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Abstract—This paper presentsa newanalytical model for predicting the
behavior of Affine Projection (AP) algorithm. The model is derived for
autoregressive (AR) Gaussianinputs and for unity step size (fastest con-
vergence). Deterministic recursive equationsare determined for the mean
weight and the mean square error behavior s for a large number of adap-
tive taps

�
, ascompared to the order � of the algorithm. Simulation are

presented which show excellent agreement between theory an simulations
in steady-state, and fair to good agreement during transient. The model
predictions for the transient phaseimpr ove as

��� � increases.Thesecar-
acteristics are of special interest in applications suchasacousticechocan-
cellation.

I . INTRODUCTION

The leastmeansquares(LMS) algorithm andits normalized
version(NLMS) areamongthemostemployedin adaptive sig-
nal processingapplications. The performanceof thesealgo-
rithms tendsto be insufficient, however, whenthesignalshan-
dledarehighly correlatedandthe required number of adaptive
tapsis large[1]. Oneimportantapplicationwith suchcharacter-
istics is acoustic echocancellation. A solutionfor the conver-
genceproblemsof thesealgorithms wasproposedby Ozekiand
Umedain 1984 [2]; theAffineProjection(AP)algoritm.TheAP
algorithm appliesweightupdatesin directionsthatareorthogo-
nal to the last � input vectors. This allows decorrelationof an
AR(P)input process,speedingupconvergence[3]. Thus,theAP
algorithm is a betteralternative thanLMS or NLMS for appli-
cationswith highly correlatedinput signals[4]. Thepricepaid
for the bestperformance is the larger computationalcomplex-
ity. This difficulty becomeslessimportant as moreadvanced
of the semiconductor elementsareintroduced. Complex algo-
rithms have recentlybecome feasiblefor applications suchas
echocancellation, channel equalizationandnoisecancellation.

This recent practicalapplicability hastriggered the interest
in theanalysisof the AP algorithm behavior. Quantitative sta-
tistical analysis,however, presents analytical difficultiescaused
by thecomplexity of theunderdeterminedleastsquaressolution
embeddedin the algorithm. Reference[4] presentsa quantita-
tive analysisof the AP algorithm. This analysisis basedon a
specificmodel for the input signaloriginally proposedin [5].
More recenlty, [6] presenteda quantitative analysisfor autore-
gressive Gaussianinputs. This analysisfollows thework in [3]
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with thesolutionof a recursionfor theweighterrorvector vari-
ances.Thesolutionusespreviousresultsobtained for theNLMS
algorithm with white inputs.

Thispaperpresentsanew statisticalanalysisfor thebehavior
of the AP algorithm for Gaussianautoregressive (AR) inputs.
Theanalyticaldifficultiesarecircunventedby assuminga large
number of adaptive taps,ascomparedto theorderof theAP al-
gorithm. Thiscondition allows theuseof anassumptionsimilar
to theindependenceassumptionusedto analyzemany adaptive
algorithms, including the AP algorithm [1], [6]. The analysis
assuminglongadaptivefiltersandAR inputsis compatible with
applications suchasacousticechocancellation,wherespeech
signalsandlong impulseresponsesaretypical. Analytical re-
cursions are derived which predict the behavior of the mean
weightvectorandthemeansquare error(MSE).Simulationre-
sults show excellent agreementwith theoretical predictions in
steady-state,andfair to goodagreement during the adaptation
phase.Thenew modelis conservative andthussuitablefor de-
signpurposes.

I I . THE INPUT SIGNAL MODEL

Let u ���	� beanAR processof order � . Thus,

u ���	��
 ��  ���	�  u ���������	� z ���	��
 U ���	� a � z ���	� (1)

wherematrixU ���	��
�� u ���������! " # u ���$�%�&�(' is acollectionof �
pastinputvectorsu ���)�+*,�-
�� .����)�+*,�/ " # 0.����)�+*���12�/�3�4'�5
andz ���	��
�� 67���	�-67�����8�3�� # " �67���9�:1;�<�3�4'�5 is avectorwith
samplesfrom astationarywhiteGaussianprocesswith variance=?>@ . Theleastsquareestimateof theparametersof a isA

a ���	��
B�U 5 ���	� U ���	�4'DC � U ���	� u ���	� (2)

whereEF5$���	�GEH���	� is assumedof rank � .

I I I . THE AFFINE PROJECTION ALGORITHM

Theupdateequation of theAP algorithm is givenby:I �DJ:�LKM��
 w ��J-�	�ON%P ��J-� P�Q ��J-�P Q �DJ�� P �DJ��SR ��J-� (3)

wheretheerror signal TS���	� is givenbyTM���	��
 W 5 U u ���	�	�<VW���	�-� w 5 ���	� u ���	� (4)

where W U 
X� Y UGZ Y U\[  " # ]Y U\^`_S[ 'a5 is the unknown im-
pulseresponseand VW���	� is a white additive observation noise
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with variance =`>b , independentof any other signal. w ���	�O
� c�dM���	��c � ���	�H " # 0c0e C � ���	�4'f5 is the adaptive weight vector.
The step-sizeN is assumedunity, which correspondsto maxi-
mumconvergencespeed.Thevector P ���	� defines thedirection
of update,andis given by:P ���	��
 u ���	�g� U ���	� Aa ���	� (5)

Substituting(1) in (5) yielsP ���	��
h� i9��jlk7���	�4' z ���	��
mj U ���	��no���	� (6)

where,Pko���	�p
 U ���	�"�U 5 ���	� U ���	�(' C � U ���	�G5 is the projection
matrix ontothesubspacespannedby thecolumnsof U ���	� and
PU ���	��
mi]� Pk ���	� is theprojectionmatrixontotheorthogonal
subspace.Thenumber( �+�+� ) of input vectorsusedtodetermineP ���	� definestheorderof theAP algorithm.

IV. ANALYSIS

A. Assumptions

In thefollowing analysis,two assumptionsareusedwhichare
similar to the independenceassumptionusedto analyzemany
stochasticalgorithms [1].

AssumptionA1: It is assumedthatthestatisticaldependence
betweenno���	� and EH���	� canbe neglected. This assumption is
morerealisticfor 1rqs� , andis justified asfollows. Eq. (1)
shows that no���	� hasan algebraic dependencewith the � vec-
tors t$���u�v��� ,  " # , t����u�B�&� . Also, n,���	� is of dimension1 . Now, no���	� canbe decomposedas n k ���	�$�wnSxy���	� , wherenzk!���	�H
{jlk!���	�Gn,���	� and n x ���	��
{j U ���	�Gn,���	� . Thus, onlynzk!���	� is algebraically dependentof E����	� . Moreover, it is rea-
sonabletoassumethat n,���	� hasequalamountsof energy in each
direction of the 1 -dimensionalspace,sinceit is drawn from
a white process. Thus,only the energy of the 1 -dimensionaln,���	� which is projectedonto the � -dimensionalsubspacede-
finedby E����	� is responsible for thedependencebetweenn,���	�
and E����	� . If 1|q}� , thisdependencecanbeneglected.This is
usuallythecasein systemswith long impulseresponses,since� tendsto belimited by algorithm complexity considerations.

AssumptionA2: Rupphasshown in [3] that P ���	� is avector
whoseelements areestimatesof thewhitenoisesequence 67���	� .
Basedon this property, it is assumedthat P ���	� andtheweight
vector I ���	� arestatisticallyindependent.Eventhough this as-
sumptionis notcorrect for delayline implementations,it hasled
to veryusefulresultsin theanalysisof many stochasticadaptive
filtering algorithms[1].

B. Statistical Properties of P ���	�
UsingassumptionA1 and(6), it is easyto show that~:��� 
m��� P ���	� P 5 ���	����
 = >@ ����j U ���	��� (7)

From (6), eachelementof P ���	� is determined by the in-
ner product of a line of j U ���	� and n,���	� . Thuseachcompo-
nent �`���H�O�4� is composedby the sumof 1 random variables�3j U � �� 6o���F�/�M� . FromassumptionA1 andthefactthat 67���	� is
white,eachof theserandom variablescanbeassumedindepen-
dent.Thus,by theCentralLimit Theorem, P ���	� hasaGaussian
distribution.

C. Mean Weight Behavior

Defining the weight error vector, v ���	��
 w ���	��� W U and
using(4), (3) canbewritten for N�
;� as

v �����L�3��
 v ���	�-� P ���	� u 5$���	�P 5 ���	� P ���	� v ���	�� P ���	�P 5 ���	� P ���	� VW���	� (8)

Pre-multiplying (8) by P 5$���	� , u 5����	� andU 5 ���	� yields[3]P 5 ���	� v ���p�L�3��
 P 5 ���	� v ���	�-� u 5 ���	� v ���	�	�<VW���	�
u ���	� v ���p�L�3��
LVW���	�
U 5 ���	� v ���p�L�3��
 U 5 ���	� v ���	� (9)

Thelasttwo propertiesyield U 5 ���	� v ���l���3�g
 r ���+���3� , where
r �������3��
�� VW���:���3�: # " gVW���F���&�('a5 .

Usingthesepropertiesand(5) leadsto

v �����L�3��
 v ���	�-��P ���	� P 5����	�P 5 ���	� P ���	� v ���	�� P ���	�P 5 ���	� P ���	� V3�����	� (10)

whereV � ���	� is thefilterednoisesequence[3]V3�����	��
LVM���	�g� ��  �`� A�  ���	��VM���/�H��� (11)

UnderassumptionA2 andnotingthat ��� P ���	��V � ���	���p
v� be-
causeVM���	� is zeromeanandindependent of any othersignal,the
expectedvalue of (10)yields��� v ���p�L�3����
u��� v ���	������F�lP ���	� P 5$���	�P 5 ���	� P ���	�!� ��� v ���	��� (12)

Eachelementof the expectation in the r.h.s. of (12) hasa
numeratorgiven by �`���F�������`���F�/�M� anda denominatorgiven
by � e C �� � d � > ���O�;*�� . Sincethe componentsof P ���	� in the
numerator affect only two out of 1 termsin the denominator,
numeratoranddenominatorcanbe assumedweaklycorrelated
for largevaluesof 1 . This is equivalent to applying theaverag-
ing principle proposedin [7], as P 5$���	� P ���	� tendsto beslowly
varying whencomparedto �����p���3�������p�p�S� for largevaluesof1 . Hence,thefollowing approximation is used:���M� P 5 ���	� P ���	�4'DC � P ���	� P 5 ���	���� ���M� P 5 ���	� P ���	�(' C � � R ��� (13)

whereR
���

is givenby (7).
Theexpected valueof ���M� P 5����	� P ���	�4' C � � is determinedus-

ing the assumptionthat P ���	� is Gaussiandistributedandne-
glectingthestatisticaldependencebetweenits components(re-
call that they areestimatesof a white sequence). Thus, �w
P 5����	� P ���	� hasa chi-squaredistribution with 1 degreesof
freedom. Its probability densityfunction is givenby [8]��� ������
 �� e-� > = e�l  � e > � �7¡ eg� >�¢ C � T C � � >\£�¤¥ .-����� (14)
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Determining the expected value in (13) through integration
yields �p�S� P 5 ���	� P ���	�(' C � 'D��
   �D1§¦ � �2���� = >�S  ��1§¦ � � (15)

Since  �����L�3��
¨�   ���	� , (15)simplifiesto:���M� P 5 ���	� P ���	�('©C � 'D��
 ���1ª� � � = >� (16)

where=«>� is adiagonal elementof
~8���

. Using(16) in (12)leads
to: �p� v ���§�u������
2¬fi9� �= >� �D1� � � R ���z® ��� v ���	��� (17)

which is therecursionfor themeanweighterrorvector.

V. MEAN SQUARE ERROR BEHAVIOR

Squaring (4) andtakingtheexpectedvalue,����T > ���	����
��¯?�$� a5 a � = >@�° V$¬��p�S�U 5 ���	� U ���	�4'DC � � ®S± = >b� ° VW�R ²-² K ³�³W���	�(' (18)

whereK ³�³ ���	��
´��� v ���H����� v 5$���H���3��� is the weight-error
correlation matrix.

Postmultiplying (10)by its transposeandtakingtheexpected
value,yields:��� v ���§�L�3� v 5 �����L�3���)
m��� v ���	� v 5 ���	������/� v ���	� v 5 ���	� P ���	� P 5����	�P 5 ���	� P ���	� ���� � v ���	� V3�����	� P 5����	�P 5 ���	� P ���	�g����F�&P ���	� P 5 ���	�P 5 ���	� P ���	� v ���	� v 5 ���	� ����F�&P ���	� P 5 ���	�P 5 ���	� P ���	� v ���	� v 5 ���	�µP ���	� P 5 ���	�P 5 ���	� P ���	� ���� �&P ���	� P 5����	�P 5 ���	� P ���	� v ���	� V3�W���	� P 5����	�P 5 ���	� P ���	�-��O� � P ���	�4V��W���	�P 5 ���	� P ���	� v 5 ���	� ����F�wP ���	�4V��W���	�P 5 ���	� P ���	� v 5 ���	�SP ���	� P 5 ���	�P 5 ���	� P ���	�?��O�F�wP ���	�4V � ���	�P 5 ���	� P ���	� V � ���	� P 5 ���	�P 5 ���	� P ���	� �

(19)

Theexpectedvaluesin (19) areevaluatedusingassumptions
A1 andA2, and the sameconsiderationsusedto evaluate the
expected valuesin (12). NeglectingthestatisticaldependenceofP ���	� andv ���	� andusingthe independencebetweenP ���	� andV3�����	� , thethird andseventhtermsin ther.h.s.of (19) areequal
to zero. The sixth andeighthtermsleadto momentsof three
zero-meanGaussianvariates(components of P ���	� ). Usingthe

propertiesof cumulantsof orderthreefor Gaussianvariables[9],
it is easyto show thatthesetermsarealsoequalto zero.

Thefifth termin (19) is approximatedby� � P ���	� P 5����	�P 5 ���	� P ���	� v ���	� v 5 ���	�µP ���	� P 5$���	�P 5 ���	� P ���	�?�
L�F�0� P 5 ���	� P ���	�('©C > �¶ ��� P ���	� P 5 ���	� v ���	� v 5 ���	� P ���	� P 5 ���	���
(20)

The first expectation in (20) is evaluatedby integration using
(14)andyields�F�0� P 5 ���	� P ���	�4' C > � 
 �=!·� �D1ª� � �¸��1��¹S� (21)

Thesecondexpectationis evaluatedusingtheGaussianmoment
factoring theorem[1]:�p� P ���	� P 5 ���	� v ���	� v 5 ���	� P ���	� P 5 ���	����
� � R ��� K ³�³ ���	� R ��� � tr �R ��� K ³�³ ���	�4' R ��� (22)

Using the independencebetweenP ���	� and V������	� , the last
expectationin (19) yields� � P ���	�P 5 ���	� P ���	� V >� ���	� P 5$���	�P 5 ���	� P ���	�?�
L���3V >� ���	��� ¶ �/� P ���	� P 5����	�� P 5 ���	� P ���	�(' C > � (23)

Frompreviousresults,� � P ���	� P 5$���	�� P 5 ���	� P ���	�(' C > � 
 �=!·² ��1ª� � �¸�D1º��¹S� R ��� (24)

Thus, ���3V >� ���	��� ¶ �F� P ���	� P 5$���	�� P 5 ���	� P ���	�(' C > � 
¯ �$� a5 a � = >@�° V ¬ �p�S�U 5 ���	� U ���	�4'DC � � ®M±¶ �=!·� �D1ª� � �¸��1��¹S� R ���
(25)

Finally, the secondand fourth terms are approximated by
K ³�³ ���	� R ��� andR

���
K ³�³ ���	� , respectively.

Substituting these results in (19) yields a recursion for
K ³�³M���	� :

K ³�³ ���	��
u�p� K ³�³ ���	���� �= >� �D1º� � � �K ³�³ ���	� R ��� � R
���

K ³�³ ���	�4'� �=!·� �D1º� � �"��1��¹S� tr �R ��� K ³�³M���	�4' R ���� ¯ �$� a5 a � = >@�° V ¬ ���M�U 5 ���	� U ���	�('©C � � ®M±¶ �=!·� ��1� � �"��1ª�H¹M� = >b R ���
(26)
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VI . SIMULATIONS

Thissectionpresentssimulationsto verify theaccuracy of the
analyticalmodelsgivenby equations (17), (18) and(26). Sev-
eral simulationshave beenrealizedusing the derived models.
Theexamplespresentedherearerepresentativeof theresultsob-
tained. Becauseof spacelimitations the examples shown here
were selectedto illustrate the effect of the ratio 1p¦»� on the
model’s acuracy. In theexamples,AR( ¼ ) meansanautoregres-
sive processof order ¼ , and AP(* ) meansthe AP algorithm
of order * (using *8�h� input vectorsin EH���	� ). The signal-
to-noise ratio of the adaptive systemis definedas ½g1�¾¿
�#��ÀÂÁµÃ,� =?>k ¦ =?>b � dB. The eigenvaluespreadof the input correla-
tion matrix ����t$���	��tg5����	��� is referredto as Ägk . Thesystemto
beidentifiedhasimpulseresponserepresentedby thevector Å U
whoseelementsaregivenby Y U\Æ 
m�� ÈÇ ¶�É ÁµÊ#��Ë��©*)�2�3�\¦�18�,�2�
andnormalizedsothat ÅÌ5U  Å U 
B� .

Matrices ���3j U ���	��� and �p�S� E 5 ���	�GEH���	�(' C � � and = >� were
numerically estimated,given the parametersof the input AR
process.

Example 1: Theparameters for this example are =$>k 
B� ; =?>� 
�� Í��ÎW� ; =?>@ 
u�, Â�3Ï , ½g1�¾Ð
uÑz�µÒµÓ ; 1
wÇ»� taps;processAR(1)
with � 
B�]�, Ï ; AP(6)and Ä�k�
mÔz� �  ¹ .
Example 2: Theparameters for this example are =$>k 
B� ; =?>� 
�� Í�#ÑSÇ ; =?>@ 
u�, Â�3Ï , ½g1�¾Ð
uÑz�µÒµÓ ; 1
wÇ»� taps;processAR(1)
with � 
B�]�, Ï ; AP(2)and Ä k 
mÔz� �  ¹ .
Example 3: Theparameters for this example are =$>k 
B� ; =?>� 
�� Í�3ÇµÇ ; = >@ 
u�, Â�3Ï , ½g1�¾Ð
uÑz�µÒµÓ ; 1
wÇ»� taps;processAR(1)
with � 
B�]�, Ï ; AP(10) and Ä�k+
LÔz� �  ¹ .

Figs. 1, 2 and3 show the meanweight behavior for some
of the weights in examples 1, 2, and3, respectively. The re-
maining weightshave similar behavior. A very good match
betweensimulationandtheoreticalpredictions canbe verified
from theseplots. Figs. 4, 5 and6 show theMSE behavior for
examples1, 2 and3, respectively. Noticethatthereis excellent
matchbetweentheory andsimulationin all casesfor thesteady-
statebehavior. During transient,thereis a mismatchbetween
theoryandsimulationthat depends on the ratio 1§¦�� . Exam-
ple 1 (Fig. 4) shows the resultsfor an AP(6) algorithm with1Õ
ÖÇ»� ( 1§¦��×
Ø�#� ). In Example2 (Fig. 5), � is reduced
to 1 ( 1§¦��Ù
ÚÇz� ). Notice that the theoretical curve getscloser
to thesimulationcurve. In Example 3 (Fig. 6), thealgorithmis
changedto AP(10) ( 1§¦��B
mÇ� ÇzÛ ). Thetheoreticalmodelsepa-
ratesagainfrom thesimulationduring transient. This behavior
hasbeenobserved in all thesimulationstried. Noticethatprac-
tical systemsfor which theAP algorithmis consideredusually
havelarge 1 , suchasin acousticechocancellation. At thesame
time, � is notvery largebecausecomputationalcomplexity and
the steady-statemisadjustment increasewith � [3], [6]. Also,
thenew model is conservative during transientandveryprecise
in steady-state.Thus, it shouldbe very useful for designpur-
poses.

VI I . SUMMARY

This paperhas presented a new analytical model for pre-
dicting the behavior of AP algorithm. The modelwasderived
for AR Gaussianinputs andfor unity stepsize(fastestconver-
gence). Deterministic recursive equations werederived for the

meanweight and the meansquareerror behaviors for a large
number of adaptive taps 1 , ascompared to theorder � of the
algorithm. Simulationresultshave shown excellentagreement
betweentheoryansimulationsin steady-state,andfair to good
agreementduring transient.Themodel predictionsfor thetran-
sientphaseimproveas 1§¦»� increases.
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Fig. 1. Meanweightbehavior for Example1. Simulation: (a) ÜµÝ(Þ , (c) Ü	ß4Ý and
(f) Ügà . Theory: (b) Ü Ý(Þ , (d) Ü ß4Ý and(e) Ü�à .
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Fig. 2. Meanweightbehavior for Example2. Simulation: (a) Ü Ý(Þ , (c) Ü ß4Ý and
(f) Ü à . Theory: (b) Ü«Ý(Þ , (d) Ü`ß4Ý and(e) Ü à .
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Fig. 3. Meanweightbehavior for Example3. Simulation: (a) ÜµÝ(Þ , (c) Ü	ß4Ý and
(f) Ü à . Theory:(b) Ü«Ý(Þ , (d) Ü`ß4Ý and(e) Ü à .
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Fig. 4. MSE behavior for Example1. Simulation: ragged curve. Theory:
smoothcurve.
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Fig. 5. MSE behavior for Example2. Simulation: ragged curve. Theory:
smoothcurve.
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Fig. 6. MSE behavior for Example3. Simulation: ragged curve. Theory:
smoothcurve.
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