GENERATING SERIES AND PERFORMANCE BOUNDS FOR CONVOLUTIONAL CODES-
PART 2: TRANSMISSION ON BURST-ERROR CHANNELS

Cecilio Pimentel

Communications Research Group - CODEC
Department of Electronics and Systems, PO. Box 7800
Federal University of Pernambuco
PO. Box 7800 - 50711-970 - Recife - PE
E.mall: cecilio@npd.ufpe.br

ABSTRACT

We present an analytical method for evaluating the perfor-
mance of a communication system that employs a convo-
lutional code, a block interleaving with finite interleaving
depth, a binary channel that exhibits statistical dependence
in the occurrence of errors, and a decoder that implements
the Viterbi algorithm with Hamming metric. The main idea
is to apply combinatorial methods to derive a formula for
bounds to first-event and bit error probabilities in terms of
coefficients of a generating series. The method is used to
investigate the tradeoff between coding parameters and in-
terleaving depth to achieve arequired performance.

1. INTRODUCTION

The error process encountered in many digital communica-
tion systems introduces distortion in the transmission pro-
cess in such away that errors occur in bursts. The channel
model considered in this work is an additive binary burst
channel modeled according to afinite state channel (FSC) [1]
model. The model is described statistically by a probabilis-
tic function of a Markov chain whose parameters are con-
veniently chosen to capture the bursty nature of errors sym-
bols produced by severa real channels. Examples of FSC
models proposed in the literature include the Gilbert-Elliott
channel [2] and the Fritchman channel [3].

A detailed calculation of performance bounds for maxi-
mum likelihood decoding of convolutional codes over mem-
oryless channelsis found in reference [4]. The bounds de-
veloped in [4] are commonly measured using the distance
weight enumerator, also referred to as the transfer function,
of the code. The information derived by the transfer func-
tion (Hamming weights of theinput and output sequences of
the convolutional code) cannot be used to measure the per-
formance of convolutional codes over burst channels, be-
cause, in this case, the probability of an error event de-
pends not only on the number of errorsin the binary stream

generated by the channel, but also on the error positions.
In this paper, we propose a generalization for the conven-
tional transfer function, and apply these results to obtain
performance bounds for a specific convolutional code over
interleaved FSC models (the cascade of block interleaver,
FSC model, and block deinterleaver) with finite interleaved
depth. Previoustheoretical analyses of error correcting codes
over FSC models have been mainly concentrated on block
codes [6, 7, 8, 9, 10]. Results for convolutional codes over
FSC models are obtained from computer simulation in [6,
11]. The technique presented here is an interesting aterna-
tive approach with respect to computer simulations.

We use a combinatorial approach to find the generat-
ing series that enumerates all error patters that produce er-
ror events in the decoding process. By defining appropri-
ate indeterminates we are able to extract useful information
from the resulting generating series for the evaluation of
coded system performance. A linear mapping incorporates
the model parameters into the generating series. The ap-
proach is not channel specific and is valid for general FSC
models irrespective of the number of states and structure of
the Markov chain. One motivation for this research is to
develop anaytical methods for analyzing interleaved com-
munication systems where delay constraints limit the maxi-
mum value of the interleaving depth.

The remainder of this paper is organized as follows.
Section 2 describes the communication system. A brief re-
view of FSC modelsis contained in this section. In Section
3, we introduce the method which will enable the enumera-
tion of error events. The rest of this section is dedicated to
obtaining performance bounds for convolutional codes over
FSC models from the generating series. Numerical results
are presented for the special case of Gilbert-Elliott channels
with known model parameters. Conclusions are summa-
rized in Section 4.

We adopt throughout this paper the following notation.
Given amatrix A, the superscripts A”T and A~ represent



respectively the transpose, and the inverse of a matrix. The
matrices I and 1 stand for the identity matrix and a col-
umn vector of ones, whose dimensionality is clear from
the context. If s and z are commutative indeterminates,
[s¥ 27| T (s, z) denotes the coefficient of s* 2 in the for-
mal power series T'(s, z). Let R[[z]] be thering of all for-
mal power series in commuting indeterminate = with coef-
ficients taken from the field of real numbers R, and let R|x]
be the set of all polynomiadsinz. R < xg,xz1 > isthe
ring of all power series in the non-commuting indetermi-
nates zg, ;.

2. COMMUNICATION SYSTEM DESCRIPTION

Consider a convolutional encoder of rate R, = 1/ng and
congtraint length K, with memory cells arranged as a se-
rial shift register. The encoder state diagram isalabeled di-
rected graphwith 2(5—1) vertices (states), and 2% branches,
each labeled with 1-bit input and no-bit output strings. Fig-
ure 1 shows a representation of the state diagram for an
eight-state encoder of rate R, = 1/2, K = 4, and gen-
erating polynomial (in octal) 15, 17.
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Figure 1. State diagram for arate R, = 1/2, constraint
length K = 4, convolutional code.

Theinformation sequenceis encoded into asingle code-
word of unbounded length and transmitted across the inter-
leaved FSC model. A block interleaver consists of an array

of ng Lp columns and I, (interleaving depth) rows. The
output sequence of the interleaver is corrupted by an addi-
tive error sequence {ey }7° , statistically distributed accord-
ing to an FSC model. The error bit e, is characterized by
a probabilistic function of an N state Markov chain with
transition probability matrix P. Definetwo N x N matri-
ces, P(0) and P(1), where the (i, j)th entry of the matrix
P(er), e, € {0,1}, isthe probability that the output sym-
bal is e, when the chain makes a transition from state i to
Jj. We are assuming that the distribution of theiinitial stateis
the stationary distribution IT = [, 71, ..., 7x_1]7. The
probability of an error sequenceof lengthn,e,, =e; ...e,,
is expressed in amatrix form as:

P(e,) =TT (H P(ek)> 1.
k=1

For example, the Gilbert-Elliott channel is atwo-state Mar-
kov chain composed of a good state, state 0, where errors
occur with small probability, and a bad state, state 1, where
errors occur with higher probability. The transition proba-
bilities of the Markov chain are () and ¢, as shown in Fig. 2.
When the chain is in the good state the error bit e, is zero
(correct) with probability 1 — g, or one (error) with proba-
bility g. Otherwise, when it isin the bad state, the error bit
is zero with probability 1 — b, or onewith probability b. The
parameter 4 = 1—q— (@ isdefined in [12] asthe memory of
the Gilbert-Elliott channel. ThematricesP(0), P(1), where
P(0)+P(1) = P, and IT for the Gilbert-Elliott channel are
given by:
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Figure 2: Gilbert-Elliott model for burst channels.



The deinterleaver restoresthe original order of thetrans-
mitted symbols. Notice that two consecutive received sym-
bols in each row of the deinterleaver are corrupted by two
error symbol s separated exactly by 1;. TheViterbi decoding
algorithm generates an estimate of the transmitted symbols
using the Hamming metric. The parameter L , is the deci-
sion depth of the Viterbi agorithm.

3. PERFORMANCE ANALYSIS

We start this section introducing the main concepts regard-
ing the performance calculation of convolutional codes on
memoryless channels. Later, we generalize these results to
treat the case of burst channels.

Let S be the set of al incorrect paths, where the all-
zero codeword was transmitted. Each path in S constitute
an error event. The first-event error probability, P.,, and
the bit error probability, P;, for memoryless channels are
bounded above by:

P, < Z aq Py;
d=dfrece (4)

where d .. is the minimum free distance of the code, a4
is the number of pathsin S of Hamming weight d, b, is
the total number of nonzero information bitsin all paths of

Hamming weight d in S, and P; is the pairwise probability
that apathin S (awrong path) of Hamming weight d is cho-
sen instead of the correct path. This probability depends on
the metric used by the Viterbi algorithm, and on the channel

parameters. For example, for aBSC channel with crossover
probability p, and for aViterbi decoder using Hamming dis-

tance as metric, a path with weight d is chosen over the all-
zero pathif (d + 1)/2 or moretransmission errors are made
in these particular d positions. Therefore

d

> (et —-p)**, d odd;
k=(d+1)/2
P, = A . 5
d %(d%)pd/zu_p)d d/z+ ( )
d
Z (Hp*(1 —p)=F, d even.
k=d/2+1

It is assumed in the second row of Equation (5) that P; =
1/2 if exactly d/2 errors occur. The parameters aq and by
are commonly cal culated using thetransfer function T'(z, y)
of the code. Let w; and wo be weight functions such that
wy (o) and wo (o) isthe number of 1'sin theinput and out-
put (codeword) sequence, respectively, corresponding to an

incorrect state sequence o . T'(z,y) is the generating series
for the set S with respect to the weight function w, and ws,
that is:

T(z,y) = Y (@) y =@
gcS

€ Rz][[y]].  (6)

For example, the generating series corresponding to a par-
ticular the state sequence o = 01240 is zy”. We now turn
to the computation of P., and P, for convolutional codes
over FSC models. In this case, the parameters a, and b,
have no relevance to the performance calculation, since er-
ror sequencesof Hamming weight d have different probabil-
ity. First, we treat the non-interleaved case. To find a union
bound expression for P,, and P,, a complete enumeration
of al codewords in a non-commuting ring is needed, since
the probability of each sequence produced by the channel
depends on the non-commutative product of matrices P(0)
and P(1). The new generating series, which is denoted
by T'(yo, y1,,y), records al the information about the se-
quence of O's and 1's that constitute each codeword, and is
defined next.

Let the non-commuting indeterminates yo and y; mark
a bit equal to zero or one in a codeword, and let w(i —
j), whichiisin R < yo,y1 > (the set of polynomials in
non-commuting indeterminates o and y ), mark the output
string corresponding to the state transition from 4 to j. For
example, from the state diagram of Figure 1, w(0 — 1) =
y1y1, w(l = 3) = yoyo. The generating series we are
interested in finding is defined as:

T(yo,y1,7,y) = Y (H w(ok —>0k+1)> g 1)y @),

oecs \k>1
(M

For example, the generating series corresponding to a state

sequence o = 01240 iSy1y1y1¥1Yoy1y1y1 Ty’ . Theinfor-
mation needed to calculate T'(yo, y1, z,y) is encoded into
an adjacent matrix, denoted by A, whose (i, j)th entry is
defined as follows:

aij = w(i = j) a9yl

wherew; (i — j) and wy (i — j) arethe Hamming weights
of the input and output strings on the branch that connects
the states ¢ and j, respectively, for 0 < 4,5 < 2K-1 _1
(rows and columns of A are indexed by states). If states i
and j are not joined on the state diagram, then a; ; is set to
zero. For example, the adjacent matrix for the state diagram



of Figure 1 becomes:;

b drxy®? 0 0 0 0 0 0 ]
0 0 dy> az 0 O 0 O
0 0 0 0 by cry O 0
A= 0 0 0 0 0 0 «cy bxy
| dy?  az 0 0 0o 0 0 0 ’
0 0 a dey? 0 0O O O
0 0 0 0 cy bxy O 0
| O 0 0 0 0 0 by cxy

where a = yoyo, b = yoy1, ¢ = Y1yo, d = y1y1. Itis
interesting to notice that any state sequencein S hasthefol-
lowing structure: The first symbol is 0, the second is 1, and
so on, until it reachesthe state 2% —2, The next state may be
either O (the final state), or 1, when the process restarts all
over again. Let S, bethe set of all state sequencesthat start
in state 1 and reach state 2 =2 for the first time some time
later. The main step to find an expressionto T'(yo, y1, ©,¥)
isto enumeratethe set S, yielding the following generating
wieST2(y0, Y1, T, y)

Tz(yoaylal':y) = Z (H ’w(O'k — O'k+1)> xwl(a)ng(a).

eSSy \k>1
®

The desired generating series T'(yo,y1,,y) IS expressed
interms of T (yo, y1, x,y) as shown below:

T(y07 Y1, T, y) =

a0,1T% (Yo, y1,2,y)[1 — asx—2 4 Tz(yo,yl,ﬁf,y)]fla%@),o-
We have used the graph reduction technique proposedin [ 14]
to calculate T5(yo,y1,z,y). The next example illustrates
the calculation of T (yo,y1,x,y) for the encoder described
by the state diagram of Figure 1.

Example 1 Figure 3 shows a reduced state diagram. The
branch labels i, ¢, d, e and f are defined below:
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Figure 3: Reduced state diagram.

h =aislase +asz(1—ar7)  argl;

¢ =aze+asz7(l—arz7) tars;

d =assassfase +asq7(1—arq) tarel;
€ = 0a6,505,2;

[ = a2 5052-

The generating series for all paths that start from state 1
and reach state 4 for thefirst time is shown below:

To(yo,y1,2,y) = a12(1 — f) " ¥(as,a + d(1 — )" ag,a)
+h(1—c) t ®(ags +e(l— f) Lass).
(10)
where ¥ = [1—-d(1—c)te(1—f)~"tand® = [1—e(1—
f)7td(1 — ¢)~1]7L. It is worth noting that all multiplica-
tionsin T5(yo,y1,,y) are non-commutative. The desired
generating series T'(yo, y1, x, y) IS obtained from (9):

T(y()ayl:x:y) =
aO,lTQ(y07 1,7, y)[l —aq,1 TQ(yO, Y1, 7, y)]_1a470'
(11)

Our objective for the rest of this paper is to express P, and
P,, interms of the generating series T'(yo, y1, «, y) defined
in (9). This goal is achieved by enumerating all error pat-
terns that produce an error event, for each codeword in the
set S. Thisis the same union bound argument that led to
Equation (4). The Viterbi decoder chooses the incorrect
path instead of theall zero pathif the channel producesmore
ones (errors) than zeros (correct) in those positions marked
by y;. Let the indeterminates zo and z; mark an error bit
(produced by the channel) equal to O or 1, respectively. Let
Aq be the mapping defined as:

Ap : R<<y0,y1>>—> R[IU]<<1'0,.Z’1 >
Yo — xo + T1; (12)
Y1 — To +wxy,

extended as ahomomorphismto thewhol e of thering, where
w marks the number of errors produced by the channel in
the codeword positions marked by vy . Define

U(xo,xl,w,x,y) = AO[T(y07ylax7y)]' (13)

Notice that acting on T'(yo, y1, z,y) with the mapping A,
enumeratesall possibleerror pattersthat corruptseach code-
wordinS.

After having enumerated the sets of al error patterns of
interest, the probability of these sets follows directly from
(13) and (2). Consider a general FSC model defined by the
matrices P(0), P(1) and II. Therefore, by defining a map-
ping A that replaces z; by the corresponding matrix P (i)
and replaces 1 by the identity matrix I [13], the generating
series for the probability of error patternsis expressed as:

T('lU,.Z’,y) :HTA[U(xO,fl,w,m,y)]l' (14)

T (w, z,y) isaratio of two polynomidsin w, z, andy, and
its series expansion is easily performed using a symbolic



manipulation program. The probability of all possible error
sequences that produces an error event is enumerated by:

Ti(x) =) [yw?) T(w,,y);

d even (15)
@ = Y W1 Y Ty,
d>dfree  j>[(d+1)/2]

Recall that ¢ recordsthe number of 1'sin acodeword and w
records the number of errorsin the positions marked by .
Therefore, we can concludethat 7, (z) enumeratesthe prob-
ability of al error patterns whose number of 1's is greater
than the number of zeros in the positions marked by y, for
each codeword in S. On the other hand, 77 (z) enumerates
the probability of all error patternswith equal number of 0's
and 1'sin the positions marked by y,. Finally, we are able
to give new expressions to upper bounds on P.,, and P, for
convolutional codes over FSC models. The expressions are
given by:

Pa < 5Ti01) + To(0); (19)
1 (dTi(x) dT(x)
(e B b B

Example 2 This numerical example illustrates the succes-
siveactionon T'(yo, y1, z,y) with the mappings A, and A.
To simplify the cal culations, we consider a four-state convo-
lutional code and a simplified Gilbert-Elliott channel with
the following parameters: ¢ = 0.001, ¢ = 0.1, b = 1,
g =0.T(w,1,y) isgiven by:

T (w,1,y) = y°[0.099 4+ 2.4 10~ *w + 2.9 10~ *w?
+2.310"*w?® + 1.3 10~ *w* + 6.0 10~ *w° +

(—=0.15w — 3.0 10 *w? — 3.0 10 °w? — 2.6 10~ *w*
—0.001w%)y + (1.7107° — 2.7 105w + 4.4 10~ Sw?
+5.9107%w? +6.210 8w* — 4.71078w" — 1.210~"w"
+1.0107"w")y? + (6.51071° — 2.3 105w + 4.7 10~ 5w?
—2.3107%w® — 1.710""w* — 7.310 8w® + 3.8 10 "w®
—2.1107"w” +5.91072w®)y3] /[0.1 — (0.2 + 0.15w)y
+0.3wy? + (—1.6 107> + 2.0 10 5w + 7.4 10 Sw?
—1.2107%w?)y® + (=6.6 10710 + 2.4 10w
—4.710*w? + 2.4 107 w® — 6.5 10~ Cw*)y*].

For example, the coefficient y° in 7 (w, 1,y) is shown be-
low:

[v°] T (w,1,y) = 0.985 + 0.0025w + 0.0028w>+
0.0023w?3 + 0.0013w* + 0.0059w*.

To compute the performance of convolutional codes over
the interleaved channel with finite depth 7 ;, we just need to
redefine the mapping A as following:

Ag: R<<y0,y1 > — R[w]<<a:0,a:1 >
Yo = (w0 + 1) (T0 + 21) Y (18)
Y1 = (wo +wxy) (mo + 21) 7471

It is important to notice that the I; — 1 symbols produced
by the channel between two received symbols are irrelevant
to the decision process. Figure 4 shows an upper bound
to P., versus the memory p, for the encoder of Figure 1,
R. =1/2, K = 4, over theinterleaved Gilbert-Elliott chan-
nel, for several values of I;. The bound was computed us-
ing expressions (10), (11), (18), (13)-(16), and the matrices
used in (14) are defined in (1)-(3), where the parameters of
the Gilbert-Elliott channel are b = 0.4, g = 1 x 1073,
and p = ¢/Q = 20. The model parameters ) and ¢ are
uniquely determined frompy = 1 — ¢ — @ and p. The av-
erage error rate of the channel is fixed along the curves and
isequal to 2 x 10~2. The solid lines are analytical results
and the dotted lines are obtained by simulations. The val-
ues of 14 considered are I; = 1 (no interleaving), 8, 32. It
is seen from the curves that the probability P., converges
quickly to 1 when the channel memory increases. The per-
formanceimproves substantially when interleaving isincor-
porated into the system, and the optimum choice of I, for
a given memory value can be determined from this figure.
Because the Gilbert Elliott model has a parameter that can
be interpreted as the memory of the channel, the effective-
ness of coding schemes under several memory conditions
can be evaluated. The analytical bounds matches the simu-
lation results very closely when P,, < 1073,

Performance of convolutional codes
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Figure 4. P., versus memory for a specific convolutional
code, R, = 1/2, K = 4, on interleaved Gilbert-Elliott
channels, having I; as a parameter. I, = 1,8,32. The
channel parameters are b = 0.4, g = 1 x 1073, and
p = ¢/Q = 20. The dotted lines are obtained by simu-
lations.



4. CONCLUSIONS

The generating series for all codewords of infinite dimen-
sionality produced by a convolutional code was derived and
new bounds to the first-event error probability and bit er-
ror probability for convolutional codes over general FSC
models were given. The generating series for burst chan-
nels is more refined than the one required for memoryless
channels. We take into account the presence of delay con-
straints, which may limit the maximum value of the inter-
leaving depth. The accuracy of the analytical bounds was
demonstrated by comparing them with simulation results.
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