CAZAC) Zadoff-Chu pilots [7], [8], following
the design in [3]. This deterministic shift design guarantees a
full-column rank pilot matrix, thereby securing the uniqueness
and robust separability of the latent spatial signatures during
the bilinear optimization stage. The pilot matrix is, therefore,

written as -
°
C

C = e CRxL,

1D
ch
By rearranging the scalar inner product a’ (¢, 60!%)fx

and defining the filtered noise matrix NN, =
WH[an, ...,np ], the received signal becomes

R
Z fH 5P’Vq (MTawT))

(12)
(WH (pr)) arcr + N,

This algebraic rearrangement effectively decouples the trans-
mitter and receiver spatial signatures, as the multiplication by
F and WH explicitly projects the physical steering vectors
into the effective beamspace domain, establishing the basis for
the multi-dimensional tensor modeling.

To express the signal in a compact matrix form,
we define the transmit array response matrix Ap =
[a(p1,¥1),...,a(ur,¥vr)] € CM*E the receive array re-
sponse matrix Ar = [a(p1),...,a(pr)] € C2*F, and the di-
agonal path gain matrix D = diag([/Praa, ...,V Prag]) €
CEXE_Using the Khatri-Rao product (o), the received signal
for the m-th beam is reformulated as:

Y, = [(£H(6p,v9) A7) o (WHARD)| C + N,,. (13)
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By probing the channel using all M transmit beamforming
vectors, we construct the global observation matrix Y &
CMxQL by stacking the row-vectorized matrices Y;, along
the beam dimension, i.e.,

vecT (Y7)
vec? (Y3)

Y = € cMxQeL,

(14)

vec? (Yar)

where vec(-) stacks the columns of its matrix argument. This
yields

Y =F7Ar (CT oW ArD)" + N e CVM*QF (15)

where F = [f1(6p,vq), ..., Far(6p,vg)] € CMXM collects
the probing beamforming vectors and N € CM*®@L is the
noise matrix. This compact multilinear structure captures all
system dimensions and naturally paves the way for the tensor
formulation.

III. HARDWARE CONSTRAINED PARAFAC (HCP) BASED
CHANNEL ESTIMATION

The received signal (15) model exhibits a low-rank multi-
linear structure across the transmit-beam, receive-beam, and
pilot domains. By stacking the observation matrices Y,,, a
third-order tensor Y is obtained.

Y =1T3r x1 Ar X9 Ap x3 CT + N € CM*@xL " (16)

where Z3 p € REXEXE j5 the core identity tensor, N €

CMxQxL i the additive noise tensor, A FHA; €
CM*R gnd A = WHARD € COxR represent the effective
beamspace transmit and receive channel signatures, respec-
tively. The standard mode-1 and mode-2 matrix unfoldings of
Y are analytically derived as:

(Vo) = Ar[CT o AR])T + Ny € CM*QE
[37](2) = AR[CT OAT]T + N(g) S CQXML,

A7)
(18)

where ¢ denotes the Khatri-Rao product, and N, represents
the unfolding of the noise tensor N along the n-th mode.

Conventional PARAFAC-based estimation relies on uncon-
strained trilinear Alternating Least Squares (ALS), which
incurs high computational complexity, slow convergence, and
scaling/permutation ambiguities across all tensor modes [4]. In
contrast, since the third-mode factor matrix is deterministically
known as C” from the pilot design, the trilinear problem
reduces to a constrained bilinear optimization involving only
the effective transmit and receive beamspace factors. This
joint non-convex optimization minimizes the multidimensional
reconstruction error, formulated as:

{Ar, AR} = argAfgglR | ¥ —Zs.r x1 Ar x2 AR x3 CTHQFy

19)
where the hat notation denotes their respective estimates
and the factor matrices correspond to effective beamspace-
domain representations incorporating the DFT beamforming
operations.

To solve the global minimization problem in (19) efficiently,
we decouple the joint optimization into alternating bilinear

subproblems. First, by rewriting the objective function in terms
of the mode-1 tensor unfolding, the transmit factor estimate
Ar, is formulated as:
R ) 112
AT = argmin H[y](l) — AT (CT OAR) H (20)
At F
Since this subproblem is linear and convex with respect
to A, it yields an optimal closed-form Least Squares (LS)
solution computed via the Moore-Penrose pseudoinverse as:
. T 7t
Ar = [Y]) {(C o AR) } (21)
Analogously, minimizing the reconstruction error over the
mode-2 unfolding yields the receive factor estimate Ap:

Ap = arguyin|[Ve) - AR (€T o an)"| . @

which is efficiently solved in a closed form by:

Ap =Y {(CT o AT)TT .

This alternating optimization
Hardware-Constrained ~ PARAFAC
which iteratively updates both
until convergence is met.

Once A7 and Ay are obtained, the corresponding transmit

(23)

cycle constitutes the
(HCP)  estimation,
spatial factor matrices

and receive steering matrices are estimated as AT = FAT
and ApD = W Ag, where FFY = I, and WWH = I,.
Next, the angular parameters corresponding to the transmit
and receive steering matrices are extracted using one- and
two-dimensional ESPRIT algprithms, respectively, and the

steering matrices A and Ajp are reconstructed. Finally,
the complex path-gain vector is estimated based on (15) as

b = [cT o ((WH;lR) o (FHjiT)H " Sec(Y).

A. Computational Complexity Analysis

The low-complexity nature of the proposed HCP framework
is theoretically justified by comparing its computational load
against the conventional unstructured Least Squares (LS) base-
line. Standard LS estimation requires the pseudo-inversion of
the fully unstructured observation matrix, resulting in a com-
plexity of O((QL)M?+ M?3) FLOPs, which becomes rapidly
prohibitive for massive antenna arrays. Conversely, the HCP
estimator circumvents this by decoupling the problem into
two lower-dimensional constrained bilinear subproblems. In
each iteration, updating A7 requires O(MQLR) FLOPs, and
updating Apg requires O(QM LR) FLOPs. Assuming conver-
gence in I, iterations, the overall complexity is O(I.MQLR)
FLOPs. Since the number of dominant propagation paths R
is typically much smaller than the array dimensions (R <
min(M, QL)), the proposed tensor-based approach drastically
reduces the computational burden compared to LS.

IV. CRAMER-RAO LOWER BOUND

This section derives the Cramér-Rao Lower Bound (CRLB)
for the joint estimation of the channel parameters in the
proposed architecture. The unknown deterministic parameter
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Algorithm 1 Hardware-Constrained PARAFAC (HCP) based
Channel Estimation

Require: Received tensor ), known CAZAC pilot matrix CT', maximum
number of iterations émax, and convergence threshold §
: Randomly initialize A (0). Set ¢ =1
while ||e(i) —e(i — 1)|| > d and ¢ < imax do
Find the LS estimate of Ap (i) as:

wn e

An(i) = )] | (€7 0 Anti - 1>)T}T .

4: Find the LS estimate of Ag (i) as:

AR() = V() [(CT QAT(i)> T]T

5: Update )
e(d) =Y =Yl

6: t=1+1

7: end while

8: Estimating transmit and receive steering matrices

Ap = FAyr, AprD—=WAp

9: Apply 2D-ESPRIT to A7 and 1D-ESPRIT to A D.

10: After estimating the parameters reconstructing the transmit and receive
steering matrices

AT = [a(d)tlzv eiz)v B a’(¢§§7 03‘%)]7

11: Estimating complex path gains:
ES 2 T
b= [CT o ((WHAR) S (FHAT)>] vee(Y)

return ¢, 0T, T and &

Ag = [a(¢]®), ..., a(@F)]

vector focuses on the spatial frequencies and the fading char-
acteristics, the real and imaginary components of the complex
path gains, denoted as Re{a} and Im{a}, respectively, the
spatial frequencies p, p and 1. Thus, the complete determin-
istic parameter vector is rearranged in the following order:

T
n = [Re{a}”, Im{a}”, p", u",v"]" . (24)

For unbiased estimators, the CRLB is given by
var(7j;) > [F~H ()]s (25)

Consequently, the theoretical lower bound for the standard
deviation of the estimation error is given by

VCRLB(7,) = V/[F ()]

For the considered observation model under circularly sym-
metric complex Gaussian noise, the entries of the FIM are
computed using the trace operator as follows:

[F(n)]i,; = %Re {tf <8Y:m(n)c’);7(]n)> } , @

where Y (1) represents the noiseless observation matrix con-
structed from the superposition of the R multipath compo-
nents.

The Fisher Information Matrix (FIM) F(n) is structurally
decomposed into a symmetric block matrix, partitioned ac-
cording to the five parameter sub-vectors defined in 7. Each
sub-block corresponds to the information associated with a
pair of parameter sets. For instance, the cross-information

(26)

TABLE I
SIMULATION PARAMETERS.

Parameter  Description Value
My, x M,y Transmitter URA size 16 x 16
Q Receiver ULA elements 16

L CAZAC sequence length 16
R Propagation paths 3

K Monte Carlo realizations 1000

between the real part of the path gains and the receive
spatial frequencies is captured by the block Frefa}p. Due to
space constraints, the explicit 5 x 5 block matrix expansion
is omitted; however, each of its sub-blocks is systematically
evaluated via the aforementioned trace operator.

To evaluate the theoretical benchmark against the channel
normalized mean-square error (NMSE), the bounding expres-
sion for every Monte-Carlo run is compactly formulated as
normalized-CRLB (NCRLB):

Tr [F~1(n)]
[H[%

where H = /Pr % a,a(¢r®)a” (¢17, 0%7) represents the
complete true MIMO channel matrix.

NCRLB = (28)

V. SIMULATION RESULTS

This section evaluates the proposed Hardware-Constrained
PARAFAC (HCP) estimator against a conventional least-
squares (LS) baseline and the derived analytical CRLBs. The
simulated mmWave MIMO system follows Section II, with
parameters summarized in Table L.

Performance is averaged over K Monte Carlo trials across
varying signal-to-noise ratios SNR = Pr/c2. The channel
reconstruction accuracy and parameter estimation accuracy
are evaluated using the standard empirical Normalized Mean
Square Error (NMSE) and Root Mean Square Error (RMSE),
respectively. To validate the scalability and robustness of the
proposed framework in realistic massive MIMO deployments,
the simulations reflect a large-scale 16 x 16 transmit URA
configuration.

NMSE

—@—NMSE: HCP
—#—NMSE: LS
10 [~ = = NCRLB

-5 0 5 10 15 20
SNR (dB)

Fig. 2. NMSE of the reconstructed complete MIMO channel matrix H versus
SNR.

Figure 2 compares the channel reconstruction NMSE of the
proposed HCP estimator against the conventional LS bench-
mark [10]. The proposed framework consistently outperforms
LS across the entire SNR range by explicitly enforcing the
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Fig. 3.  RMSE of AoA/AoD estimation compared against the theoretical
CRLB.
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Fig. 4. RMSE of the estimated complex path gains (matrix D) versus SNR.

low-rank multilinear coupling among spatial signatures, path
gains, and CAZAC pilots. Unlike the LS approach, which
treats the channel as an unstructured matrix, this multilinear
constraint drastically reduces the effective degrees of freedom,
thereby enhancing robustness to noise and multipath interfer-
ence. Furthermore, the proposed NMSE tightly approaches the
theoretical NCRLB at moderate-to-high SNRs, validating its
asymptotic efficiency and confirming that the tensor model
fully captures the underlying data structure in the BM-assisted
scenario.

Figure 3 evaluates the RMSE of the receive AoA and
transmit azimuth/elevation AoDs, which are extracted from
the converged HCP spatial factors via 1D and 2D ESPRIT.
At low SNRs, the estimates exhibit the classical threshold
effect of subspace methods, as noise perturbations degrade the
rotational-invariance relationships, creating an expected gap
relative to the square-root-CRLB (RCRLB). However, as the
SNR increases, the RMSE curves rapidly converge to their
respective CRLBs. This asymptotic efficiency demonstrates
that the proposed tensor factorization provides highly accurate
spatial subspaces for high-resolution estimation. Crucially, the
2D-ESPRIT step inherently preserves the azimuth-elevation
pairing via joint diagonalization, thereby bypassing any ex-
plicit parameter-association overhead. Ultimately, these results
confirm the framework’s capability to reliably extract the
physical parameters essential for mmWave beam alignment.

Figure 4 evaluates the complex path-gain RMSE against the
corresponding CRLB. Because path gains are tightly coupled
with both spatial factors, their extraction is highly sensitive to
inaccuracies in the estimated steering responses. Nonetheless,
the proposed estimator tightly tracks the theoretical bound at
moderate-to-high SNRs. This convergence confirms that the

framework accurately preserves both path amplitude and phase
information, effectively resolving the inherent PARAFAC scal-
ing ambiguities via the deterministic pilot structure and subse-
quent least-squares refinement. Overall, the numerical results
validate that the proposed tensor-based method achieves joint,
high-accuracy recovery of spatial signatures and path gains,
ensuring robust channel reconstruction while maintaining the
low hardware complexity of BM-based beamforming.

VI. CONCLUSIONS

This paper proposed a low-complexity tensor-structured
HCP framework for channel parameter estimation in Butler-
matrix-assisted mmWave MIMO systems. By exploiting the
multilinear signal structure and known CAZAC pilots, the
method efficiently recovers spatial factors, enabling high-
resolution AoA/AoD extraction via 1D and 2D ESPRIT with
automatic parameter pairing. The CRLB was also derived
for the considered BM-assisted tensor-structured estimation
scenario, providing a theoretical benchmark for the channel,
angular, and path-gain estimates. Numerical results demon-
strate that the proposed estimator significantly outperforms
conventional least squares (LS) and asymptotically approaches
the derived CRLB in the moderate- and high-SNR regimes.

REFERENCES

[1] A. M. Elbir, K. V. Mishra, B. S. M. R. Rao, and S. Chatzinotas,
“A family of deep learning architectures for channel estimation and
hybrid beamforming in multi-carrier mm-wave massive MIMO,” IEEE
Transactions on Cognitive Communications and Networking, vol. 8, no.
2, pp. 642-656, Jun. 2022.

[2] Fazal-E-Asim, C. C. Cavalcante, F. Antreich, A. L. F. de Almeida,

and J. A. Nossek, “Efficient hybrid A/D beamforming for millimeter-

wave systems using Butler matrices,” IEEE Transactions on Wireless

Communications, vol. 22, no. 2, pp. 1001-1013, Feb. 2023.

Fazal-E-Asim, F. Antreich, C. C. Cavalcante, A. L. F. de Almeida,

and J. A. Nossek, “Two-dimensional channel parameter estimation for

millimeter-wave systems using Butler matrices,” IEEE Transactions on

Wireless Communications, vol. 20, no. 4, pp. 2670-2684, Apr. 2021.

[4] N. D. Sidiropoulos, L. De Lathauwer, X. Fu, K. Huang, E. Papalexakis,
and C. Faloutsos, “Tensor decomposition for signal processing and
machine learning,” IEEE Transactions on Signal Processing, vol. 65,
no. 13, pp. 3551-3582, Jul. 2017.

[5] A. L. F. de Almeida, G. Favier, J. C. M. Mota, and M. N. da
Costa, “Overview of tensor-based cooperative MIMO communication
systems—Part 1: Tensor modeling,” Entropy, vol. 25, no. 8, Art. no.
1181, Aug. 2023.

[6] Y.Liu,J. Zhang, and X. Zhang, “Near-field channel parameter estimation
and localization for mmWave massive MIMO-OFDM ISAC systems via
tensor analysis,” Sensors, vol. 25, no. 16, Art. no. 5050, Aug. 2025.

[7]1 D. C. Chu, “Polyphase codes with good periodic correlation properties,”
IEEE Transactions on Information Theory, vol. 18, no. 4, pp. 531-532,
Jul. 1972.

[8] J. G. Andrews, “A Primer on Zadoff Chu Sequences,” arXiv preprint
arXiv:2211.05702, 2022.

[91 R. Roy and T. Kailath, “ESPRIT—Estimation of signal parameters
via rotational invariance techniques,” IEEE Transactions on Acoustics,
Speech, and Signal Processing, vol. 37, no. 7, pp. 984-995, Jul. 1989.

[10] S. M. Kay, “Fundamentals of Statistical Signal Processing: Estimation

Theory,” Prentice Hall, 1993.

—
(98]




