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ABSTRACT

Discrete transforms such as the Discrete Fourier Transform
(DFT) or the Discrete Hartley Transform (DHT) furnish an
indispensable tool in Signal Processing. The successful
application of transform techniques relies on the existence of the
so-called fast transforms. In this paper some fast algorithms are
derived which meet the lower bound on the multiplicative
complexity of a DFT/DHT. The approach is based on a
decomposition of the DHT into layers of Hadamard-Walsh
transforms. In particular, schemes named Turbo Fourier
Transforms for short block lengths such as N=4, 8, 12 and 24
are presented.

1. INTRODUCTION

Discrete transforms defined over finite or infinite fields have
been playing a relevant role in Engineering. A striking example
is the Discrete Fourier Transform (DFT), which has found
applications in several areas, especially in Electrical
Engineering. Another relevant example concerns the Discrete
Hartley Transform (DHT) [1], the discrete version of the
integral transform introduced by R.V.L. Hartley in [2]. Besides
its numerical side appropriateness, the DHT has proven over the
years to be a powerful tool [3-5]. A decisive factor for
applications of the DFT has been the existence of the so-called
fast transforms (FT) for computing it [6]. Fast Hartley
transforms also exist and are deeply connected to the DHT
applications [7,8]. Recent promising applications of discrete
transforms concern the use of finite field Hartley transforms [9]
to design digital multiplex systems, efficient multiple access
systems [10] and multilevel spread spectrum sequences [11].

Discrete transforms presenting a low multiplicative complexity
have been an object of interest for a long time, including
Arithmetic Fourier Transforms (AFT) [12]. Very efficient
algorithms such as the Prime Factor Algorithm (PFA) or
Winograd Fourier Transform Algorithm (WFTA) have also been
used [13,14]. The minimal multiplicative complexity, p, of the
one-dimensional DFT for all possible sequence lengths, N, can
be computed by converting the DFT into a set of multi-
dimensional cyclic convolutions. A lower bound on the
multiplicative complexity of a DFT is given in [15] (Theorem
54, p.98). For some short blocklengths, the values of
HU(DFT(N)) are givenin Table 1 (some local minimaof ).

The discrete Hartley transform of a signal vj, i=0,1,2,...,N-1 is
defined as

v, igvi Caségl\lﬂ@ k=0,1,2,....N-1, 1

where cas(x)=cos(x)+sin(x) is the "cosine and sine" Hartley
symmetric kernel.
In this paper, some FTs are presented, which meet the minimal

multiplicative complexity. There is a simple relationship
between the DHT and the DFT of a given real discrete signa fj,

i=0,1,...,N-1: If fj o Fk is a DFT pair and fi ~ Hg is the
corresponding DHT pair, then [3] Ok
Hy=0eFk-OmFk
and
1 .
R :E[(Hk + o) = i(Hi—Hyei ) -

Table 1. Minimal multiplicative complexity for
computing aDFT of length N.

N U(DFT(N))
4 0

8 2

12 4
24 12

Therefore, an FFT algorithm for the DHT is aso an FFT for the
DFT and vice versa (see Corollary 6.9 [15]). Besides being a
real transform, the DHT is also involutionary, i.e., the kernel of
the inverse transform is exactly the same as the one of the direct
transform (self-inverse transform). Since the DHT is a more
symmetrical version of a discrete transform, this symmetry is
exploited so as to derive a (turbo) FT that requires the minimal
number of real floating point multiplications. The idea behind
our approach is to carry out a DHT decomposition based on
classical transforms by Jaques Hadamard [16].

2. COMPUTING A 4-BLOCKLENGTH
DHT

Let v o V be a discrete Hartley transform pair of blocklength
N=4. The matrix formulation of (1) correspondsto V=[T].v, i.e.,
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It is therefore equivalent to a 4-point H/W transform so it has a
zero-multiplicative complexity. Figure 2 shows a possible
implementation of the 4-DHT in terms of 2-H/W transforms
(Figure 1). The complexity for the 4-DHT is given by: A=8
additions and M=0 multiplications.
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Figure 1. A free-multiplication diagram for a 2-H/W

transform.
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Figure 2. A freemultiplication diagram for a 4-DHT
based on Hadamard-Walsh transform. The small circles
on the summation boxes indicate a subtraction instead of
an addition. “H” blocks denote a Hadamard transform.

3. COMPUTING AN 8-BLOCKLENGTH
DHT

Let v - V be an 8-length Hartley Transform pair. The
corresponding matricial formulation is V=[T] where [T] is a
"cas' 8x8 matrix. Let S(0)=vj, 0i=0,1,...,7 (input data). The 0-
order "pre-additions’ are, respectively, {Sy(0)=vg, S;(0)=vq,
SH(0)=v2, S3(0)=v3, S4(0)=Va, S5(0)=v5, Se(0)=Ve, S7(0)=v7}.

The transform matrix for the 8-DHT is therefore:

ov;0 O 14142 1 0 -1 -14142 -1 0 0,0
2% @ 1 -1 -1 1 1 -1 -1 EE}&B
O - - - 0G0
%’35 Ei 0 1 14142 -1 0 1 -141420 %ZD
v,o.d -1 1 -1 1 -1 1 -1 00
W -1a42 1 0 -1 14142 -1 0 B%E
Dl/GE a -1 -1 1 1 -1 -1 1 DS/SB
5/75 E 0 -1 -14142 -1 0 1 1.414253165
HH 11 1 1 1 1 1 HEf
We start by remarking initially that
k(i +N/2)g_ _ [2rki O, k.. 27K
casy N [~ casy N + k= (1) casD—N 0
which follows from the addition of arcs formula

cas(a—p)=cosB.casu-sinB.casa, where cas() is the
complementary cas function, cas (a)=cosa-sina [3]. Clearly,
moduli of components on the 2™ column are identical to the
corresponding elements at the 61 column; the same for the 3th
column and 7t column. We can thus consider new variables
(v1+vs) and (v1-vs) instead of vq and vs; (vot+vg) and (Vo-vg)
instead of v, and vg, and so on.

«1st-order pre-additions (layer #1)
{So(l):(Vo"'Va), S_I.(l):(vo'va)} ’ { 82(1):(V2+V5)! 33(1):(V2'V5)} ’
{S4(D)=(v,+Vv)), Ss(D=(V-Vo), Se(1)=(V,+V,), Sy(1)=(V-V,)} .

The first-order pre-additions as defined above always yield at
least a half of vanishing elements in the new transform matrix.
Although such an implementation requires only two
multiplications, we may go further and combine other columns.

«2nd-order pre-additions (layer #2)

{S(D=(vs+v.), S)=(v,-V)} {S(2=(v,+Vy), S(2)= (V-V},
{ 84(2) =(V1+V5) +(V3+V7) ’ 85(2) :(V1+V5) - (V3+V7) ’

86(2) =(V1_Vs) +(V3_V7) ’ 87(2) =(V1_Vs) - (V3-V7)} .

-1 0 0 -1 0 0 OG0
0 0
0 -1 0 0 -707 7075 @5

o HH

Clearly, some pre-additions terms involve a Walsh/Hadamard
transform. A scheme for the implementation of an 8-DHT is
shown in Figure 3. Only two multiplications by 0.707... are
required.

)

<

Thus,

wlg 10 1 0 0 .77 .7075[50(2)5
.85 0-10 0 1 o o B%@F
%/35 g) 10 -1 0 0 .707 —.7075 %:2(2)5
0 3201 0 -10 0 0 0%(0

0= 0 0-
10 10 0 -707 -7075 %,
DVE a o

O %’ 1

HB o

=

1 0 1 0 O

vy Yy Wy Vs Vg Wy Vg
|| [ ] 1 [ ] [ ] [ ]

] Jlri“ [

T

[l =y=[l
R
W
]
S []=éa]
Figure 3. An 8-DHT/DFT diagram. (a) A fast transform

with 2 multiplications (b) Detail of the 4-H/W
transform.

The complexity for computing an 8-DHT is therefore: A=22
additions and M=2 multiplications.

4. COMPUTING A 12-BLOCKLENGTH
DHT

Let v o V be a 12-DHT pair. The corresponding matrix
formulation is now V=[T]M where [T] is a 12x12 "cas'
transform matrix and V=(V1,V>,...,V12)T. As usual, 0-order pre-
additions (data) are defined as S(0)=vj, 0i=0,1,...,N-1.



Dencting by [T(0)] the transforming matrix, the Hartley
spectrum can be computed according to V=[T(0)](3(0) where
S(0)=(S0(0),51(0),...,511(0))T. Applying the same reasoning of
Section 2, we define:

«1st-order pre-additions (layer #1)

{SW)=v v, S(D=v v} {SA(D=v +v, S{(1)=v v}
{SiD=v v, W)=V v, S(D=v +V, Si(1)=v v ,
SV, S(D=V -V, Sio(D)=V 4V, Si(D)=Vev, )

The resulting transformiis:

pOD1 0 1 0 136 0 136 0 36 0 -36600,*v0
B,0H 0-10 136 0 36 0 -136 0 366 0 Ovo+ven
5B 10 -1 o0 1 0 -1 0 1 0 1 BH+vE
vO@Qo1 0o 36 0 -136 0 366 0 -136 0 OO,-v,O
3] 0o 3]
BB 101 o -36 0 -3 0 -136 0 13660 +v, O
5
HHo-10 -1 0 1 0 1 0 -1 0 EE%,—WE
Br001 0 -1 0 -136 0 136 0 36 0 366 0ty
8,00 01 0 -136 0 36 0 -136 0 366 0 00N -v0
s
HB10 1 o -1 0 -1 o0 1 0 -1 B, vl
0 - - - 00, -v, 0
M Bo-10 -36 o 136 0 36 0 136 0 UG, -v0
M1 0 -1 0 36 0 -366 0 -1366 0 -13660 v +vy0l
H.HH o1 0 1 0 1 0 1 0 1 o HH,-vuH

Therefore, this equation can be written as V=[T(1)].S(1) where
S(D= (Sp(1),S1(D),...S12(1))T. Observing the remaining
symmetries, we go further and define:

*2nd-order pre-additions (layer #2)

{SQ=v v, $i(Q=v v} {S(=V +V,, S(D=v -v},
{Si(Q=(v v )+(V #V10), S(Q)=(VHV)-(v v ),

S D)=V V) + (v, V), $(D=(v, V) - (v v),

SHQ)=(V V) HYHV ), S(D=(v, V) - (v +V),

S(=(v, v )+ (V.-v ), Su(@=(v v ) - (v.-v )}

We have then

Vg 1o 1 0 0 13 0 0 0 0o 3 Vo + Vg

v,o 2 0-10 o0 136 0 0 o a6 o0 0 00 votve

WsHB1o-1 o0 0 0 1 0 0 1 o BE Vg + Vo

vdBo1 0 3 o o0 0 -136 0 0 0 00 vy-v, g
VO @10 1 0 0 -3 0 0 0 0 -13660 Clvy + vy )+ (va +vio )0
M Ho-10 o -1 o 0 0 1 0 0 :H:v,wj—v‘,wmi:
0% 10-1 0 0o o0 -13 o o as 0 (v, -vy)elv,-ve)B s
e Q01 0 -136 0 0 o 36 0 0 0 00, -vs)-(vs-ve)D
Mg ®10 1 0 0 -1 o0 0 0 0 18 Hvs +ve)*{vs +var )0
Bod Ho-10 o -3 o 0 0 -136 © o B v, +ve)-(vs +vu)H
fwibi1o-1 0 o o 3 o 0 -136 0 4 = vio )+ Vs - v )0
Mo 201 0 1 o o 0 1 0 0 0 4 =Vi)-lvs - vu)g

The spectrum can be computed in terms of the 2™ layer pre-
additions as V=[T(2)].5(2) where [T(2)] is the 12x12 matrix
above and S(2)=(S4(2),51(2)....S11(2))7. There is no pair of
non-combined identical columns left (signs of elements not
considered). However, the integer part of the elements greater
than unity into the[T(2)] matrix can be handled separatdly.

Spectral component calculation (special ADD to balance the
matrix):

Vi - [(Vl-V7) +(V2'V8)] =56(2)

V2 - [(v,+v))-(v,+v,)]=S5(2)
V3 - 0

V4 - _[(V2+Ve) +(V5+V11)] =-S5(2)
V5 - _[(V4'V10)'(V5_V11)] Z_Sll(Z)
V6 - 0

V7 - _[(va7)'(vz've)] =-57(2)
V8 - _[(V1+V7) +(V4+V10)] ='S4(2)

V9 - 0

V10 - (v, ve)-(Vetvyy)]=-So(2)
V1l - _[(V4'V10) +(V5'V11)] ='510(2)
V12 - 0

The procedure of combining pair of columns can be iterated
yielding the following new pre-addition sets:

*3rd-order pre-additions (layer #3)

{So@=v v S1@=V -V} {S@)=v v S3@)=v -V}

Sa@={ (VA )+ (v 4V )} H(V V) + (v )}

Ss@={ (v )+ (v )} (v HV) + (v )}

Se@={ (V. V) - (v WV I {(V+V) - (v, +v )}

SH={(vV. V) - (v v )} - {(v ) - (v )}

Ss@={(v.-v) - (v -V} H(v, v )+ (v v )}

So@={(v-v) - (vV-V)} - {(vv) + (v v )}

S10@={ (v, V) + (A} +H{(V, V) - (Vv )}

Su@={(vv) + (v} { (Vv ) - (v v )}

The fina relationship between the Hartley spectrum and the
pre-additions can be established:

O D10 10 0 0 00 0 366 0050 0SE®O
g,0g 00 50 0 0
.0 0-100 0 36 00 0 0 0gmO0 0s® o
0 _ 0 0O 0
E\/QD g) 10 -10 0 0 01 o0 0 OD§Z(3)D 8o §
v,0 001 00 36 0 00 0 0 005,00 0-SQ0
0 0 0
BE8B10 10 0 o o0 o o 03%k@E Esef
O Gdo-100 o 0 -10 0 -366 00F@00 o O
ov,0 ©1 0 -1 0 0O 0 0 0 -36 0 OD[SS@)E S0
0 0 QoD
g Ho1 o00-36 0o 00 o0 o o8keY Fs@F
vID1o 10 o0 0 00 © 0 -10E@00 0 O
B85 0-100 0 -3 00 o0 0 09,00 55@0
0 _ 0 0 Qg (0
BEB1o0o-10 o o oo 36 o of5@®FEs@Y
M,BRB01 01 0 0 00 0 0o OoFm.@®FH 0 8

The only four real floating-point multiplications required

are 0.366%{ S5(3), Ss(3), S(3), S10(3)}. A corresponding
block diagram is sketched in Figure 4 bel ow.
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Figure4. A 12-DHT/DFT fast transform diagram.



The complexity of such an implementation of a 12-DHT is given
by: A=52 additions and M=4 multiplications.

5. COMPUTING A 24-BLOCKLENGTH
DHT

Let voV be a 24-DHT pair. Let us denote by V=[T]-v the
meatrix formulation of the DTH, where [T] represents the 24x24
cas-transform matrix and V is the discrete Hartley output
spectrum. Following the same steps as before, the 0-order pre-
additions are defined as S(0)=vi, i = 0, ..., 23. We have then
Equation A (see Appendix).

Going further, the 1%-order pre-additions (layer #1) will be:

So(1)=votviz,  Si(1)=Vo-Viz, Sy(1)=vitvas, S3(1)=Vi-Vis,
Su(1)=votvia,  Ss(D)=vavia,  Se(D)=vatvis,  SyH1)=va-Vis,
Ss(1)=Vatvie,  So(1)=VaVis, Si(1)=Vstviz,  Su(1)=Vs-Vir,
Sio(D)=Vetvis, S13(1)=Ve-Vis, S14(1)=Vv7+Vie,  Sis(1)=V7-Vig,
Sis(1)=Vetvao, Si7(1)=Ve-Vo, S18(1)=VotVar,  Sio(1)=Ve-Vai,

Soo(D)=viotve,  Spu(1)=VioVaz, Spo(1)=Viatvas, Spa(1)=Vii-Vos.
A new set of pre-addition can be considered. Let the 2"-order
pre-additions be:

So(2)=So(1),
Sy(2)=Sx(1)+S1a(1),

SI2=S(1), SA2)=SiA(1),  S(2)=Sws(1),
S(2)=Sx(1)-S1a(1),  Se(2)=Se(1)+Sna(1),
SH(2)=S(1)-Su(1),  Se(=Su(D)+Sie(1),  So(2)=Su(1)-Sie(1),
S(2)=Ss(1)+S:(1),  S1u(2)=Ss(1)-So(1),  S12(2)=Se(1)+S(1),
S13(2)=S6(1)-S20(1),  S14(2)=S10(1)+S22(1), S15(2)=S10(1)-Sz(1),
S16(2)=S15(1)+S23(1), S17(2)=S15(1)-Se3(1), S18(2)=S17(1)+Sx(1),
S19(2)=S17(1)-S21(1), S0(2)=Se(1)*+S18(1),  Sea(2)=Se(1)-Sus(1),
S$2(2)=S(1)+S10(1),  S23(2)=Sr(1)-S1o(1).

Again, we have a few cases where the pair do not match
perfectly. Applying the same strategy adopted in the 12-
blocklength case, we put apart some matrix components in order
to "balance" the matrix. The 3“-order pre-additions follows:

S(3)=S0(2), S1(3)=S1(2), SA(3)=Sx(2), Se(3)=Ss(2), Sa(3)=Se0(2),
S5(3)=Sx1(2), Ss(3)=Su(2)+S12(2), S1(3)=S4(2)-S12(2),
S(3)=S5(2)+S6(2),  S3)=Ss(2)-Se(2),  S1(3)=Se(2)+S1(2),
S1(3)=S(2)-S14(2), S1A3)=S13(2)+S15(2), S13(3)=S13(2)-S15(2),
S14(3)=S22(2) +S23(2), S15(3)=S22(2)-S23(2), S16(3)=S10(2) +S19(2),
S17(3)=S10(2)-S19(2), S18(3)=S11(2)+S18(2), S19(3)=S11(2)-S18(2),
S20(3)=S(2), $21(3)=51(2), S2(3)=S16(2), S23(3)=S17(2).

The “special add” vector required in this step is written in
Equation B (see Appendix).

The simplification is not finished yet. The procedure of
combining matched columns must be called once more. Making
the following definitions, we get the final 4™-order pre-addition,
remarking that O as in the last iteration O another “special
add” vector must be putted aside, yielding:

So(4)=S0(3), S1(4)=S1(3), Sx(4)=Sx(3), Sa(4)=S(3), Sa(4)=Su(3),
S(4)=S5(3), Se(H=S1/(3), Sr(4)=S18(3), Se(4)=Se(3)+S10(3),
So(4)=Se(3)+S13(3),  S10(4)=Se(3)-S13(3),  S11(4)=Se(3)-Si10(3),
S12(4)=54(3)*+S12(3), S13(4)=S(3)+S1(3), S14(4)=S/(3)-Su(3),
S15(4)=S4(3)-S12(3),  S16(4)=S14(3)+S3(3), S17(4)=S14(3)-Sx5(3),
Si8(A=S15(3)+S1(3),  S19(4)=S15(3)-S21(3),  S0(4)=Sie(3),
$21(4)=519(3), S22(4)=50(3), Se3(4)=S(3).

Deriving the DHT in terms of the fourth pre-addition layer, we
obtain Equation C (see Appendix).

As we get only twelve floating-point multiplication, the
theoretic lower bound on the number of multiplications required
to compute a DFT is again achieved. The corresponding block
diagram is depicted below.
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Figure 5. Diagram of a 24-DHT/DFT with 12
multiplications for circuit implementation.

The complexity of such an implementation of a 24-DHT is given
by: A=138 additions and M=12 multiplications.

6. CONCLUSIONS

Some Fast Transforms are derived which achieve the lower
bound on the multiplicative complexity of a DFT/DHT. In
particular, new schemes named Turbo Hartley Transforms
(THT) for short block lengths are presented. They are based on
a multilayer decomposition of the DHT using Hadamard-Walsh
transforms. Each HWT implements pre-additions. These
schemes are attractive and easy to implement using a Digital
Signal Processor (DSP) or low-cost high-speed dedicated
Integrated Circuits.

7. APPENDIX

This appendix shows some matrices obtained in the 24-DHT
agorithm derivation. Equation A corresponds to the 24x24 cas-
transform matrix; Equation B shows an intermediate matrix
with three layers; and Equation C presents the final matix
formulation, which achieves minimal multiplication complexity,
i.e., only 12 real floating point multiplications.
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1 1 1 101 1 1 1 1 101 1 1 1 1 101 1 1 1 1 1 8B4
1366 1414 1366 1224 1 707 366 0 -366 -707 -1 -1224 -1366 -144 -1366 -1224 -1 -707 -.366 O 366 707 OviD)
1366 1 366 -.366 -1 -1366 -1366 -1 -.366 .366 1 1366 1366 1 366 -.366 -1 -1366 -1366 -1 -.366 .366 5 Vo[

1 0 -1 -1414 -1 0 1 1414 1 0 -1 -1414 -1 0 1 1414 1 0 -1 -1414 -1 0 Dbv,0
366 -1 -1366 -.366 1 1366 366 -1 -1366 -.366 1 1366 366 -1 -1366 -.366 1 1366 366 -1 -1366 -.366[] V4[]
-366 -1414 -366 1224 1 -707 -1366 O 1366 707 -1 -1224 366 1414 366 -1224 -1 707 1366 O -1366 -.7075 5
-1 -1 1 1 -1 -1 1 1 -1 -1 011 -1 -1 1 1 -1 -1 1 -1 -1 DOy
-1366 0 1366 -.707 -1 1224 366 -1414 366 1224 -1 -707 1366 O -1366 707 1 -1224 -366 1414 -366 -L12247(N7[)
-1366 1 366 -1366 1 366 -1366 1 366 -1366 1 366 -1366 1 366 -1366 1 366 -1.366 366 -13661 Vg o
-1 1414 -1 0 1 -1414 1 0 -1 -1414 -1 0 1 -1414 1 0 -1 1414 -1 0 1 1414wl
-36 1 -1366 1366 -1 366 366 -1 1366 -1366 1 -366 -.366 1 -1366 1366 -1 366 366 -1 1366 -13667 V1ol
366 0 -366 .707 -1 1224 -1366 1414 -1366 1224 -1 .707 ~-366 O 366 -707 1 -1224 1366 -1414 1366 -12247 3n;F

1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 01 -1 1 -1 1 -1 Of,0
1366 -1414 1366 -1224 1 ~-.707 366 0 -366 .707 -1 1224 -1366 1414 -1366 1224 -1 707 ~-366 O 366 -.707(] Bhsl)
136 -1 366 366 -1 1366 -1366 1 -366 -366 1 -1366 1366 -1 366 366 -1 1366 -1366 1  -.366 ~-.3661 Y14o

1 0 -0 1414 -1 0 1 -1414 1 0 -1 1414 -1 0 1 -1414 1 0 -1 1414 -1 0 B8
366 1 -1366 366 1 -1366 .366 1 -1366 366 1 -1366 366 1 -1366 366 1 -1366 .366 1 -1366 .366 0Vie0
-366 1414 -366 -1224 1 707 -1366 O 1366 -707 -1 1224 366 -1414 366 1224 -1 707 1366 O 1366 .707 5 V175
-1 1 1 -1 -1 1 1 -1 -1 1 1 -1 -1 1 1 -1 -1 1 1 -1 -1 1 EB@E
-1366 0 1366 707 -1 -1224 366 1414 366 -1224 -1 .707 1366 O -1366 -.707 1 1224 ~-366 -1414 366 1224 [ [Vql]
-1366 -1 366 1366 1 -.366 -1366 -1  .366 1366 1 -366 -1366 -1 366 1366 1 -366 -1366 -1 366 1366 Yoo
-1 -1414 -1 0 1 1414 1 0 -1 -1414 -1 0 1 1414 1 0 -1 -1414 -1 0 1 141404,0
-366 -1 ~-1366 -1366 -1 -.366 .366 1 1366 1366 1 366 ~-.366 -1 -1366 -1366 -1 -.366 .366 1 1366 1366 000
366 0 -366 -.707 -1 -1224 -1366 -1414 -1366 -1224 -1 -707 -.366 O 366 707 1 1224 1366 1414 1366 1224 [ Vo3

Equation A: The transform matrix for a 24-blocklength DHT.
1 1 1 00 S 000 O
oo 0o O
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0o 0o O
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oo 0o O

-1 1.366 366 00 S®@ pgo o0 g

1 - 707 - 366 1224 ~7078E sy@ H Hseb
: - - g g Sa 0o O

-1 1 1 00542 +S(@ 0 O [u}
UESa@+sp0 B 0 O

-1 -.707 - 366 707 1224 00842 =S 0 Su@0
0o 0o O

1 366 -1.366 00Ss@+%@ g g 0 g
1 707 -1 -1a1400ss@) - g 0 o O

1 -.366 -1.366 00SM+Su@0 0 0 0O
_1 707 366 -707 1224 8052 - 514(2) E+ 5525
-1 -1 1 Dm@)*%s@)%% 0 E
1 - 707 366 -1.224 -.707 () (513(2) - S15(0 OS10(2) O
-1 -1.366 366 BE2@+sx@8 § 0 §
. . 0 522 23(A0 O O
_ - . u} - 0o O
1 707 1 1414 D%ZZ(Z) S5 5 0 3
1 -1366 366 080@+S,@0 0 0 0O
0 0o [u}
1 707 -.366 -1.224 707 B0 -s16F Fsi@F
_ u} 0o O
1 1 1 5551(2)*518(2)5 g% n
-1 707 - .366 -.707 -1224 051 -S(@0 S0
-1 -.366 -1.366 BE s@ BEF o f
_ _ oo 0o O
1 707 1 14udE 5@ g5 o0 3
-1 366 -1.366 00 Se@ 00 0 O
og 0o 0
-1 -.707 366 707 -1224 B S7@ g 5Ss@g
Equation B: 24-blocklength DHT with three Hadamard layers.
1 1 1 00A0 0 0 0o o O
BEX@E B 0o O
1 1 707 366 1.224 oos@oog O 0 0S0(? 0
_ u} 0o 0o O
N 1 366 DESME 5 s® 7 8°ag
1 -1 1 707 0 0sy4)0 0.707 0 0
sy grorsy@ 0 o g
1 -1 366 5:64(4)5 g $(3 g EL 0 g
1 1 - 707 -.366 1.224 UssmB B o HHsoF
-1 -1 1 O0ss0 0 o 00 o O
0o ’o o 0o O
1 -1 -.707 -.366 122400840 O 0 0 oSu@g
00g 0 O 0o O
1 1 366 DE[53(4)8 g -S0® o 0 0 0
1 1 -1 707 0 0se(4) 0 . 0
0 Ois@l B07is@0 0 0 O
-1 1 -.366 83510(4)8 g -S1509) oo 0 o
1 -1 707 366 1224 1(8) o.g 0 0.3 513(2)E
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ge@y g 0 oo’ o
1 1 -.707 366 -1.224 O5@0 O 0 0 OS0(? O
0o 0o O
-1 -1 - 366 ou@o o -S® gg 0 g
_ . 0 oo 0o |
1 1 707 g %15(4)D g 70705x1(3) 5o f
1 1 -.366 OFe®0 O -S@ 00 0 O
1 1 707 -.366 -1224 5.5 5 o HHsieF
- - [n] 0o oo [N)
1 1 1 s@p g 0 oo’ @
1 -1 707 - .366 ~1.2240 [514(4)0 g o 0 gsu(z)g
1 -1 -.366 oo@g o ~Su® pog 0 g
- - [n] 0o oo [N)
1 . 1 . 1 - 707 D%ﬁigu D.707[5i§§3)D g g g
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Equation C: 24-blocklength DHT with four Hadamard layers and minimal multiplicative complexity.
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