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Structured Channel Parameter Estimation for
RIS-Assisted MIMO Systems via Kronecker and
Tensor Factorizations

Melryllin G. O. Sousa, Jean C. S. Ferreira and Fazal-E Asim

Abstract— This paper proposes structured channel-parameter
estimators for reconfigurable intelligent surface (RIS)-assisted
multiple-input multiple-output (MIMO) systems employing uni-
form rectangular arrays under line-of-sight propagation. By
exploiting the Kronecker and multilinear structures of the
cascaded channel, we introduce the Successive Kronecker Fac-
torization (SKF) alongside two Third-Order Tensor Parameter
Estimation (TOPE) methods: TOPE-ALS and TOPE-HOSVD.
These estimators recover spatial signatures from the pilot-filtered
signal matrix, and then decouple the corresponding horizontal and
vertical spatial frequencies. This structured formulation achieves
benchmark estimation accuracy while reducing computational
complexity, offering a efficient solution for RIS-aided systems.

Keywords— reconfigurable intelligent surface (RIS), channel
parameter estimation, Kronecker factorization, tensor decompo-
sition, uniform rectangular array (URA).

I. INTRODUCTION

Reconfigurable intelligent surfaces (RISs) enhance wireless
coverage and spectral efficiency through programmable reflect-
ing elements [1], [2]. However, these gains in multiple-input
multiple-output (MIMO) architectures rely on accurate channel
state information. This estimation is challenging because the
cascaded base station (BS)-RIS—user equipment (UE) channel
and the massive number of passive RIS elements incur a
prohibitive training overhead for conventional unstructured
estimators [3], [4].

To reduce this burden, recent works exploit structural priors
in millimeter-wave line-of-sight (LoS) scenarios [5], [6]. By
leveraging the Kronecker structure of uniform rectangular
arrays, geometry-aware methods bypass unstructured high-
dimensional estimation, drastically reducing the number of
unknowns under limited pilot resources. Furthermore, tensor
models inherently preserve the multidimensional coupling
among the BS, RIS, and UE, facilitating accurate spatial-
signature extraction via algebraic decompositions [7]-[11],
[15].

However, state-of-the-art estimators relying on these priors
often face a strict accuracy-complexity tradeoff. For instance,
recent approaches like hybrid Kronecker factorization and
multi-rank-one approximations (HKMR) and two-stage higher-
dimensional rank-one approximations (TSHDR) [12] either
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sacrifice accuracy for low computational complexity or achieve
near-optimal performance at a prohibitive algorithmic cost. To
overcome this, this paper proposes three accurate and efficient
channel estimation methods for RIS-assisted MIMO systems
employing URAs under a single-path dominant LoS scenario.
The main contributions are:

o We propose three estimators: Successive Kronecker Factor-
ization (SKF), Third-Order Tensor Parameter Estimation
(TOPE) with alternating least squares (TOPE-ALS) and
with higher-order singular value decomposition (TOPE-
HOSVD). By strategically altering the factorization se-
quence to isolate the BS, RIS, and UE spatial signatures
prior to the horizontal/vertical frequency decoupling, these
methods effectively break the accuracy-complexity trade-
off.

o Supported by the complexity analysis, we demonstrate
that the proposed estimators achieve the near-optimal
accuracy of the TSHDR [12] benchmark while maintaining
a minimal computational footprint comparable to the
suboptimal HKMR [12] baseline.

o Unlike prior works [12] that derived the Cramér-Rao
Lower Bound (CRLB) based solely on the intermediate
pilot-filtered signal, yielding a loose bound that does not
fully capture the system’s true statistical limits, we derive
the exact CRLB. By explicitly incorporating the transmit
pilot and RIS phase-shift matrices into the Fisher Informa-
tion Matrix, we establish the true theoretical error bound
for the complete cascaded LoS channel. This rigorous
benchmark demonstrates that our proposed estimators
match the near-optimal accuracy of the TSHDR [12]
algorithm across almost all SNR regimes, operating closely
to the fundamental theoretical limits.

The remainder of the paper is organized as follows. Section II
introduces the geometric and signal models. Section III presents
the proposed SKF, TOPE-ALS, and TOPE-HOSVD estimators
together with their complexity analysis. Section IV presents
the Cramér-Rao Lower Bound. Section V reports the numerical
results, and Section VI concludes the paper.

Notation: Vectors, matrices, and tensors are denoted by a,
A, and X. Transpose, Hermitian, and inverse operators are
()T, (-)H, and (-)~!. Kronecker, Hadamard, Khatri-Rao, and
outer products are ®, ®, ¢, and o. The operators vec(-) and
diag(-) denote matrix vectorization and diagonalization. The
n-mode product of X € Cl'*12xI3 with matrix A is X x,, A.
Complex numbers are C.
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II. SYSTEM MODEL
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Fig. 1. Illustration of the considered RIS-assisted MIMO communication
system, where both the BS and UE employ URAs.

Consider the RIS-assisted MIMO communication system
illustrated in Fig. 1, where a base station (BS) equipped
with M antennas communicates with a user equipment (UE)
equipped with @) antennas through an [V-element reconfigurable
intelligent surface (RIS). The BS, RIS, and UE are assumed to
employ uniform rectangular arrays (URAs), with M = M, M.,
N = NyN_, and Q = Q,Q. antenna or reflecting elements.
We focus on a millimeter-wave propagation scenario in which
the BS-RIS and RIS-UE links are dominated by a single
line-of-sight (LoS) component, while the direct BS-UE link is
assumed to be blocked.

Let H € CN*M denote the BS-RIS channel and G €
CO*N denote the RIS-UE channel. Under the single-path
geometric model, these channels are written as

H = ab(¢risA30ﬁsA) aT(¢bsv obs) € CNXM7 (1)
G = ﬂQ(QSuea gue) pT(QbrisD;arisD) € (CQXN, (2)

where o, 8 € C are the complex channel gains. The vectors
a(-) € CM*! and q(-) € C*! denote the BS transmit and UE
receive steering vectors, respectively. Similarly, b(-) € CV*!
and p(-) € CN*! denote the RIS steering vectors associated
with the arrival from the BS and the departure toward the
UE, respectively. The angles (¢, 8) represent the azimuth and
elevation directions associated with each array response.

A. Channel Factorization

The URA geometry induces a separable steering-vector
structure, which is exploited by the proposed estimators. For
example, assume that the BS array lies in the y-z plane with
half-wavelength inter-element spacing. Let m,, € {1,..., M,}
and m, € {1,...,M,} denote the horizontal and vertical
indices of the m-th BS antenna, respectively. The corresponding
entry of the BS steering vector is given by [a(®bs, Obs)]m =
e[y =Dpmt(m=—1¥n] where ju, = 7 sin Gy, sin ¢ps and
s = mcos by are the horizontal and vertical spatial fre-
quencies, respectively (see [12] for further details on this
structure). Hence, the BS steering vector can be decomposed
as a(Pus, Obs) = @y (ls) ® @z (ys), where ay,(pps) € CMux1
and a(¢ys) € CM=*1 are one-dimensional steering vectors
along the y and z axes, respectively.

The same decomposition applies to the RIS arrival, RIS
departure, and UE steering vectors. Therefore, by using the
mixed-product property of the Kronecker product, the two
channel matrices can be expressed as

H=« [by(/LmA)aZ(}Lbs)] ® [bz(wrisA)aZ(wbs)] ’
G=p [Qy(ﬂue)pg(ﬂrim)] ® [Qz(l//ue)pz(djrisn)] .

3)
“4)

B. Signal Model

Let S € CM*T denote the BS pilot matrix, where T is
the pilot length. In this work, S is chosen with a Hadamard
structure. During the k-th training block, the RIS applies the
reflection vector wy, € CN*!, The received pilot signal at the
UE is then modeled as

X, = Gdiag(w,)HS + V;, € CO*T| 5)

where V}, € C@*T is the additive white Gaussian noise matrix
with independent entries distributed as CN'(0,02). The RIS
training matrix is denoted by Q = [wy,...,wx] € CV*K and
is selected from a normalized DFT codebook such that QQ 7 =
Iy . Defining the effective cascaded MIMO channel during
the k-th training block as Uy, = G diag(wy,)H € CP*M | the
received signal can be compactly rewritten as

X, =UrS + V. (6)

III. CHANNEL PARAMETER ESTIMATION METHODS

This section presents three structured methods for estimating
the channel parameters from the pilot-filtered observations. The
first method, referred to as Successive Kronecker Factorization
(SKF), directly exploits the hierarchical Kronecker structure
induced by the URA geometry. The other two methods first
reshape the pilot-filtered matrix into a third-order tensor and
then extract the BS, RIS, and UE spatial signatures using
either Alternating Least Squares (TOPE-ALS) or Higher-Order
Singular Value Decomposition (TOPE-HOSVD). After this
first stage, all methods use the same least-squares Kronecker
factorization (LSKronF) principle to separate the horizontal
and vertical spatial-frequency components.

A. Pilot-Filtered Signal Matrix

We first derive the pilot-filtered signal matrix, which is the
common input to all proposed estimators. Assuming that the
pilot matrix satisfies SS¥ = I, right-multiplying (6) by S
gives

where ‘~/k = Vi, SH is the filtered noise term. Vectoriz-
ing (7) and collecting the K training blocks into U =
[w1,...,uk], with u; = vec(Uy), and applying the property
vec(A diag(b)C) = (CT o A)b yields

U=H"eG)Q+V e COMXK (8)

Applying matched filtering with the known RIS training matrix
and defining Vi = VQH gives

E=UQ" = H" 6 G + Vi € COM*N | 9)

Substituting the single-path channel models into (9), the
noiseless component admits the rank-one factorization

H" oG =~(a®q)n’, (10)

where v = af is the cascaded complex gainand n =boOp €
CN*1 is the combined RIS spatial signature. By exploiting the
Kronecker structure of the planar arrays, the spatial frequencies
decouple directly as m(py,¢,) = ny(uy) @ n.(¢.), with



XLIV BRAZILIAN SYMPOSIUM ON TELECOMMUNICATIONS AND SIGNAL PROCESSING - SBrT 2026, SEPTEMBER 29TH TO OCTOBER 2ND, 2026, SALVADOR, BA

components 7 (j1,) = by (jiriss) © Py (piisy) and m. (1) =
b, (Yris,) © P2 (tisp ). Since the Hadamard product of two
steering vectors adds their spatial frequencies, we have p, =
fheis o + fhris, and ¥, = s, + s, - Defining the joint BS-UE
spatial signature as £ = a ® ¢ € CYM*1, the observation
matrix can be compactly written as

E ~ ~ven" e COM*N, (11)

B. Successive Kronecker Factorization (SKF)

The SKF algorithm sequentially factorizes the observation
matrix to isolate the 1D steering vectors. Exploiting the rank-
one structure in (11), the first stage extracts the joint BS—UE
signature and the combined RIS signature by solving

{€.7} = argmin | E — en” . (12)
This is solved via the dominant rank-one approximation of F,
with the scalar gain and arbitrary scaling absorbed into the
estimated factors.

Since £ = a ® g, the second stage reshapes or factorizes 0
to separate the BS and UE two-dimensional steering vectors:

{a,q} = argmin ||[£ - a © q||3. (13)

Finally, decomposing the 2D steering vectors into their
horizontal and vertical 1D components yields three independent
LSKronF problems:

{dy, G-} = arg min |4 —qy @ g3, (14)
ysdz

{a,,a.} = arg min ||d—ay®az||§, (15)
ay,a,

{f,, .} = arg min |A —n, @ n,[3. (16)
My, Mz

The scalar ambiguities in (14)-(16) are eliminated by
assuming the first unit entry of the steering vectors, leaving the
joint complex path gain to be estimated in (23). Subsequently,
the final spatial frequencies are extracted from these normalized
1D steering vectors via Root-MUSIC or ESPRIT.

C. Third-Order Tensor Parameter Estimation (TOPE)

The TOPE methods first reshape the matched-filtered obser-
vation into a third-order tensor. The factors are then estimated
either iteratively by ALS or as a closed form by HOSVD,
followed by the same Kronecker-based horizontal/vertical
decoupling and gain-estimation stages used by SKF.

To exploit the multilinear nature of the observation, TOPE-
ALS and TOPE-HOSVD reshape the filtered matrix into a
third-order tensor. In the noiseless case, vectorizing (11) gives

ér ’Yn(l‘ya%)@a(ﬂbw Us) DG (fues Yue)- € COMNx1 (17

Let £ € CQ*Mx*N pe obtained by reshaping é = vec(E)
according to [E]g.mn = [€](n—1)MQ+(m—1)Q+¢> Where ¢ =
1,...,Q,m=1,...,M,and n=1,..., N. The correspond-
ing noiseless tensor is rank one and can be written as

é ~ '-YQ(,“uea q/}ue) o a(,ufbm wbs) o n(,UJya wz) (18)

We clenote Lhe mode- l,Amode-Z, and mode-3 unfoldings of
£ by [€](1)» [E](2), and [£](s). respectively. Both tensor-based
methods use the model in (18); they differ only in how the
factors {g,a,n} are extracted.

For TOPE-ALS, the factors are obtained iteratively through

conditional least-squares updates:

2

_ R _ \T
G" = argmin €l —a (fl(%l) Od(zfl)) , (19
a F
. ot ; 3 T 2
a" = argmin ||[€]2) — a (ﬂ(l_l) o Q(l)) (20)
a F
_ N . T2
A = argmin | €] — n (a(n o q(z)) 1)
F

These updates proceed until the relative change of the
squared reconstruction cost ' falls below a tolerance
threshold ¢, i.e., [T — TG=D|/T0-D < ¢ where I'¥) =
min, e — 7A@ @ a® @ ¢

For TOPE-HOSVD, the same rank-one tensor approximation
is solved non-iteratively in a closed form as:

{g,a,n} = arg min_[|€ —ygoaon|i,  (22)
q,a,n,y

where the factor estin/l\ates are obtained /f\rom the dominant left
singular vectors of [£](1), [€](2), and [€](3). Thus, unlike the
iterative ALS, HOSVD extracts these factors in a closed form
fashion. Upon recovering ¢, a, and n, they are decoupled
into 1D steering vectors via (14)—(16) to estimate the spatial

frequencies using the same Root-MUSIC/ESPRIT backend.

D. Complex Path Gain Estimation

Once the horizontal and vertical spatial frequencies are
successfully decoupled by any of the proposed algorithms
(SKF, TOPE-ALS, or TOPE-HOSVD), the joint complex path
gain can be calculated as

. 1 . .
’Y:mé‘xquXQG

where ¢ = 4, ® §,, G = ay X a,, and 1 = n, ® N, are the
reconstructed joint 2D steering vectors for the UE, BS, and
RIS, respectively.

Hoyont, (23)

E. Computational Complexity Analysis

The computational complexity of the proposed methods is
evaluated in terms of floating-point operations (Flops) and
summarized in Table I. All estimators share the foundational
costs of matched filtering (K MQT), path gain estimation
(QMN), and 2D spatial frequency decoupling (M + @ + N).

The Successive Kronecker Factorization (SKF) extracts
the spatial signatures hierarchically via successive rank-one
approximations. Conversely, the tensor-based estimators operate
directly on the reshaped observation £ € CO*M*N_ The
iterative TOPE-ALS refines the factors over I iterations,
each costing 5 M N flops, whereas the deterministic TOPE-
HOSVD computes the dominant singular vectors of the three
principal mode-n unfoldings without requiring iterations.
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Fig. 2. RMSE performance for the p horizontal spatial frequencies at the

BS, UE, and RIS.
TABLE I

COMPUTATIONAL COMPLEXITY OF THE PROPOSED METHODS

Method Total Cost (Flops)

SKF KMQT +2QMN+MQ+M+Q+ N
TOPE-ALS KMQT+ (I+1)QMN+M+Q+ N
TOPE-HOSVD KMQT +4QMN + M +Q + N

IV. CRAMER-RAO LOWER BOUND

This section derives the Cramér-Rao Lower Bound (CRLB)
used as a theoretical benchmark for the proposed channel-
parameter estimators. The unknown real-valued parameter
vector is defined as n = [’yR,’yI,ubs,djbs,uue,¢ue,uy,w2]T
where 7 = g + j7ys is the cascaded complex gain, { s, ¥bs }
and { e, Yy} are the BS and UE spatial frequencies, and
{#y, 1.} are the combined RIS spatial frequencies.

Let § = vec(Y) € CRTEX1 denote the vector containing
all received pilot samples over the K RIS training blocks, and
let y(n) = vec(Y (n)) be its noise-free counterpart. Under
additive circularly symmetric complex Gaussian noise, the
observation model is

>

y=ymn)+v, v~CN(0R), (24)
where R = 0217 for spatially and temporally white noise.

Hence, the conditional likelihood is

L(3:) = g7 ey @0 [~ T R ). @)

where r(n) = y — y(n) is the residual vector. The log-
likelihood is ¢(y;n) = In L(y; n).

For the real-valued parameter vector 17 and white Gaussian
noise with variance o2, the (i,j)-th entry of the Fisher

Information Matrix (FIM) is

Py = 2 Re { (P (2tn)) } oo

Therefore, for any unbiased estimate 7; of 7;, the CRLB
establishes the following lower bounds on the variance and the
root mean-square error (RMSE):

var(;) > [F~'(n)]i,  RMSE(®%:) > V[F~1(m)]u, (27)

where the latter establishes the corresponding lower bound on
the root mean-square error (RMSE).

—— HKMR [12]

—l— TSHDR [12] —— TOPE-HOSVD
—l— TOPE-ALS —— SKF = CRLB

RMSE

=30 =20 -10 0 10 500 1000 1500 2000
SNR (dB) Number of Reflecting Elements

Fig. 3. RMSE of the cascaded complex path gain  versus SNR, and overall
computational complexity versus the number of RIS elements N.

It remains to specify the deterministic vector y(n) and its
derivatives. From (6), the noise-free received signal at the k-th
RIS training block is

Yy (n) = G diag(wy)HS € CO*T. (28)

Using the property vec(ABC) = (CT @ A) vec(B), the
vectorized noise-free signal for the k-th block is vec(Yy(n)) =
(ST @ Io)(HT o G)wy,. Collecting all K blocks into Y (1) €
CQT*K and vectorizing across the training sequence, we obtain
the complete observation vector:

y(n) = vec(Y(n)) = (@ @ ST @ Ig) vec(H” o G). (29)

Applying the vectorization operator to the rank-one factor-
ization in (10) yields vec(H” ¢ G) = yn ® a ® q. Thus,
the complete noise-free observation vector can be written
compactly as

y(n) =~@c(n), @=0"05Twl;, (30
Where 0(77) = n(/J'yv 1/)2) ® a(/u'bsv wbs) ® q(ﬂuev wue)-

The combined RIS frequencies are iy, = s, + fhrisp
and v, = s, + Prisp. The derivatives required in (26)
follow directly from (30). In particular, % = ®c(n), g—;’[ =
j®c(n), and, for any spatial—frequencg (p)arameter & €

c(n

{Htbss Vs, thues Vues fys ¥z} ?,—g = @5 For a one-
dimensional steering vector s(&) = [1,e77¢,. .., e /(E-DET
the derivative used in dc(n)/0¢ is
0
2(5) — —jdiag(0,1,...,L — 1)s(€). 31)

These derivatives complete the construction of the FIM and,
consequently, the CRLB for all entries of 7.

V. SIMULATION RESULTS

TABLE II
SIMULATION PARAMETERS

Parameter Symbol Value
Array dimensions (BS, UE, RIS) M,Q,N 16 (4 x 4)
Pilot sequence length T 16

Transmit power Py 1
Azimuth angles ¢ € {bs,risa,risp,ue}  U(—60°,+60°)
Elevation angles 0 € {bs,ris4,risp, ue} U(90°,130°)
ALS tolerance & Monte Carlo runs €, runs 10~12, 1000

This section evaluates the estimation accuracy and com-
putational complexity of the proposed estimators against the
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TSHDR [12] and HKMR [12] methods. The simulation setup
follows the parameters listed in Table II.

The estimation accuracy is measured in terms of the root-
mean-square error (RMSE) of the channel parameters. For a
generic parameter x, the RMSE is defined as

RMSE(z) = E“:C - 2‘2] y TE {%,ubs,wbmﬂueawueaﬂyawz}'
(32)
In practice, the expectation is approximated by averaging over
the Monte Carlo trials. The signal-to-noise ratio (SNR) is
defined as SNR = P, /o2 where o2 is the noise variance.

Fig. 2 evaluates the RMSEs of the horizontal spatial
frequencies (u) for the BS, RIS, and UE; vertical frequencies
(1)) exhibit identical trends and are omitted. The curves closely
track the CRLB, validating the estimators’ efficiency and
our derivations. Crucially, our estimators match the near-
optimal TSHDR [12] benchmark, outperforming HKMR [12].
This confirms that early spatial-signature isolation preserves
multidimensional array gains. While TOPE-ALS shows minor
degradation at low SNRs due to slower convergence, it rapidly
attains TSHDR-level precision. Furthermore, Root-MUSIC
and ESPRIT yield nearly indistinguishable curves, indicating
performance is governed by the recovered steering vectors
rather than the chosen 1D estimator.

The complex-gain results in Fig. 3 corroborate the spatial
frequency analysis, with the proposed estimators overlapping
the TSHDR [12] and HKMR [12] curves. However, the pro-
posed framework’s true advantage lies in breaking the accuracy—
complexity compromise (Fig. 3, right). The HKMR [12]
method achieves a low complexity by applying a Kronecker
factorization directly on the received pilots, a premature
decoupling that discards joint spatial structures and degrades
accuracy. Conversely, the TSHDR [12] method preserves this
gain via matched filtering but applies the decoupling on
the massive global channel matrix, resulting in a prohibitive
O(M?Q?N) complexity.

By restricting Kronecker factorization to the extracted
lower-dimensional signature vectors, our estimators reduce
the dominant complexity to O(QM N). Consequently, SKF
matches HKMR’s footprint, while TOPE-HOSVD undercuts
it. Even accounting for iterations, TOPE-ALS remains vastly
more efficient than TSHDR.

Finally, regarding practical limitations, our estimators are
structurally tailored to the rank-1 algebraic formulation of an
ideal single-path LoS channel. In more challenging propagation
environments, the cascaded channel may present sparse multi-
path components, which could be accommodated by extending
our framework to higher-rank tensor models, akin to the geomet-
ric approach in [16]. Furthermore, addressing the impact of non-
ideal operational conditions, such as hardware impairments and
imperfect phase control, as recently highlighted in unstructured
RIS estimation frameworks like [17], represents a critical and
highly promising direction for future research.

VI. CONCLUSIONS

This paper proposed three efficient channel estimators (SKF,
TOPE-ALS, and TOPE-HOSVD) for RIS-assisted MIMO
systems employing URAs under a dominant LoS model. By

isolating multidimensional spatial signatures prior to frequency
decoupling, our framework breaks the accuracy-complexity
tradeoff. Analysis confirm these estimators attain the near-
optimal accuracy of TSHDR [12] with a minimal computational
footprint comparable to HKMR [12]. Furthermore, our exact
CRLB derivation proves they operate close to fundamental
theoretical limits. While tailored to rank-1 LoS environments,
extending this factorization to higher-rank tensor models for
multi-path resolution remains a promising future direction.
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