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ABSTRACT

The use of 1-bit analog-to-digital converters with temporal
oversampling at the receiver has emerged as a solution for
energy-constrained wireless systems with increased spectral
efficiency. The corresponding receivers consume less en-
ergy and have a simpler hardware architectures compared
to their high-resolution counterparts. Zero-crossing modu-
lation implies that the information is conveyed in the time-
instances of the zero-crossings. Different to existing methods
the proposed zero-crossing precoding method takes into ac-
count imperfect channel state information. Its performance
is evaluated numerically by using bit error rate and the av-
erage mean square error of the received signal. The results
show that the proposed robust minimum mean squared er-
ror based space-time precoding approach yields noticeable
performance gains.

Index Terms— Zero-crossing precoding, imperfect CSI,
mean-square-error, oversampling, 1-bit quantization, faster-
than-Nyquist signaling, MIMO Systems.

1. INTRODUCTION

The proliferation of wireless devices and IoT has increased
the demand for receiver architectures that balance perfor-
mance and energy efficiency [1]. In this context, systems
with 1-bit ADCs and temporal oversampling represent in-
terersting approaches [2, 3]. The existing methods present
tailored waveforms that can exploit the higher resolution in
time which then can partially compensate the information
loss due to quantization, similar to the concept presented
in [4]. However, these methods rely on perfect channel state
information which is difficult to achieve in many practical
systems. The present work proposes an improved waveform
design which relies on an established zero-crossing precoding
method [3]. The proposed waveform design exploits knowl-
edge about the CSI mismatch in terms of the channel error
covariance matrix.

Numerical simulations with Rayleigh fading evaluate the
proposed scheme in terms of bit error rate and mean square
error (MSE). The results show the advantages of the robust
MMSE formulation across different system configurations
and operating conditions. The remainder of the paper is or-
ganized as follows. Section II presents the system model and
space-time signal representation. Section III describes the
zero-crossing modulation scheme and the proposed robust
MMSE precoder. Section IV presents numerical results, and
Section V concludes the paper.

2. SYSTEM MODEL

A multiuser MIMO system with Nt transmit antennas serv-
ing Nu single-antenna users is considered. The receivers use
1-bit quantization with oversampling, as shown in Fig. 1. The
input associated to the kth user is given by a block symbol
sequence xk with N complex symbols. Subsequently each
sequence xk will be mapped to an output pattern cout,k. The
system is defined by signaling rate MTx

T and the sampling rate
MRx
T = MMTx

T and transmit filters and receive filters with im-
pulse responses gTx(t) and gRx(t), respectively. The com-
bined waveform is determined by the convolution of transmit
and receive filter v(t) = gTx(t) ∗ gRx(t).

The space-time precoder generates the transmit vector px,
which incorporates spatial and temporal processing. Vector
px is obtained by solving an optimization problem based on
a chosen design criterion, such as the minimum mean square
error (MMSE). The precoding vector is constructed by stack-
ing the transmit sequences associated with each antenna, i.e.,

px =
[
pT
x1 pT

x2 · · · pT
xNt

]T
. (1)

After pulse shaping through the transmit filter gTx(t), the sig-
nals are transmitted over a frequency-flat fading MIMO chan-
nel H = [hT

1 ,h
T
2 , . . . ,h

T
Nu

]T ∈ CNu×Nt which is the con-
catenated channel matrix for all users.
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Fig. 1: Multiuser MIMO system with 1-bit ADCs and temporal oversampling

At the receivers, the signal is processed by the receive
filter gRx(t) and sampled with MRx-fold oversampling rate.
The receive filter is represented by the Toeplitz matrix GRx.
The unquantized received signal at user k is given by

yk = (hk ⊗ INtot)(INt
⊗VU)px +GRxnk, (2)

where V represents the pulse shaping matrix resulting from
the convolution of the transmit and receive filters, U is the up-
sampling matrix, and nk is the additive white Gaussian noise
vector. The received signal at user k is quantized by a 1-bit
analog-to-digital converter, resulting in

zk = Q1(yk), (3)

where Q1(·) denotes the element-wise 1-bit quantization. For
symbol detection a pattern matching method based on the
Hamming distance used. The stacked received signal can be
expressed by a vector with length NuNtot described by

z =Q1 (y)

=Q1 ((H ⊗ INtot) (INt ⊗ V U)px + (INu ⊗GRx)n)

=Q1 (Heffpx +GRx,effn) , (4)

where n is the noise vector with covariance Cn = E[nnH ].
The effective channel matrix reads as

Heff = (H⊗ INtot)(INt
⊗VU). (5)

The waveform impulse response matrix V with dimensions
Ntot ×Ntot with Ntot = NMRX + 1 and the receive filter ma-
trix GRx are denoted as

V =


v (0) v

(
T

MRx

)
· · · v (TN)

v
(
− T

MRx

)
v (0) · · · v

(
T

(
N − 1

MRx

))
...

...
. . .

...
v (−TN) v

(
T

(
−N + 1

MRx

))
· · · v (0)

 .

(6)

and

GRx = aRx


[
gT

Rx

]
0 · · · 0

0
[
gT

Rx

]
0 · · · 0

. . . . . . . . .
0 · · · 0

[
gT

Rx

]

Ntot×3Ntot

, (7)

with gRx = [gRx(−T (N + 1
MRx

)), gRx(−T (N + 1
MRx

) +
T

MRx
), . . . , gRx(T (N + 1

MRx
))]T and aRx = (T/MRx)

1/2. The
M -fold upsampling matrix U with dimensions Ntot × Nq is
defined by

Um,n =

{
1, for m = M · (n− 1) + 1

0, else.
(8)

3. ZERO-CROSSING MODULATION AND
PRECODING

The transmitted symbol sequence x = [x1, . . . , xNu
] is

mapped to a desired binary output sequence cout, which
represents the expected quantized signal at the receivers.

The desired output sequence for each user is constructed
by concatenating the corresponding symbol segments. The
overall sequence cout is obtained by stacking the sequences
of all users. the desired output pattern at the receivers se-
quence cout = [cTout1 , ..., c

T
outk , ..., c

T
outNu

]T This implies that
each symbol from the sequence x is represented at the re-
ceiver by MRx samples. Each symbol of the sequence x is
mapped in a code segment which conveys the information in
the time instance of the zero-crossing [5]. The process to ex-
tract out of x the sequence cout with length Ntot with dimen-
sions Ntot = N ·MRx+1, where N is the number of symbols.
The process is done for each user k and also independent for
the real and imaginary parts of xi. At the end cout is obtained
by stacking the modulated sequences for all the users.
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Fig. 2: Mapping process for construction of cout for ZC precoding, MRx = 3

3.1. Zero-Crossing Modulation

Each user’s input sequence xk (k = 1, . . . , Nu) is processed
through the Time-Instance Zero-Crossing (TI ZX) Modula-
tor, which maps the information into zero-crossing time in-
stances, generating output sequences coutk . Using MTx >
1 corresponds to faster-than-Nyquist signalling, where more
than one symbol is transmitted per Nyquist interval. This is
related to the oversampling factor MRx by

M ·MTx = MRx, (9)

where M is the factor that relates the transmitter and receiver
sampling rates. Since the pattern of each segment depends
on the zero-crossing time instance the codeword cs,i depends
also on the last sample of the previous sequence segment
which we term ρi−1 ∈ {1,−1}. Hence, each input symbol is
associated with two possible codewords.

Finally, the pattern sequence c̃outk = [cTs,0, . . . , c
T
s,N-1]

T

with total length NMRx + 1 for each user is obtained by con-
catenating the cs segments of each symbol. Given the depen-
dency of the construction of cs on ρi−1 of the previous code
segment cs,i−1, one pilot sample pb ∈ {1,−1} is included as
the first sample of the sequence c̃outk to map and later detect
the first transmit symbol. Fig. 2 illustrates an example for the
construction of c̃outk with MTx = 3.

3.2. Imperfect CSI Model and Error Covariance Matrix

It is assumed that the transmitter has access only to the known
channel component Ĥ and that the coefficients c1 =

√
σ2
e and

c2 =
√

1− σ2
e can be estimated. The channel error term is

unknown and defined as c1∆H. With this the actual channel
matrix can be written as

H = c2Ĥ+ c1∆H. (10)

For the case σ2
e = 0 the channel is perfectly known and when

σ2
e = 1 it is completely unknown. In the following it is as-

sumed that statistical information about ∆H is available. Af-
ter applying the pulse shaping filter B = VU, the compo-
nents of the effective channel are

Ĥeff =
(
Ĥ⊗ INtot

)
(INt

⊗B) ,

∆Heff = (∆H⊗ INtot) (INt ⊗B) . (11)

The uncertainty covariance matrix Q∆ is defined as

Q∆ = E
[
∆HH

eff∆Heff
]
. (12)

3.3. Kronecker Product Identities

For the solution, two key identities were implemented, which
will be instrumental in deriving the robust MMSE precoder.

Identity 1 (Mixed-Product Property). For any matrices
∆H ∈ CNu×Nt and B ∈ CNtot×Nq , the following identity
holds:

(∆H⊗ INtot)(INt ⊗B) = ∆H⊗B. (13)

Using Identity 1 the effective channel error reads as

∆Heff = ∆H⊗B. (14)

With this the error covariance has the following structure

E[∆Heff∆HH
eff] = E[∆H∆HH ]⊗ (BBH). (15)

3.4. Proposed Robust Space-Time MMSE Precoding

This section devises the MMSE design of the transmit vector
px by taking into account imperfect CSI at the transmitter and
a total power constraint .

3.4.1. Problem Formulation

The goal of the proposed MMSE-based precoding is to design
a precoding vector px and a scaling factor f > 0 that mini-
mize the MSE between the received signal and the desired
output pattern, while satisfying a transmit power constraint.
The optimization problem can be cast as

min
f>0,px

E
{
∥f (Heffpx +GRx,effn)− cout∥22

}
subject to: pH

x AHApx ≤ E0,
(16)

where E0 is the maximum transmit energy, A = INt⊗GT
TxU,

represents upsampling and the transmit filter [3]. Due to the
fact that Heff is only partially known at the transmitter the
problem needs to be reformulated.



3.4.2. Objective Function Derivation

Using Heff = c2Ĥeff + c1∆Heff, expanding the objective in
(16) and taking expectations yields

J = f2pH
x

(
c22Ĥ

H
effĤeff + c21Q∆

)
px

− 2f Re
{
c2p

H
x ĤH

effcout

}
+ f2 tr

{
GRx,effCnG

H
Rx,eff

}
+ ∥cout∥22. (17)

Cross-terms vanish by the zero-mean and independence as-
sumptions.

3.4.3. Lagrangian Derivation

Based on the expanded MSE cost function (16) the following
notations are useful

R = c22Ĥ
H
effĤeff + c21Q∆,

σ2
n = tr

{
GRx,effCnG

H
Rx,eff

}
= (NuNtot) N0,

v = c2Ĥ
H
effcout.

(18)

With this, the Lagrangian is given by

L(px, f, λ) = (19)

f2pH
x Rpx − 2f Re

{
pH
x v

}
+ f2σ2

n + λ
(
pH
x AHApx − E0

)
.

Setting ∂L/∂p∗
x = 0 yields(
f2R+ λAHA

)
px = fv. (20)

Setting ∂L/∂f = 0 yields

f
(
pH
x Rpx + σ2

n

)
= Re

{
pH
x v

}
. (21)

From the KKT conditions and considering that the power con-
straint is active with pH

x AHApx = E0, it follows that

λf−2 = σ2
nE

−1
0 . (22)

Inserting (22) into (20), the optimal precoder takes the form

px,opt = f−1

(
R+

σ2
n

E0
AHA

)−1

v. (23)

with w

w =

(
R+

σ2
n

E0
AHA

)−1

v, (24)

Enforcing the active power constraint on (23) yields the opti-
mal scaling factor

f =

√
E−1

0 wHAHAw. (25)
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e = 0.30.

4. NUMERICAL RESULTS

Monte Carlo simulations use Nt = 15, Nu = 2, Nr = 1,
MTx = MRx = 2, N = 10, ϵTx = ϵRx = 0.22, and
1000 channel realizations. The channel coefficients follow
Rayleigh fading and the additive noise is complex Gaussian
with power spectral density N0. The SNR is defined as

SNR =
E0/(NqT )

N0(1 + ϵRx)/T
=

E0

NqN0(1 + ϵRx)
. (26)

The imperfect CSI model follows (10), where the uncer-
tainty level 2 e determines the power of the unknown chan-
nel component. The following precoding strategies are com-
pared: 1) MMSE with perfect CSI, for which the precoder is
designed using the actual channel matrix H; 2) MMSE with
CSI mismatch, for which the precoder is designed using bH
but evaluated over the actual channel H; and 3) robust MMSE,
for which the precoder is designed using bH together with the
channel uncertainty covariance matrix Q, as in (23), and eval-
uated over H.

The analytical MSE is evaluated as

Jan =
1

L

(∥∥∥fc2Ĥeffpx − cout

∥∥∥2
2
+ f2c21p

H
x Q∆px + f2σ2

n

)
,

(27)
where L = NuNtot. The numerical MSE is obtained directly
from the channel and noise realizations as

Jnum =
1

L
∥f (Heffpx +GRx,effn)− cout∥22 . (28)

Fig. 3 confirms the agreement between the analytical and
numerical MSE. At low SNR, noise dominates the perfor-
mance, whereas at higher SNR the effect of CSI mismatch
becomes more significant. By incorporating Q∆ into the opti-
mization, the robust precoder reduces the residual MSE com-
pared with the mismatched-CSI scheme.

Fig. 4 shows a similar trend in terms of BER. The
mismatched-CSI precoder is affected by the discrepancy
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between Ĥ and H, while the proposed robust design miti-
gates this degradation that becomes more evident as the noise
contribution decreases.

Fig. 5 illustrates the effect of channel uncertainty. For
small σ2

e , the robust and conventional designs exhibit similar
performance because the uncertainty penalty is weak.In the
limiting case σ2

e → 0, the channel uncertainty vanishes and

c21Q∆ → 0. (29)

Consequently, the robust formulation approaches the conven-
tional MMSE formulation associated with vanishing CSI un-
certainty. As σ2

e increases, the term pH
x Q∆px becomes more

relevant and the robust design increasingly penalizes direc-
tions that are sensitive to channel perturbations, resulting in a
larger BER improvement.

5. CONCLUSIONS

A robust space-time MMSE precoder is proposed for zero-
crossing modulation. The optimal precoding vector is de-
rived in closed form via a Lagrangian formulation of the con-
strained MSE minimization problem, yielding a tractable so-
lution that explicitly incorporates the error covariance matrix

of the effective channel. The numerical results confirm the
considered MSE expression and that incorporating the error
covariance matrix into the precoder design provides measur-
able improvements in both MSE and BER performance. The
proposed robust precoder achieves a lower error floor than the
conventional zero-crossing precoder.
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