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DEVWUDFW

Zh sursrvh dq hvwlpdwru iru wkh gluhfwlrq ri duulydo
+GRD, ri sodqh zdyhv lqflghqw rq d olqhdu htxdoo| vsdfhg
duud| ri vhqvruv1 Wkh hvwlpdwru xvhv wkh iruzdug 0 edfn0
zdug olqhdu suhglfwlrq �owhu rswlpl}hg e| phdqv ri wkh
wrwdo ohdvw vtxduhv fulwhulrq vxemhfw wr frqvwudlqwv1 Wkh
GRD dqjohv duh hvwlpdwhg e| wkh }hurv ri wkh rswlpxp
�owhu1 Wkh sursrvhg surfhgxuh shuirupv ehwwhu wkdq
wkh pd{lpxp olnholkrrg phwkrgv suhvhqw lq wkh olwhud0
wxuh1

41 LQWURGXFWLRQ

Wkh sureohp ri hvwlpdwlqj wkh gluhfwlrq ri duulydo +GRD,
ri sodqh zdyhv lqflghqw rq d olqhdu htxdoo| vsdfhg du0
ud| ri vhqvruv lv frqvlghuhg lq wklv sdshu1 Wkh GRD
sureohp dqg wkh duud| vljqdo surfhvvlqj duh suhvhqw lq
preloh frppxqlfdwlrq/ udgdu/ vrqdu/ vhlvprorj|/ udglr
dvwurqrp| dqg lqgxvwu| dssolfdwlrqv ^4`1

Wkh ehvw phwkrgv iru GRD hvwlpdwlrq suhvhqw lq
wkh olwhudwxuh duh wkrvh ghulyhg iurp wkh pd{lpxp olnh0
olkrrg hvwlpdwru +POH,/ olnh wkh PRGH ^5` dqg wkh
PRGH[ ^6`1

Zh sursrvh d GRD hvwlpdwru/ qdphg IEFWOV/
ghulyhg iurp wkh iruzdug0edfnzdug olqhdu suhglfwlrq
+IEOS, �owhu ^7`/ rswlpl}hg xvlqj wkh frqvwudlqhg wrwdo
ohdvw vtxduhv fulwhulrq +FWOV, ^8`1 Vrph ri wkh }hurv ri
wkh rswlpl}hg IEOS �owhu ohdg wr wkh hvwlpdwlrq ri wkh
GRD dqjohv1 Wkh }hurv wkdw ehvw hvwlpdwh wkh dqjohv
duh vhohfwhg e| phdqv ri d pd{lpxp olnholkrrg frvw
fulwhulrq1

Wkh sursrvhg hvwlpdwru lv frpsduhg zlwk wkh PRGH
dqg PRGH[ dqg zh vkrz wkdw wkh IEFWOV suhvhqwv
dgydqwdjhv1

51 VLJQDO DQG QRLVH PRGHO

Wkh sureohp ri hvwlpdwlqj wkh gluhfwlrq ri P qduurz0
edqg sodqh zdyhv lpslqjlqj rq d xqlirup olqhdu duud|
ri Q vhqvruv +Q A P,/ fdq eh uhgxfhg wr wkh sure0
ohp ri hvwlpdwlqj wkh iuhtxhqflhv $ 5 UP�4 lq wkh

iroorzlqj prgho ^5`=

|n @D{n .qn > n @ 4> ===>N +4,

zkhuh
|n 5 FQ�4 lv wkh nwk qrlv| gdwd yhfwru +vqdsvkrw,>
N lv wkh qxpehu ri gdwd yhfwruv froohfwhg iurp wkh

duud| wkurxjk wkh wlph>
D @ ^d4 === dP `>
dl @ ^4 hm$l === hm+Q�4,$l `W > l @ 4> === >P >
{n 5 FP�4 lv wkh vljqdo yhfwru >
{n @ ^fn+4,h

m!n+4, === fn+P,hm!n+P,`W >
fn+l, dqg !n+l, duh wkh vljqdo dpsolwxghv dqg skdvhv/

uhvshfwlyho|>
qn 5 FQ�4 lv wkh qrlvh yhfwru>
+=,W ghqrwhv wkh wudqvsrvh1
Wkh vljqdo dqg wkh qrlvh duh lqghshqghqw }hur phdq

frpsoh{ vwdwlrqdu| Jdxvvldq udqgrp surfhvvhv zlwk
wkh iroorzlqj vhfrqg0rughu prphqwv=

Hi{n{Ko j @ F�n>o > Hi{n{Wo j @ 3
HiqnqKo j @ �5L�n>o > HiqnqWo j @ 3

+5,

zkhuh Hij lv wkh h{shfwdwlrq/ F lv wkh xqnqrzq vljqdo
fryduldqfh pdwul{/ �n>o lv wkh Nurqhfnhu ghowd rshudwru/
�5 lv wkh xqnqrzq qrlvh srzhu/ L lv wkh lghqwlw| pdwul{
dqg +=,K ghqrwhv wkh frqmxjdwh wudqvsrvh1

Doo wkh frqfhswv dqg htxdwlrqv wr eh suhvhqwhg lq
wkh vhfwlrqv 6 dqg 7 dqg lq wkh Dsshqgl{ D uhihu wr wkh
nwk vqdsvkrw1 Wkhq zh rplwwhg wkh vxevfulsw _n%/ olnh
wkdw lq wkh v|pero |n/ lq rughu wr vlpsoli| wkh qrwdwlrq
lq wkrvh vhfwlrqv dqg Dsshqgl{1

61 IRUZDUG0EDFNZDUG OLQHDU

SUHGLFWLRQ

Wkh olqhdu suhglfwlrq ohdgv wr dq hvwlpdwru iru wkh iuh0
txhqflhv $ ^9`1 Wr suhvhqw wkh hvwlpdwru/ frqvlghu d
iruzdug olqhdu suhglfwlrq huuru �owhu ri rughu O> P �
O ? Q> dqg frh!flhqwv ei@ ^�4 ei4 === e
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W / surfhvvlqj
| +iru wkh nwk vqdsvkrw, dqg surgxflqj wkh suhglfwlrq
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wkh htxdwlrq +6, fdq eh zulwwhq dv \i ei@ hi 1
Frqvlghu qrz d edfnzdug olqhdu suhglfwlrq huuru �o0

whu ri rughu O dqg frh!flhqwv ee@ ^ � 4 ee4 == eeO`
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\e @\iM> zkhuh M lv d shupxwdwlrq pdwul{ +lwv dqwl0
gldjrqdo lv frpsrvhg e| �rqhv�/ zkhuhdv wkh rwkhuv
hohphqwv duh �}hurv�,/ wkh htxdwlrq +8, fdq eh zulwwhq
dv \e ee@ he 1
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Wklv uhvxow prwlydwhg wkh gh�qlwlrq ri wkh iruzdug0
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pxodwlrq ri wkh IEOS sureohp fdq qrz eh h{suhvvhg
dv \e @ h 1 Wkhq wkh rswlpxp yhfwru erw lv rewdlqhg
e| plqlpl}lqj nhn5 / zkhuh n=n5 ghqrwhv wkh 50qrup1

Frqvlghu wkh sro|qrpldo S +}, @ �}O . e4}
O�4 .

=== . eO/ rewdlqhg diwhu wkh IEOS �owhu kdv ehhq rswl0
pl}hg1 Lq wkh devhqfh ri qrlvh/ S +}, kdvP }hurv rq wkh
xqlw flufoh dw wkh srvlwlrqv ih{s +mzl, > l @ 4> === >Pj
+wkh vljqdo }hurv,/ zkhuhdv wkh uhpdlqlqj +O�P, }h0
urv +wkh qrlvh }hurv, duh vlwxdwhg lqvlgh wkh xqlw flufoh
^9`/ ^:`1 Wkhuhiruh/ wkh iuhtxhqflhv $ fdq eh hvwlpdwhg
vhdufklqj iru wkh vljqdo }hurv rq wkh xqlw flufoh ^9`1

Wkh suhvhqfh ri wkh qrlvh fdxvhv wkh }hurv wr  xfwx0
dwh durxqg wkhlu qrlvh iuhh srvlwlrqv1 Exw iru vljqdo0wr
qrlvh udwlrv +VQU, qrw h{fhvvlyho| orz/ wkh iuhtxhqflhv
$ fdq eh hvwlpdwhg vhdufklqj iru wkh P }hurv wkdw duh
forvhvw wr wkh xqlw flufoh ^9`1

71 WKH IEOS DQG WKH FRQVWUDLQHG

WRWDO OHDVW VTXDUHV FULWHULRQ

Wkh ohdvw vtxduhv fulwhulrq lv xvxdoo| hpsor|hg wr rs0
wlpl}h wkh iruzdug0edfnzdug �owhu1 Wklv fulwhulrq dv0
vxphv wkdw mxvw rqh ri wkh froxpqv ri \ kdv huuruv ru
qrlvh/ zkhuhdv/ lq idfw/ doo wkh froxpqv duh d�hfwhg e|
wkh qrlvh1 Wkh wrwdo ohdvw vtxduhv +WOV, fulwhulrq ^;`/
^<` vkrxog eh hpsor|hg lq wklv vlwxdwlrq dqg lwv dssol0
fdwlrq wr wkh plqlpl}dwlrq ri wkh hqhuj| ri wkh IEOS
huuru h ohdgv wr iroorzlqj sureohp=

plq
+�\>e,

n�\nI vxemhfw wr +\.�\,e @ 3 +9,

zkhuh n=n
I ghqrwhv wkh Iurehqlxv qrup/ dqg �\ lv d

pdwul{ frpsrvhg ri lqghshqghqw/ lghqwlfdoo| glvwulexwhg/
}hur phdq zklwh udqgrp yduldeohv uhsuhvhqwlqj shuwxu0
edwlrqv wr wkh pdwul{ \ ^;`/ ^<`=

Dqrwkhu dvshfw vxjjhvwlqj wkh xvh ri wkh WOV fulwh0
ulrq lv wkh Wrhsolw} dqg Kdqnho vwuxfwxuhv ri wkh pdwul{
\= Wkh| duh qrw wdnhq lqwr dffrxqw lq wkh ohdvw vtxduhv
rswlpl}dwlrq surfhvv1 Qhyhuwkhohvv/ wkh frqvwudlqhg wr0
wdo ohdvw vtxduhv +FWOV, fulwhulrq lv deoh wr wdnh lqwr
dffrxqw wkrvh vwuxfwxuhv ^8`/ ^<`1

Lq wkh dsshqgl{ D lw lv ghprqvwudwhg wkdw wkh ds0
solfdwlrq ri wkh FWOV fulwhulrq wr wkh plqlpl}dwlrq ri
hqhuj| ri wkh IEOS huuru ohdgv wr iroorzlqj sureohp=
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81 WKH IEFWOV PHWKRG

Wkh sureohp +;, uhihuv wr wkh nwk vqdsvkrw1 Zkhq doo
wkh N vqdsvkrwv duh frqvlghuhg/ lw lv ghvludeoh wr kdyh
wkh vdph erw vroxwlrq iru doo ri wkhp/ vlqfh wkh vljqdo
dqg qrlvh duh vwdwlrqdu| dqg wkh GRD dqjohv duh wkh
vdph iru doo wkh vqdsvkrwv1 Wkhq wkh htxdwlrqv +53, dqg
+59, lq wkh dsshqgl{ D/ vkrz wkdw erwk wkh pdwulfhv S
dqg E zloo dovr eh wkh vdph iru doo wkh vqdsvkrwv1

Rqh srvvleoh vwudwhj| lv wr plqlpl}h wkh vxp ri wkh
whupv lqvlgh wkh eudfnhwv lq wkh htxdwlrq +;, iru n @
4> ===>N / ohdglqj wr
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Lw lv vkrzq lq wkh dsshqgl{ E wkdw wkh sureohp +<,
fdq eh zulwwhq dv
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+43,

zkhuh G lv d pdwul{ zlwk glphqvlrqv 7P +Q �O, �
+O.4, = Wklv lv d irxuwk rughu plqlpl}dwlrq sureohp
zlwk uhvshfw wr e=

Lw zloo qrz eh suhvhqwhg dq lwhudwlyh dojrulwkp wr
vroyh wkh sureohp +43,1 Lq wkh �uvw vwhs lw lv lpsrvhg
E @ L dqg wkh fruuhvsrqglqj pdwul{ G lv fdofxodwhg1
Wkhuhiruh/ wkh plqlpl}dwlrq sureohp lv uhgxfhg wr d
vhfrqg rughu rqh zklfk fdq eh vroyhg xvlqj wkh TU
ghfrpsrvlwlrq ^5`1 Wklv surfhgxuh ohdgv wr d �uvw ydoxh
wr e/ zklfk lv xvhg wr xsgdwh wkh E dqgG pdwulfhv1 Lq
wkh vhfrqg vwhs/ d qhz ydoxh iru e lv fdofxodwhg xvlqj
wkh xsgdwhg pdwul{ G> dqg vr rq iru wkh qh{w vwhsv1 Lq
jhqhudo/ wkuhh vxfk vwhsv duh vx!flhqw iru dq dghtxdwh
frqyhujhqfh ^5`/ ^6`1

Lw fdq eh vkrzq ^5` wkdw wkh vroxwlrq wr wkh vhfrqg
rughu plqlpl}dwlrq sureohp dw hdfk vwhs lv jlyhq e|
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Rqfh wkh yhfwru erw kdv ehhq fdofxodwhg/ wkh sro|0
qrpldo S +}, lv iruphg dqg wkh fruuhvsrqglqj }hurv duh
fdofxodwhg1 Wkhq wkh P vljqdo }hurv duh hvwlpdwhg
vhdufklqj iru wkrvhP }hurv wkdw duh forvhvw wr wkh xqlw
flufoh1

Wkh deryh surfhgxuh zdv dssolhg wr dq h{dpsoh
zlwk wkh iroorzlqj sdudphwhuv= qxpehu ri sodqh zdyhv
P @ 5/ vljqdo fruuhodwlrq pdwul{ F @ L +xqfruuhodwhg
vljqdov,/ qxpehu ri vhqvruv Q @ 43/ iuhtxhqflhv wr eh
hvwlpdwhg $4 @ 3=8788 dqg $5 @ 3=;464/ rughu ri wkh
IEOS �owhu O @ 9/ qxpehu ri vqdsvkrwvN @ 4331 Rqh
kxqguhg gl�huhqw h{shulphqwv zhuh surgxfhg zlwk wkh
deryh vshfl�fdwlrqv/ exw zlwk gl�huhqw uhdol}dwlrqv iru
wkh udqgrp vljqdo dqg qrlvh1 Uhihuulqj wr wkh h{suhv0
vlrq +5,/ wkh vljqdo0wr0qrlvh udwlr +VQU, lv gh�qhg dv
VQU@ wudfh +F, @P�5=

Wkh Iljxuh 4 suhvhqwv wkh vxshusrvlwlrq ri wkh }hurv
ri wkh sro|qrpldo S +}, iru wkh 433 h{shulphqwv dqg
VQU@ 48 gE1 Wkhuh duh wzr vljqdo }hurv forvh wr wkh
lghdo srvlwlrqv gh�qhg e| wkh ghvluhg iuhtxhqflhv rq
wkh xqlw flufoh/ zkhuhdv wkh qrlvh }hurv duh glvwulexwhg

lqvlgh wkh xqlw flufoh1 Wkhuhiruh/ wkh ghvluhg iuhtxhqflhv
fdq eh hvwlpdwhg vhdufklqj iru wkh wzr }hurv wkdw duh
forvhvw wr wkh xqlw flufoh1

Krzhyhu/ wkh yduldqfh ri wkh }hurv lqfuhdvhv dv wkh
VQU ghfuhdvhv dqg iru VQU? 8gE wkhuh duh qrlvh }hurv
forvhu wr xqlw flufoh wkdq wkh vljqdo }hurv1 Wkhuhiruh/
wkh hvwlpdwlrq vwudwhj| edvhg rq vhdufklqj iru wkh wzr
}hurv wkdw duh forvhvw wr wkh xqlw flufoh ohdgv wr d srru
shuirupdqfh1

Zh dgrswhg dqrwkhu fulwhulrq iru wkh vhohfwlrq ri wkh
vljqdo }hurv wr ryhufrph wklv sureohp1 Zh vhohfw wkh
P vljqdo }hurv dv wkrvh wkdw plqlpl}h wkh pd{lpxp
olnholkrrg frvw ixqfwlrq iru wkh GRD sureohp/ jlyhq e|
^6`
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zkhuh D lv iruphg e| wkh dujxphqwv ri wkh }hurv wr
eh whvwhg1 Wkhq/ iru hdfk jurxs ri P }hurv dprqj
wkh O }hurv rewdlqhg dw hdfk h{shulphqw/ zh irup wkh
fruuhvsrqglqj D pdwul{ dqg fdofxodwh M+$,=

Ilj1 4 0 ]hurv lq wkh }0sodqh= VQU@48 gE1

Wkh Iljxuh 5 vkrzv wkh uhvxowv dfklhyhg zlwk wkh
sursrvhg surfhgxuh dssolhg wr wkh deryh h{dpsoh zlwk
O @ :1 Wkh urrw phdq vtxduh huuru lv fdofxodwhg iru
erwk iuhtxhqflhv diwhu 433 gl�huhqw h{shulphqwv dqg iru
ydulrxv ydoxhv ri wkh VQU1 Wkh Iljxuh 5 dovr suhvhqwv
wkh shuirupdqfh ri wkhphwkrgv PRGH ^5` dqg PRGH[
^6`1

Wkh IEFWOV suhvhqwv ehwwhu shuirupdqfh wkdq wkh
fodvvlfdo PRGH iru VQU ydoxhv ohvvhu wkdq 8 gE dqg
lv frpshwlwlyh zlwk wkh PRGH[1

Lq rughu wr frpsduh wkh frpsxwdwlrqdo frpsoh{0
lw| ri wkuhh phwkrgv/ revhuyh wkdw wkh PRGH dqg
wkh PRGH[ vroyh sureohpv vlplodu wr +43,1 Exw wkh
PRGH[ dqg wkh IEFWOV xvh O A P/ zkhuhdv wkh
PRGH xvhv O @ P 1 Vr wkh PRGH lv wkh prvw hfr0
qrplfdo lq wklv sduw ri wkh dojrulwkp1 Dovr/ PRGH



dqg PRGH[ ghpdqg vlplodu frpsxwdwlrqdo h�ruw wr
rewdlq wkhlu rswlpxp e yhfwru1 Wkh PRGH lv dovr wkh
prvw hfrqrplfdo zkhq vhdufklqj iru wkh vljqdo }hurv
ehfdxvh lw xvhv O @ P / wkdw lv/ mxvw wkh vljqdo }hurv1
Lq wkh rwkhu kdqg/ wkh PRGH[ dqg wkh IEFWOV xvh
wkh pd{lpxp olnholkrrg frvw ixqfwlrq lq +46, wr vhohfw
wkh vljqdo }hurv1 Wkhuhiruh/ wkh PRGH lv wkh prvw
hfrqrplfdo lq whupv ri frpsxwdwlrqdo frpsoh{lw|1

Ilj1 5 0 Urrw phdq vtxduh huuru dv d ixqfwlrq ri wkh
VQU iru wkh IEFWOV/ PRGH dqg PRGH[1

DowkrxjkPRGH[ dqg IEFWOV duh vlplodu wr hdfk
rwkhu lq wkh deryh fdofxodwlrqv/ wkh PRGH[ vhdufk iru
wkh vljqdo }hurv lq d hqvhpeoh frpsrvhg e| wkh vxp ri
wkh O A P }hurv dqg wkh P PRGH }hurv1 Vr wkh
PRGH[ lv ohvv hfrqrplfdo wkdq wkh IEFWOV dv lw
ghpdqgv dgglwlrqdo h�ruwv wr h{hfxwh wkh PRGH dqg
wr vhdufk iru wkh vljqdo }hurv1

Wkh frqfoxvlrq lv wkdw wkh IEFWOV dqg wkh PRGH[
suhvhqw vlplodu shuirupdqfh1 Wkh| shuirup ehwwhu wkdq
wkh PRGH dw d frvw ri dgglwlrqdo frpsxwdwlrqdo hi0
iruwv1 Exw wkh IEFWOV lv pruh h!flhqw wkdq wkh PRGH[
lq whupv ri frpsxwdwlrqdo h�ruw1

91 FRQFOXVLRQV

Zh sursrvhg d qhz GRD phwkrg/ IEFWOV/ edvhg rq
wkh iruzdug0edfnzdug olqhdu suhglfwlrq dqg wkh frq0
vwudlqhg wrwdo ohdvw vtxduhv fulwhulrq1

Wkh sursrvhg surfhgxuh ohdgv wr wkh vdph plql0
pl}dwlrq sureohp dv wkrvh wkdw duh suhvhqw lq wkh prvw
srsxodu pd{lpxp olnholkrrg phwkrgv1 Wkh vroxwlrq
zdv dfklhyhg e| phdqv ri wkh vdph lwhudwlyh dojrulwkp
hpsor|hg lq wkh PRGH dqg wkh PRGH[ phwkrgv1

Wkh frpsdulvrq vwxg| vkrzhg wkdw wkh IEFWOV
dqg wkh PRGH[ shuirup vlploduo| dqg wkdw erwk duh
ehwwhu wkdq wkh PRGH1 Krzhyhu/ erwk ghpdqg dg0
glwlrqdo frpsxwdwlrqdo h�ruw zkhq frpsduhg wr wkh

PRGH1 Exw wkh IEFWOV ghpdqg ohvv frpsxwdwlrqdo
h�ruw wkdq wkh PRGH[1

:1 UHIHUHQFHV

^4` K1 Nulp dqg P1 Ylehuj/ �Wzr ghfdghv ri du0
ud| vljqdo surfhvvlqj uhvhdufk= wkh sdudphwulf ds0
surdfk/� LHHH Vljqdo Surfhvvlqj Pdjd}lqh/ yro1
46/ qr1 7/ ss1 9:�<7/ Mxo| 4<<91

^5` M1 Ol/ S1 Vwrlfd/ dqg ]1 Olx/ �Frpsdudwlyh vwxg|
ri LTPO dqg PRGH gluhfwlrq0ri0duulydo hvwlpd0
wruv/� LHHH Wudqv1 Vljqdo Surfhvvlqj/ yro1 79/ qr1
4/ ss1 47<�493/ Mdq1 4<<;1

^6` D1E1 Jhuvkpdq dqg S1 Vwrlfd/ �QhzPRGH0edvhg
whfkqltxhv iru gluhfwlrq �qglqj zlwk dq lpsuryhg
wkuhvkrog shuirupdqfh/� Vljqdo Surfhvvlqj/ / qr1
:9/ ss1 554�568/ 4<<<1

^7` V1P1 Nd|/ Prghuq Vshfwudo Hvwlpdwlrq 0 Wkhru|

dqg Dssolfdwlrq/ Suhqwlfh Kdoo Vljqdo Surfhvvlqj
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