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Abstract— This paper presentsa new analytical modelfor predicting the
behavior of Affine Projection (AP) algorithm. The model is derived for
autoregressve (AR) Gaussianinputs and for unity step size (fastestcon-
vergencg. Deterministic recursive equationsare determined for the mean
weight and the mean square error behaviors for a large number of adap-
tive taps N, ascompared to the order P of the algorithm. Simulation are
presentel which shav excelent agreement between theory an simulations
in steady-stae, and fair to good agreement during transient. The model
predictions for the transient phaseimprove as N/ P increases. Thesecar-
acteristics are of specid interestin applications such asacousticechocan-
cellation.

|. INTRODUCTION

The leastmeansquaregLMS) algoiithm andits nomalized
version(NLMS) areamongthe mostemplo/edin adaptie sig-
nal processingapplicatims. The perfamanceof thesealgo-
rithmstendsto be insuficient, however, whenthe signalshan-
dledarehighly corrdatedandthe requred numter of adaptie
tapsis large[1]. Oneimportantapgicationwith suchcharacter
istics is acotstic echocancellation A solutionfor the corver
genceprodemsof thesealgorithirs wasproposedby Ozekiand
Umedain 1984 [2]; theAffine Projection(AP) algoritm. The AP
algoritm appliesweightupdatesin directionsthatareorthago-
nal to thelast P input vectos. This allows decarelationof an
AR(P)input processspeedig upconvergerce[3]. Thus,theAP
algoritim is a betteralternatve thanLMS or NLMS for appli-
cationswith highly correlatedinput signals[4]. The price paid
for the bestperformarce is the larger computationalcomgex-
ity. This difficulty becomedessimportant as more advenced
of the semicondctor elementsareintroduced. Comple algo-
rithms have recentlybecone feasiblefor applicdions suchas
echocancellatio, channéequalizatiorandnoisecancellation.

This recen practicalapplicalility hastriggered the interest
in the analysisof the AP algaithm behaior. Quantitatve sta-
tistical analysis however, presets analytica difficulties caused
by thecompleity of theundedetermiredleastsquaresolution
embededin the algoithm. Referencd4] presents quariita-
tive analysisof the AP algorithm This analysisis basedon a
specificmodelfor the input signal originally propesedin [5].
More recenlty [6] presentec quantitative analysisfor autore-
gressve Gaussiannputs. This analysisfollows the work in [3]
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with the solutionof arecursionfor the weighterrorvecta vari-
ancesThesolutionusegreviousresultsobtainel for theNLMS
algorithm with white inputs.

This papempresentsa new statisticalanalysisfor the behaior
of the AP algoithm for Gaussiarautorgressie (AR) inputs.
The analyticaldifficulties arecircunverted by assuminga large
numter of adaptve taps,ascompaedto theorderof the AP al-
gorithm. This condtion allows the useof anassumptiorsimilar
to theindepenienceassumptiorusedto analyzemary adaptve
algoritims, including the AP algoithm [1], [6]. The analysis
assumindongadaptie filters andAR inputsis compdible with
applications suchas acousticechocancellation wherespeech
signalsandlong impulseresposesaretypical. Analytical re-
cursiors are derived which predct the behaior of the mean
weightvectorandthe meansquae error (MSE). Simulationre-
sults shov excellert agreenentwith theaetical predictions in
steady-stateandfair to goodagreemat during the adaptatio
phase.The new modelis consevative andthussuitablefor de-
signpurposes.

Il. THE INPUT SIGNAL MODEL
Letu(n) beanAR processof order P. Thus,

P
u(n) = Zaiu(n —1) +z(n) = U(n)a+ z(n) Q)

wherematrixU(n) = [u(n—1)...u(n—P)] isacollectionof P
pastinputvectasu(n—k) = [u(n—k) ... u(n—k—N+1)]T
andz(n) = [z(n) z(n—1) ... z(n— N +1)]T isavectorwith
sampledrom a stationarywhite Gaussiamprocessith variarce
o2. Theleastsquareestimateof the paranetersof a is

a(n) = [UT (m)U(n)] " U(n)u(n)

whereUT (n)U(n) is assumeaf rank P.

(2)

I1l. THE AFFINE PROJECTION ALGORITHM
Theupdateequatia of the AP algoithm is givenby:

®(n)®T (n)

w(n+1) =w(n) + am

e(n) (3)

wheretheerra signale(n) is givenby
e(n) = Wy u(n) + r(n) — w (n)u(n) (4)

whereW, = [Wy, Wo, ... Woy_,]% is the unkrown im-
pulseresponseandr(n) is a white additve obseration noise
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with variarce o2, indegendentof ary othersignal. w(n) =
[wo(n) wi(n) ... wn_1(n)]T is the adaptie weight vecta.
The step-sizex is assumedunity, which correspadsto maxi-
mumecorvergencespeed.Thevector®(n) define thedirection

of updae, andis given by:

®(n) = u(n) — U(n)a(n) )
Substituting(1) in (5) yiels
®(n) = [I - P, (n)]2(n) = Po(n)z(n) )

where,P,(n) = U(n)[UT (n)U(n)]"*U(n)7 is the projection
matrix ontothe subspacepannedy the colurms of U(n) and
P,(n) = I — Py(n) istheprgectionmatrix ontotheorthognal
subspaceThenumter(P+1) of input vectorsusedo determire
&(n) definesheorderof the AP algorithm

IV. ANALYSIS
A. Assumptions

In thefollowing analysistwo assumptiosareusedwhichare
similar to the indepedenceassumptiorusedto analyzemary
stochasti@lgorithns [1].

AssumptionAl: It is assumedhatthestatisticaldepenénce
betweenz(n) andU(n) canbe neglected This assumptia is
morerealisticfor N > P, andis justified asfollows. Eq. (1)
shavs thatz(n) hasan algebaic dependencevith the P vec-
torsu(n — 1), ..., u(n — P). Also, z(n) is of dimension
N. Now, z(n) canbe deconposedasz,(n) + z, (n), where
Zy(n) = Pyu(n)z(n) andz, (n) = P,(n)z(n). Thus,only
Z,(n) is algebraiclly deperdentof U(n). Moreover, it is rea-
sonableo assumehatz(n) hasequalamouwuntsof enepy in each
direction of the N-dimensionalspace,sinceit is dravn from
a white process. Thus, only the enegy of the N-dimensional
z(n) which is prgectedonto the P-dimersional subspacele-
finedby U(n) is resposible for the depenlencebetweenz(n)
andU(n). If N > P, thisdepedencecanbenegleded. Thisis
usuallythe casein systemswith long impulserespmses,since
P tendsto belimited by algorithm comgexity consideations.

Assumption A2: Rupphasshowvnin [3] that®(n) is avector
whoseelemetts areestimate®f thewhite noisesequene z(n).
Basedon this property, it is assumedhat ®(n) andthe weight
vectorw(n) arestatisticallyindepgendent.Eventhowgh this as-
sumptionis notcorred for delayline implenmentationsit hasled
to veryusefulresultsin theanalysisof mary stochasti@adaptie
filtering algoiithms[1].

B. Satistical Properties of ®(n)
UsingassumptiorAl and(6), it is easyto shaw that

Ry = E{@(n)®" (n)} = 0ZE{P,(n)} @)

From (6), eachelementof ®(n) is determired by the in-
ner product of a line of P,(n) andz(n). Thuseachconpo-
nentg(n — 4) is compsedby the sumof N randan varables
{P,}ij2(n — j). FromassumptiorAl andthefactthatz(n) is
white, eachof theserancm varialles canbe assumedndepen-
dent.Thus,by theCentralLimit Theaem,®(n) hasa Gaussian
distribution

C. Mean Weight Behavior

Defining the weight erra vector v(n) = w(n) — W, and
using(4), (3) canbewrittenfora =1 as

®(n)u’(n)
3T (n)®(n)
P(n)
T ST myam) "

v(n +1) =v(n) v(n)

(8)

Pre-mutiplying (8) by @7 (n), u” (n) andU® (n) yields[3]
T (n)v(n +1) = @7 (n)v(n) —uT(n)v(n) + r(n)
u(n)v(n + 1) = r(n)

Ul (n)v(n + 1) = UT (n)v(n)

(9)

Thelasttwo propertiesyield U” (n)v(n + 1) = r(n — 1), where
rn—1)=[r(n—-1) ... r(n— P)]T.
Usingthesepropetiesand(5) leadsto
®(n)®"(n)
- 2T(n)3(n)
®(n)
@7 (n)®(n)

v(n +1) =v(n) v(n)
(10
+ ro(n)

wherer,(n) is thefilterednoisesequene 3]

P
ro(n) =r(n) — Z a;(n)r(n —1i) 1)

UnderassumptiorA2 andnotingthat E{®(n)r,(n)} = 0 be-
causer(n) is zeromeanandindependen of ary othersignal the
expededvalue of (10)yields

B{v(n+1)} = B{v(n)}

®(n)®7(n)
- E{ BT (n)®(n) }E{V(")}

Eachelementof the expectdion in ther.h.s. of (12) hasa
numeator given by ¢(n — i)¢(n — j) anda denaninatorgiven
by Yo ¢2(n — k). Sincethe compaentsof &(n) in the
numeator affect only two out of NV termsin the denaminatos
numeator anddenaninatorcanbe assumedveakly correlatel
for largevaluesof N. Thisis equivalert to applyirg theaverag
ing principle proposedin [7], as® 7 (n)®(n) tendsto beslowly
varying whencompaedto ¢(n — 1)¢(n — 5) for largevaluesof
N. Hencethefollowing appoximatian is used:

E{[2"(n)2(n)] ' @(n)®" (n)}
~ E{[® (1)@ (n)] " IRy

12

13

whereR g4 is givenby (7).

Theexpecte valueof E{[®T (n)®(n)]~'} is determiredus-
ing the assumptiorthat ®(n) is Gaussiardistributed and ne-
glectingthe statisticaldepenencebetweents compnents(re-
call thatthey are estimatesof a white sequene). Thus, y =
&7 (n)®(n) hasa chi-squaredistribution with N degreesof
freedam. Its probability densityfunctionis givenby [8]

1 . o 2
- = o (N/2)-1,-y/20,
= y e u(y)
V2N T(E)

fy(v) (19
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Determinirg the expecta value in (13) throudh integration

yields
Ly T(V/2-1)
E L (15)
(" )20 = 331777
Sincel'(n + 1) = nI'(n), (15) simplifiesto:
T 11\ — 1
BT e D= =g (@O

Whereag is adiagoral elemendf R 44. Using(16) in (12)leads
to:

1

E{v(n+1)} =|I - WRW E{v(n)}  (17)

whichis therecursiorfor the meanweighterrorvector

V. MEAN SQUARE ERROR BEHAVIOR
Squarimg (4) andtakingthe expectedvalue,

E{e*(n)} =
+ (1 +ala+ oltr [E{[UT(n)U(n)]_l}] ) o2
+ tT’[Rq>4> Ko (n)]

(18)

whereK ,,(n) = E{v(n + 1)vT(n + 1)} is the weight-eror
correlation matrix

Postmultiplyirg (10) by its transpos@ndtakingthe expected
value,yields:

E{v(n+ 1)V (n+1)} = E{v(n)v" (n)}

- v 3ol

B0 30 )

- {3 Do}

53 (<))¢EZ§” W a0
)

‘E{ 37(n
®(n)rq(n)
+E{§T s
*I’(n)ra(n)
‘E{dﬂ( ) (n)

o)

vi(n)

®(n)®" (n) }
@7 (n)®(n)

B(n)ra(n) ra(n)®7 (1)
B { 37 () ®(n) BT (n)B(n) }

The expectedvaluesin (19) areevaluatedusingassumptias
Al and A2, andthe sameconsideationsusedto evaluate the
expecta valuesin (12). Neglectingthestatisticaldepedenceof
&(n) andv(n) andusingtheindepndece between®(n) and
ro(n), thethird andseventhtermsin ther.h.s.of (19) areequal
to zero. The sixth and eighthtermsleadto monmentsof three
zero-neanGaussiarvariates(conponeits of ®(n)). Usingthe

(19)

propertiesof cumulars of orderthreefor Gaussiawariabdes[9],
it is easyto shav thatthesetermsarealsoequalto zero.
Thefifth termin (19)is appoximatedby

B(n)2" (n)
b {«I>T(n)<1><n)v

BB (n)
(V= (n) @T(n)@(n)}

- p{i@" e}
(VT (1) () BT (n)}

The first expectatio in (20) is evaluatedby integration using
(14) andyields

(20

- E{®(n)®T

1
oI (N —2)(N — 4)

B{ 7m0} - (21

Thesecondxpectationis evalugedusingthe Gaussiai€moment
factorirg theoem [1]:

E{®(n)®" (n)v(n)v" (n)®(n)®" (n)} =

(22
+2 R¢¢ Km) (n) R¢¢ +tr [R¢¢ K v (n)] R¢¢

Using the independencebetween®(n) andr,(n), the last
expedationin (19) yields

Bn) L, . ()
o sroe i 57 e | 9
o B(n)®7 (n)
= Etram} E{ &7 (n)®(n)] 2 }
Frompreviousresults,
®(n)®7 (n) B 1
B { [B7 (n)®(n)]2 } AN e @9
Thus,
: B(n)B7(n) | _
Bira(m)}- E{ (&7 (n)®(n)] 2 } =
(1 talatolir [E{[U%)uw]l}]) (29

1
oi (N —2)(N —4) Ros

Finally, the secondand fourth terms are approxmated by
Kyw(n)Rgg andRgsK ., (1), respectidy.
Substituting these results in (19) yields a recusion for

Kyo(n):
Km,(n) = E{va(n)}
1

_ W[Kw(n)RM + Ry Ko (n)]

1

+ U;lb(N — 2)(N — 4) tr[R¢¢va(n)]R¢¢

(26)

+ (1 +ala+ otr [E{[UT(H)U(H)]_l}D
STV = 21)(N myy

2
0, Rse
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VI. SIMULATIONS

This sectionpresets simulationgo verify theaccurag of the
analyticalmodelsgivenby equdions (17), (18) and(26). Sev-
eral simulationshave beenrealizedusingthe derived mocels.
Theexanplespresetedherearerepesentatie of theresultsob-
tained. Becauseof spacdimitations the examples shovn here
were selectedto illustrate the effect of the ratio N/P on the
modelsacurag. In theexamples AR(m) meansanautorgres-
sive proessof order m, and AP(k) meansthe AP algorithm
of orderk (usingk — 1 input vectorsin U(n)). The signal-
to-ndse ratio of the adaptve systemis definedas SNR =
10log(o2 /o2)dB. The eigervalue spreadof the input correla-
tion matrix E{u(n)u® (n)} is referredto asy,,. Thesystemto
beidentifiedhasimpulserespmserepresentetly thevecta W ,,
whoseelementsaregivenby W,, = 0.5-cos(w(k+1)/N)+1
andnomalizedsothatWl. W, = 1.

Matrices E{P,(n)} and E{[U” (n)U(n)]~"'} ando} were
numeically estimated,given the paranetersof the input AR
process.

Example 1: Theparametesfor thisexanpleareo?, = 1; o} =
0.171; 02 = 0.19, SNR = 80dB; N = 50 taps;processAR(1)
with @ = —0.9; AP(6) andy, = 302.4.

Example 2: Theparametesfor thisexanpleares;, = 1; o} =
0.185; 02 = 0.19, SNR = 80dB; N = 50 taps;procesAR(1)
with @ = —0.9; AP(2) and., = 302.4.

Example 3: Theparametesfor thisexanpleareo?, = 1; 03 =
0.155; 02 = 0.19, SNR = 80dB; N = 50 taps;processAR(1)
with ¢ = —0.9; AP(10 andy,, = 302.4.

Figs. 1, 2 and3 shov the meanweight behaior for some
of the weiglts in exampes 1, 2, and 3, respectrely. There-
maining weights have similar behaior. A very goad match
betweensimulationandtheoreticalpredictions can be verified
from theseplots. Figs. 4, 5 and6 shav the MSE behaior for
exampes 1, 2 and3, respectiely. Noticethatthereis excellen
matchbetweertheoly andsimulationin all casedor thesteady-
statebehaior. During transient,thereis a mismatchbetween
theoryand simulationthat depend on the ratio N/P. Exam-
ple 1 (Fig. 4) shaws the resultsfor an AP(6) algorithm with
N = 50 (N/P = 10). In Example2 (Fig. 5), P is reduced
to 1 (IN/P = 50). Noticethatthetheoetical curve getscloser
to the simulationcure. In Exanple 3 (Fig. 6), thealgorithmis
changdto AP(10 (IV/P = 5.56). Thetheoeticalmodelsepa-
ratesagainfrom the simulationduiing transien. This behaior
hasbeenobsened in all the simulationstried. Noticethatprac-
tical systemdor which the AP algorithmis consideed usually
havelarge N, suchasin acousticechocancellation At thesame
time, P is notverylarge becauseompuationalcompleity and
the steady-statenisadjustmenincreasewith P [3], [6]. Also,
thenew mode is conserative during transientandvery precise
in steady-stateThus, it shouldbe very usefulfor designpur
poses.

VIl. SUMMARY

This paperhas preseted a nev analytical mocel for pre-
dicting the behaior of AP algorithm The modelwasderived
for AR Gaussiannputs andfor unity stepsize (fastestcorver
gence) Determiristic recursve equatias werederived for the

meanweight and the meansquareerror behaiors for a large
numter of adaptve taps N, ascompaedto the order P of the
algorithm. Simulationresultshave shovn excellentagreemat
betweertheoryan simulationsin steady-stateandfair to goad
agreerentduiing transient.The mockl predicticsfor thetran-
sientphaeimprove asN/ P increases.
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Fig. 1. Meanweightbehaior for Examplel. Simulation: (a) usg, (c) was and
(f) w1. Theory: (b) wso, (d) w2s and(e) wi .
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Fig. 2. Meanweightbehaior for Example2. Simulation: (a) wso, (C) w2s and
(f) w1. Theory: (b) wso, (d) was and(e) wy .
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Fig. 3. Meanweightbehaior for Example3. Simulaion: (a) wsg, (C) was and
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Fig. 4. MSE behaior for Examplel. Simulaion: raggel curve. Theory:
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Fig. 5. MSE behaior for Example2. Simulaion:
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Fig. 6. MSE behaior for Example3. Simulaion: raggel curve. Theory:
smoothcurve. N/P = 5.56



