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ABSTRACT From theorthogonality principleof linear estimation, it re-

We study the behavior of the NLMS algorithm when the sults Fh?‘E”(k)mk - 0(ie., they are_unc_:orrglated). There-
“noise” (the optimal estimation erroryk) is uncorrelated, fore, it is common in the adaptive filtering Iltgrature to as-
but dependentf the regressor sequender, }. This is the sume thatT{y(k)} and{:pk} are related by a linear model

most general situation in applications, arising, for example, y(k) = w, i +v(k), with Ev(k)ax = 0.

when linear estimation is applied to systems with nonlinear- T inaddition, all variables are Gaussian, it follows from
ities. the orthogonality principle that(k) andx ;. are truly inde-

We show that, unlike the LMS algorithm, NLMS com- pendent. Given this property of Gaus_sian variables, many
putes biased estimatesenif the step-sizeu is small and ~ WOrks also assume thatk) andz, are independent(g.,
{x),} is iid, butv(k) is not independent af ;. We provide [2, 5_]). AI'Fhough this last a.ssumptlon may be true in some
expressions for the bias, the MSD, and the MSE, which are settings, it does not hold in general. In fact, as we shall

also valid for the case of correlated regressor sequences. SHOW in an example further on(k) andz . aredependent
if there is a nonlinear relation betweg(%) andx ..

When the statistics gf(k) andx; are known, one may

1. INTRODUCTION computew, from [3]

In this paper we analyze the behavior of the normalized- w, =R 'p
LMS (NLMS) algorithm in the general case where both the ’
regressor and noise sequences are correlated in time. Our
: ; where
expressions hold even when the noise and regressooére
independent one from the other. This includes the case of
P RéEmkm,{, péEy(k)mk.

non-Gaussian variables, as well as Gaussian variables going
through some kinds of nonlinearities. In this section we pro-
vide a few motivating examples, and compare our analysis
with previous results in the literature.

In practice, the covariance matikand the correlation vec-
tor p are unknown, and one uses an iterative algorithm such
as the least mean squares (LMS) algorithm, normalized-
LMS (NLMS), or recursive least squares algorithm (RLS)
1.1. Optimum linear estimation and the NLMS algo- o find approximations tav.,. It is well-known that all these
rithm algorithms compute unbiased estimatesqrif v (k) is in-
dependentof, (evenif{z; } is a correlated sequence) [5].
More is known about LMS: it may be biased whém, } is
a correlated sequence angk) is uncorrelated, but depen-
dent onz, [7]. This bias, however, decreases to zero as the
step-sizgparametey, of LMS decreases to zero. Therefore,

2 for slow adaptation (smalt), LMS is approximately unbi-
(y(k) —w :r:k)

Given zero-mean, stationary sequendesk) € R} (de-
sired sequenoeand{mk € RM} (regressor sequengghe
optimum linear estimator af(k) givenz, (the Wiener fil-
ter) is the solution of [3]

w, =arg min E

wERM ased. One of the goals of this paper is to show that, unlike

LMS, NLMS may have a nonzero bias even fors 0 and
The optimum estimation errongisg is iid {x }, if v(k) is dependent om;,. We shall give a sim-
ple example of this fact below, and later proceed to find an
v(k) 2 y(k) —w!lxy,. expression for the bias and for the steady-state mean-square



-0.1
error (MSE) and mean-square deviation (MSD) of NLMS

with correlated input sequences.
The normalized LMS algorithm (NLMS) computes es-
timates of the parameter vectar, using the recursion [5]

. E i),
Wrt1 = Wi, + me(k)mk, (1)
where
A - 1 g 500 Tooo 1500
e(k) = y(k) — wj z, 0 k 1500

Figure 1: E w;, for the saturation example with = 0.01.

anda is a (usually small) positive constant. For comparison, . )
“ ( y )P P Average of 50@imulations.

the LMS algorithm uses the recursion

Wi = wi + pe(k)zr,
y(k) can be described by an MA model
where we used the superscript “Ims” to differentiate the
weight estimates computed by NLMS and by LMS.
To see that the NLMS recursion may compute biased Z dia ) +n(k),
estimates, consider the following simple example: Assume
that M = 1 (i.e., all variables are scalar), that the regres- whereN may be infinity, and the sequencés (k) € RM }
sor sequence is composed of Gaussian variables with vari-and {a € R} are random and mutually independent.
anceR = Ez? = 1, and thaty(k) is obtained byy (k) = Then, if we formz? = [a(k) a(k—1) ... a(k—M+1)], when
sat(zy ), wheresat(-) is a saturation functiof. M < N the estimation error will not, in general, be inde-

Define the weight error vectab;, = w, — wy, subtract ~ Pendent ofey.
w, from both sides of (1) and take expectations on both

sides to obtain (recall thdtzy, } is iid) 1.2. Equivalence of LMS and NLMS for independent
noise
2
Ewgq: = (1 —uE ( Tk )) Ew; — There are recent results studying the behavior of NLMS
a+ :r:k . L

(2)  when the sequencge,, } is correlated, allowing in fact for
_ ME< Lk v(k)) _ very general correlation models (e.g., [2, 5]). However,

a+ these results assume thaf is independentf v(k), an as-

W ted th tati ina Matlab’ sumption that is often not satisfied in practice if there are
€ computed these expectations using Matlab's Sym- i, inearities or unmodelled dynamics involved in the rela-

2
bolic toolbox, obtaining (fora = 107%), E(Hm ) = tion betweeny (k) andx, as our examples show.

0.9613, andE ( o) v(k)) — 0.1114, concluding that, in We now argue t.hat qnder t_he above assumption th_e nor-
atay ) o . malized LMS algorithm is equivalent to the LMS algorithm
steady-state, the average weight error willibey, ., Ewj, =

1 o applied to the bounded (“normalized”) sequence
—(0.9613) " 0.1114 = —0.1159, which is independent of o A -
the step-size:. I_n F|g._1 we plot the averag@,,, computed z,"” = ——,
from L = 500 simulations withy, = 0.01. a+ |lze|
LMS on the other hand, is unbiaséin ;.. E @ =
R~'Exiv(k) = 0.
Another situation in which the estimation error is not

and with the equivalent desired sequence, noise, and esti-
mation errors

independent of the regressor is the following: Assume that ) (k) A y(k)
1The functionsat(z) used in our simulations saturates at -2.8 for Y a+ ||1L‘L||2,
xz < —2.8, and at +3 forr > +3. For—2.8 < z < 3, sat(z) is (k)
a polynomial such thatat(—3) = —2.8, sat(3) = 3, andsat(0) = o™ (k) a e —
sat'(73) = sat’ (3) = 0 (the superscript"“ stands for derivative). Our a+ ||1L‘L||2
saturation function may be thought of as an approximation for the output of (n) A (n) T (n)
an amplifier whose positive and negative power supply voltages are not ex- € (k) =Y (k) Wy, Ty,
actly equal. Note that, with the above valugfsat(z)) ~ 7.95 x 10~2 .
if z ~ N(0,1) (i.e., Gaussian with zero mean and unit variance). This If v(k) andz are independent, it follows that

mean value was subtracted from the samples prior to the application of the (n)
adaptive algorithms. E o™ (k)x,” =0,



i.e., the normalized noise and regressor are uncorrelated. The following result, proven in [9, Ch. 9], shows that if
From the NLMS recursiory (™ (k) = U’*Tflfggn) + o™ (k), the step-sizeu is sufficiently small, the original estimates
wy, will remain close to the partially averaged estimates
w?*, and that the steady-state covarianceunf will be
close to that ofiw}"”. The theorem assumes that thg, }

and sinceE v(”)(k)mén) = 0, the orthogonality principle

(n

implies thatw ! z;; ) is also the optimum linear estimator of

y™ (k) giv_e.naci’_‘). _ . satisfy auniform mixingproperty. Essentially, this condi-
ing the normalized variables, we obtain,; = w; + increases (see [8]).

,u:z:gc”)e(”) (k), which is the LMS recursion applied to the ] ) )
normalized variables. This means that the theory developed-€mma 1 (Averaging result). Consider the error equation
to the study of the LMS algorithm with bounded regressor @nd its averaged and partially-averaged forms as defined
sequences and correlated noise can be used, without anfPove, where the seque_n{:ek} is uniform-mixing (see [9,
modification, for the NLMS algorithm. This change of vari-  P- 357]). Assume that (i) the origi®, is an exponentially-
ables was used before to study the NLMS algorithm [10, 1, Stable equilibrium point of the avegedsystem with decay
2, 5], always assuming independence of noise and regressoffate O(x), (ii) the gradientV.y, fa, (k, w) exists and is con-
Therefore, the cited works only consider the NLMS algo- tinuous at the origin, and (iii) there exists constantsand
rithm when it is behaves in essentially the same as LMS. In ¢2 Suchthat, for any vectoxs andb, the following Lipschitz
this paper, we study the behavior of NLMS when an exact conditions hold:

|7

comparison with LMS is not possible. ||f(k a) — f(k b)|| <ec ||a b
) - } >~ 0 -
IVaf(k, a) = Va f(k, b)l| < c2||a— b

2. NLMSWITH DEPENDENT NOISE

In this section we extend the analysis of NLMS to allow for

dependent noise and regressor sequences. Our analysis idnder these conditionsp,, obtained from the original er-
based on modifications of the averaging method used, forfor equation satisfies

example, in [7], and described in [9]. 1 )
lim sup — E { ||111k - ﬁjgl“’” } =0, and (3)

: =0 >0 U
2.1. Averagingresults -

Averaging methods provide a powerful means to analyse the 1 1

performance and stability of adaptive algorithms under the lim lim <— Eﬁ;,@{) = lim lim (— Emﬁ“”wiw’T> :
assumption of sufficiently small step-sizes. There are many” ~° 7> \H HOkmoo \ @
expositions on the subject (see, for example, [9, 4]). For

this reason, we only list here to the stability and steady-state o

results that are needed in our derivation (see also [6]).
Consider an adaptive update (error equation) of the gen- 2.2. Averaging analysis of NLMS— Overview
eral form
Our goal is to use the above theorem to compute the MSE
Wiy1 = Wi + pf (&, W), (E e(k)?) and the weight-error covariance matrix o, w )

_ L for small step-sizeg. In order to use Theorem 1, we must:
where w;, is the error vector we want to minimize, and

{¢,} is a stochastic sequence. Now define the averaged 1. Show that the theorem’s conditions are satisfied for

functionf,, as the problem of interest;
fav(k, w) = E f(&,, w), 2. Compute the mean and mean-square behaviar6f
(thus obtaining, via Theorem 1, the behavioEoio,,
wherew is consideredonstantfor the computation of the andE ﬁ,kﬁ,{ for small z2);
expected value. Define tlaveragedand thepartially aver-
agedsystems, 3. The theorem does not comparg w;, andz ] w}*",

thus we must prove that
ﬁ’zv-l,-l = ,&}%U + /’Lfav (kaﬁ’%v) ’ 1
Wy = [+ 1V o fau(0)] @™ + u(f (K, 0) = fuu(k, 0)) ~ [Bajw, - Eaiwl™| -0 and

whereV 4 f.,(0) denotes the value of the gradient f, 1 ‘E(m;{ﬁ;k)z _ E(m{m?av)Z‘ 50 asp—0.
(with respect taw) at the origin. g F



4. Study the mean and mean-square behavior/ab}"’

(findingE e(k) andE e(k)? for small p);

A difficulty in task 1 is that the NLMS averaged error
equation (see below) may not have an equilibrium point at
0 whenwv(k) is dependent ok, contrary to one assump-

wheres? = Ev?(0), R™ is given aboveR = R'/?> TR'/2,
vec(A) is the vector obtained by stacking the columnslof
one at atime, andl ® B is the Kronecker product of matri-
cesA andB.

Proof: Since the proof is quite long, we only provide

tion of Theorem 1. This can be overcome by a change of 4 prief outline of it. To obtain the above results, one starts

variables
2 2w -l
where
01 = —R™ b,

T
R0 A (E%> and b%(M»

a+ [l |2 a+ ||

Using this change of variables, we can show that Thm. 1
can be applied to the NLMS recursion, and prove the theo-

rem below.

with the partially-averaged NLMS recursion. Since thisis a
linear recursion onw?*, it is possible to writéf w}"" as a
function of the initial conditionw(*" (assumed determin-
istic).

To compute the limits ag — 0 andk — oo of the MSE
and MSD, we use the fact that the sequefieg, v(k)} is
stationary and uniform-mixing, and thus for any functions
g(-) andh(-),

lim Bg(@o,0(0)) - h(@n, v(n)] =
=Eg(x0,v(0)) - Eh(zn,v(n)) =
= Eg(;l}(),’l}(O)) . Eh(wmv(o)):

Theorem 1. If {wk, v(k)} is stationary and uniform-mixing, Wwhere the first equality follows from the uniform-mixing

and ifE (M) £ 0, the NLMS weight erroti, is such

at|lzol[?

that, foru ~ 0,

Averagevalue:

lim Edw, ~R™ 'E <M> ,
k— o0

o+ ol
MSD:
o - 0zo |
lim EaT, ~ || g (200 0
koroo kK HR otz || T

where(? satisfies

RO 4 QRM — i [E (( v(0)v(n)zozy > ~

a+ ||lzol[?)(a + [lzn][?)

n=0

B () P <+((|)|)::||>T] |

In addition, ifsup ;> ||z || < oo,
MSE:
lim Ee2(k) ~ o2 + |R/2RM g (2020
koo ’ o+ [[ao|2
+ M(R(n) I+I® R(”))71 vec(R)T x

= . v(0)v(n)z,xd B
x 3 vee {E((a+||mo||2><a+||mn||2>>

n=—oo

B () P <GU+((|)|)€ZO||2>T1 /

condition, and the second from stationarity. With this con-
dition, we are able to find the most important terms (in an
expansion around = 0) of the MSE and MSD. &

3. VERIFICATION

We now verify the above results by means of a simulation
example, in which the filters have dimensiéh = 2, the
regression vector is

Ty = [P(k -1 P(k)] )

with {p(k)} the output of a 3rd order digital Chebyshev
filter with cut-off frequency atv = 7/10, and with 3dB
ripple in the pass-band whose input is an iid Gaussian ran-
dom sequence with varianté and zero mean. The desired
sequence is obtained from

y(k) = sat(p(k)) — Esat(p(k)),

wheresat(-) is the saturation function defined before.

With these conditions, we averaged 500 runs of the nor-
malized LMS algorithm with, = 0.01, anda = 0.01, ob-
taining the curves in fig. 2. Note that, from Thm. 1, the
steady-state MSE should Rel21. In our simulations, we
obtained for the steady-state MSE the valugl6; quite
close to the predicted values.

4. CONCLUSION

In this paper, we provided expressions for the steady-state
MSE and MSD for the NLMS algorithm, in conditions where
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Figure 2. E e2?(n) for the NLMS algorithm with, = 0.01.
The plot also shows the computed level for the MSE.

NLMS may compute biased estimates for the Wiener fil-
ter. Our expressions are dependent on knowledge of several
statistics of the regressor and noise sequence, which can be
estimated by performing measurements or simulations. We
gave an example showing the close agreement between sim-
ulations and our expressions.
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