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Abstract— The LMK algorithm is a stochastic gradient algorithm which
seeks to minimize the negated kurtosis of the error signal. It outperforms
the LMS algorithm in several applications of practical interest, with lit-
tle increase in computational complexity. This paper presents a statistical
analysis of the Least Mean Kurtosis (LMK) adaptive algorithm. Determin-
istic nonlinear recursive equations are derived for the mean weight behav-
ior and for the weight error correlation matrix, for a Gaussian reference
signal and slow learning. The new model describes the algorithm behav-
ior during transient and steady-state for a white measurement noise with
any even probability density function (pdf). The accuracy of the model is
demonstrated by Monte Carlo simulations.

I. INTRODUCTION

TheLMS algorithmis largdy usedn real-timeadaptvefilter-
ing applicatiors for commnunicatiors, cortrol engireering,pro-
cessingf biological signalsand,more recettly, active noise[1]
andvibration [2] contrd. It is very popuar dueto its simplic-
ity. Analytical modelsare available for predictirg its beha-
ior underdifferent input corditions, facilitating its design. On
the otherhand adapive algorithis basedon higher order mo-
mentsof the error signalhave beenshowvn to outpeform LMS
in someimportantapplicatiors. The practicaluseof suchalgo-
rithms, however, hasbeenlargdy restricteddueto the lack of
accurateanalftical modelsto predct their behaior. The Least
MeanKurtosis (LMK) algorithmis oneof suchalgoiithms[3].

The LMK algoithm seekgo minimizeanapproximationfor
the negative of the error signalkurtosis. It belong to the fam-
ily of stochasticgradent algoithms [3], [4]. The kurtosis is
relatedto the fourth order cumuant of the error Sincecumu-
lantsof ordes greaterthantwo areequalto zerofor zeromean
Gaussiarproessesa kurtosis-based cost function makes the
algorithm corvergencebehaior independen of Gaussiarmea-
suremehnoise. The measurerent noisecanfrequently be con-
sideredto be compaesedof contibutions from several additive
indepandentsouces. Thus,its pdf tendsto a Gaussiar{Central
Limit Theaem [5]). This facthasraisedinterestfor the LMK
algorithm.

Previous results[3], [6], [7] shawv thatthe LMK algorithm
canoutpeform the LMS algoithm, especiallywhennoisecon-
taminationdegradeghealgoiithm convergence.In addition the
compuational comgexity of both algorithns are very similar
for high order adapive filters, asLMK requires2N + 5 multi-
plicationsandN + 3 additiors periteration,while LMS requires
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2N +1 multiplicationsandN +1 additiors periterationfor afil-
terof length V. [7] presente@nanalyticalmocel for the LMK
algorithm behaior, which is valid only for a white Gaussian
refererceinput.

The availableresultson the LMK algoithm shaw thatit has
greatpotertial for several practicd applicatiors. However, such
conclwsions are largdy basedon simulationresults, with lit-
tle analyticalbackup. For instance,jmplemertation of the al-
gorithm requres an appraimation for the meansquaed error.
Suchappioximationmodfies the betavior expectel from akur-
tosis-basecdhalgoithm.

This paperpresentsa new analyticalmodelfor the LMK al-
gorithm behaior, whichis valid for correlatedreferene inputs.
Recursve deterministicequdions arederived for the behaiors
of the meanweight vecta, the weight erra correlation matrix
andthe meansquareerror (MSE). The modelassumes zero-
mean wide-sensetationaryGaussiameferene signalandary
zero-neanwhite addtive noisewith aneven probaility density
function (pdf). The newv modé permitsto studythe effectsof
initialization and signal-tenoiseratio (SNR) on the algorithm
behaior. In addition it shavs thatthe apprximationmadeon
the kurtosis expressionto allow for a practicalimplementation
malesthe algoithm behaior depenénton boththeinput and
noisestatisticsevenwhenbothareGaussianOntheotherhand
it is verifiedthattheLMK algorithm canoutperbrmtheLMS al-
gorithm evenfor Gaussiameferercesignals.MonteCarlosimu-
lationsillustratethe model’s accurag for boththetransientand
steady-statphase®f adapation.

[I. THELMK ALGORITHM

Figure 1 shaws the block diagiam of the prodem studied.
WO = [wf,w),...,w]7T is the vectorof theimpuse respmse
of alinearsystem.W (n) = [wi(n), wa(n),...,wn(n)]T is the
weightvectorof theadaptve transersal FIR linearfilter. z(n)
is assumedstationay, zero-neanand Gaussiarwith variarce
o2. X(n) = [z(n),z(n—1),...,z(n— N+1)]T is theobseved
datavector z(n) is themeasuremntnoise assumedtationary
white, zeromeanwith varian@ o2, uncorelatedwith ary other
signalandwith anevenpdf (f.(z) = f.(—2)). y(n) istheadap
tive filter output ande(n) is the errorsignalto be minimizedin
thekurtosis sense.

Theidealperformarcesurfaceof theLMK algoiithm is given
by the negative of the fourth ordercumuant of the errorsignal
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Fig. 1. Block Diagram(Systemldentification).

[3]:
Jemk(n) = 3E°[¢*(n)] 1)
Usinga stochastiapproimationfor thegradien of (1) with

respectto the weight vecta, the weight updateequationfor
LMK algorithmis givenby [3]:

— Ele*(n)]

W(n+1) = W(n) + u{3E[e*(n)]le(n) — e’ (n)} X(n) (2)

where p is the step size. Defining the weight error vector

V(n) = W(n) — W° aboutoptimalsolution (2) canbewritten
as:
V(n+1) =V(n) + p{3E[e*(n)]le(n) — e’(n)} X(n) (3)

For real-timealgorithmimplenentation,E[e?(n)] hasto be
estimatedThis canbedoneusingtherecursion3]

Ele*(n)] = BE[e*(n — 1)] + *(n), (4)

with E[e?(—1)] = 0. A non+tecursie estimationwhich s ac-
curatefor small 3, is obtainedby truncatirg the solutionof (4)
to threeterms:

0<pg<l1

Ele*(n)] = €*(n) + fe’(n — 1) + f*e’(n—2)  (5)

Algorithm implementé&ionsusing(4) or (5) do not shawv sig-
nificant differencesn belavior for practicalparaméer values.
Thus,(5) is employed in theanalysis.

I11. MEAN WEIGHT BEHAVIOR
Using(5) in (3) yields:

V(n+1) =V(n)+ p[2¢*(n) + 38e*(n — 1)
+33%%*(n — 2)]e(n) X (n) (6)
Takingthe expectedvalueof (6):

E[V(n+1)] = E[V(n)]
+u [2E[e3 ()X ()] + 3BE[(n — 1)e(n) X (n)]

+ 382E[e2(n — 2)e(n)X(n)]] 7)

FromFig. 1,e(n) = 2(n) — XT(n)V(n). As 2(n) is zero-
mean,i.i.d. andhasodd momerts equalto zero,the expected

valuesof (7) aregivenby:
E[e*(n)X (n)] = =3E[z*(n)|E[X (n)X T
— E[(XT(n)V(n))*X (n)]

(n)V (n)]

E[e*(n — 1)e(n)X (n)]
= —E[2*(n —1)E[X(n)XT(n
—E[(XT(n-1)V(n—1))%X

N ~—
s =
= £
S
>
S

E[e*(n — 2)e(n)X (n)]
= —E[z*(n - 2) E[X (n) X" (n)V (n)]
— E[(X"(n - 2)V(n - 2))*XT (n)V(n)X (n)]

Sincethe pdf of V' (n) is notknown, statisticalassumptions
arerequired to proceedwith the analysis. It is assumedhat:
Al: Thestatisticaldependenceof weightanddatavectasis not
assignificantasthe statisticaldependencef delayeddatavec-
torsin deternining thealgoiithm behaior.

This assumptiorhas beensupprted by extersive numei-
cal simulations. The first expectal value on the rhs of (8) is
thengivenby E[X (n)X T (n)]E[V (n)]=RE[V (n)]. The sec-
ondtermrequires moreelaboatecalculatios. Conditionirg on
V(n) andusingAl yields

E[(XT(n)V (n))*X (n)|V (n)]
= E[(XT(n)V(n))*X (m)XT (n)V (n)|V (n)]
= E[(XT(n)V(1n))*X () XT (n)|V (n)]V (n)

Usingthesamemethoalogy usedto obtain[8, A.13], (9) can

bewrittenas

E[(yl)

= E[X (n) X" (n)|V ()] E[(4y1)*|V (n)]

+ E[yn X (n)[V(n)]E[ys X (n)[V (n)] B(y1|V (n))
where B V() = gty (Ehatve — iV )
andy; = X7 (n)V (n). Notethatfor 2(n) zero-neanGaussian,

y1(n) is alsozeromeanGaussiarwhencondtioned on V' (n).
UsingAl, thetermsin (10) aregivenby

E[y}|V(n)] = VT (n)RV (n)
E[y;|V(n)] = 3E*[y7|V (n)]

(9)

X(m)XT(n)|V(n)]
(10

1y
B(y1) =2
Ely1 X (n)|V (n)] = RV (n)
Usingtheabove resultsin (9) leadsto
T
E[(XT(n)V (n))>X (n)|V ()] (12

=VT(n)RV(n)RV (n) + 2RV (n)VT (n)RV (n)

Averging (12) over V' (n) requres extra apprximatiors, as
the pdf of V' (n) is notknown. Assumingslow learningand N
sufficiently large, thefollowing apprximationis used:

E[VT(n)RV (n)RV (n)]
~ E[VT(n)RV (n)|RE[V (n)]
=tr(RK(n))RE[V (n)]

(13
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where K(n) = E[V(n)VT(n)] is the correlation matrix of
V(n) andtr(.) is the trace of a matrix Approximatian (13)
is basedon the fact that eachcompmentw;(n) of V(n) con-
tributesto only N of the N2 termsin VT (n)RV (n). Thus,for
large N, eachw;(n) canbe consideed weakly correlatedwith
VT(n)RV (n). Using(13), theexpectedvalueof (12) becomes

E[(XT(n)V(n))3X(n)] ~ 3tr(RK(n))RE[V(n)] (14)

The othertermsin (8) are determired using the sameap-
proach plus the assumptiorthat E[V (n — i)V T (n — i)] ~
E[V(n)VT(n —1i)] ~ E[V(n)VT(n)], fori = 1,2 andfor
sufiiciently small . Thus,

E[(X"(n-1)V(n-1))’X"(n)V(n)X
= E[VT(n —1)RV(n — 1)RV (n)

(n)]

+ 2R V(n—1)VT(n —1)R_,V(n)] (15)
~ tr(RK (n))RE[V (n)]

+ 2tr(R_1K(n))R1E[V (n — 1)]

E[(XT(n =2)V(n—2))>X" (n)V (n)X (n)]

= E[VT(n —2)RV(n — 2)RV (n)

+ 2R,V (n —2)VT(n — 2)R_oV (n)] (16)

~ tr(RK(n))RE[V (n)]
+ 2tr(R_2 K (n))R2E[V (n — 2)

where R; = E[X(n)XT(n —i)] and R_; = E[X(n -
i)XT(n)],fori =1,2.

Using (14)4{16) in (7) and(8), leadsto an expressiorfor the
meanweightbehaior:

E[V(n+1)] = E[V(n)
- u{ [6 135+ 3ﬁ2] [az + tr(RK(n))] R}E[V(n)]

1K(n)) R E[V (n —1)]
(n))R2E[V (n — 2)]

(17)
— 6upBtr(R_
—6uB*tr(R oK

Note from (17) that the stability of E[V (n)] depend on
the initialization K (0) = V(0)V1(0), which is relatedto the
guadaticnormof thedistancebetweeri¥ (0) andW °. A recur
sive expressionfor K (n) is derived next for usein (17) andin
the expressionfor the meansquareerror (MSE). An expression
for the steady-stat®SE in alsoderived.

IV. SECOND ORDER MOMENTS

Multiplying (6) by its transpgeandtakingthe expectedvalue
yields

EVin+1)VT(n+1)] = E[V(n)VT(n)]

+ pE{ [262(n) +3Be*(n — 1) + 38%*(n — 2)]

o) V() X7 (n) + X )V ()] }

(19
+ qu{ [466(n) + 12B€%(n — 1)e*(n)

—2)et(n) + 96%* (n — 1)e(n)
—2)e?(n — 1)e*(n)

+12p%e*(n
+ 183%€*(n

+ 9%t (n — 2)¢? (n)] X(n)XT(n)}

Usinge(n) = z(n)
pectatioryiels

— XT(n)V(n) in (18) andAl, first ex-

E[e*(n)(V() X" (n) + X (n)V" (n))]
= —302(RE[V (n)V"(n)] + E[V(n)V" (n)|R)
— 2RE[V(n)VT (n)RV (n)V" (n)]
— E[VT(n)RV (n)RV (n)V" (n)]
—2E[V(n)VT(n)RV(n)VT(n)R (19
— E[V()VT(n)VT (n)RV (n)|R
= —=302(RE[V (n)V"(n)] + E[V(n)V" (n)|R)
— 3RE[VT (n)RV (n)V (n)V" (n)]
—3E[V(n)VT (n)RV(n)V" (n)|R

Using the samereasoningusedto obtain(13), the moments
of V(n) with orderhigher than?2 in (19) canbe apprximated

by:
E[V(n)VT (n)RV (n)V" (n)]
= E[VT(n)RV (n)V (n)V* (n)]
~ E[VT (n)RV(n)E[V (n)V7 (n)]
=tr(RK(n))K(n)

(20

Using(20)in (19) yields

Bl (n)(V()XT (n) + X (n )VT( ))]

o (21
—3(0 +tr(RK(n)) )( )

Substitutinge(n — i) = z(n —i) — XT(n —4)V(n — 1), for
i = 1,2, using(20) andconsideing E[V (n — i)V T (n — i)] ~
E[V(n)VT(n —1i)] ~ E[V(n)VT(n)], fori = 1,2 andfor
small u, the expeded valuesof the othertwo termsmultiplied
by p in (18) aregivenby

E[eQ(n —1)e(n) (V(n)XT(n) + X(n)VT(n))]
- (af + tr(RK(n))) (RK(n) + K(n)R)
- tr(R,lK(n) + RlK(n)) (K(H)Rfl + RIK(TL))

(22
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E[e*(n — 2)e(n) (V(n)XT(n) + X(n)VT(n))]
~ — (af + tr(RK(n))) (RK(n) + K(n)R)
—tr(R_2K(n) + RoK(n)) (K(n)R_s + R K (n))

Enteringthe expressionsfor e(n), e(n — 1) ande(n — 2)
in the term multiplying p? in (18) leadsto termsof the form
PE[(XT(n — i)V(n — i)*X(n)XT(n)], fori = 0,1,2.
Thosetermscorrespondiy to & > 1 areneglectedin thepresent
analysis, as they have small influence both during transient
(higher orde momerts) andin steadystate(small V (n)). The
termsE[(XT(n — i)V (n —4))2X(n)XT(n)],i = 0,1,2, are
evaluatedusing the samemethoalogy usedto determinethe
meanweightbehaior. Besidesijt is consideedthat E[V (n —
)WVT(n —i)] ~ E[V(n)VT(n)], fori = 1,2 andsuficiently
smallu. Usingtheseappraimatiors, the expectedvaluesof the
termsin p? of (18) aregivenby:

(23)

E[e®(n)X (n)XT(n)] ~ E[2%(n)|R

+ 15E[2* (n)] (tr(RK(n))R + 2RK(n)R) @)

E[e*(n — i)e (n) X () X" ()]

~ (60t + Bl ()])tr(RE () + 02E[* ]| B (25)
+1202RK (n)R + 2E[z*(n)|R; K (n)R
Efe* (n — i)e* (n) X () X" ()]

L i=1,2

~ [(60;1 + E[z*(n)])tr(RK (n)) + o> E[z* (n)]]R (26)
+2E[z*(n)]RK(n)R+ 1202 R;K(n)R_;, i = 1,2
E[e*(n —2)e*(n — 1)e(n) X (n) X (n)]

~ (o8 + 30ttr(RK(n)))R 27)

+20%(RK(n)R + R K (n)R_1 + RoK(n)R_5)

Substituting(21) - (27) in (18), arecusive expressionis ob-
tainedfor the correlationmatrix K (n) = E[V (n)V T (n)]:
K(n+1)=K(n)

- u{co [ag + tr(RK(n))] [K(n)R + RK(n)
+38 [tr(R_lK(n) + RiK(n))

(Kn)R_1 + RlK(n))]

+ 342 [tr(R_gK(n) + RyK(n))
(K(n)R_s + RQK(n))] } (28)
+ /E{CIR + CyRK(n)R+ C3R K (n)R_,

+ C4R2K(H)R72 }

where:
Co =6+ 36 + 332

Oy = 4E[25(n)] + 60E[2(n)]tr(RK (n))
+(125 + 2182 + 12ﬂ4){tr (RK(n)) (604 + E[24(
(

agE[z4(n)]} +184° (ag +304r(RK n)))
Cy = 120E[24(n)] + 144(8 + B2)o?
+18(B2% + BY) E[z4(n)] + 368%0%;

Cs = 24BE[z%(n)] + 1083202 + 3633 04;
Cy = 2482 E[2* (n)] + 1088%5* + 36432

n)]) +

Equation (28) canbe usedin conjunctionwith (17) to deter
mine the meanweightbehaior. Note that (28) is a nonlinear
equatio in K(n). Expression(28) evidenes the depeence
of the algoithm behaior on the noise distribution function.
E[2*(n)] affects stability, cornvergencespeedand steady-state
behaior. E[2%(n)] affectsonly the steady-stateehaior, since
it appeas only in thedriving termof (28).

Usingtheresultsjust derived, it is possibleto determire the
behaior of the MSE, whichis given by

éemi (n) = E[e*(n)] = o2 + tr[RK (n)] (29

The analyticalmockel for the LMK algaithm is then com-
posedby expressiong17), (28) and(29). Thoughthe LMK al-
gorithm seeksto minimize a higher orderfunction of the error,
theMSE betavior is emphaizedherebecausé is relatedto the
errorpower. Thus,the MSE is thebestmeasurd¢o compareper
formancesof algoiithmsthatemploy differentfiguresof merit,
suchasLMS andLMK.

A. Seady-Sate Excess Mean Square Error

Assuming corvergence, the steady-stateexcess MSE can
be derived from (28) by makirng lim, .., K(n + 1) =
lim,,. K(n) = K(o0). In addition the following appoxi-
mationsareusedto determire the steady-stateolutionof (28).
1. Onlytermsof firstorderin K (n) areconsiderd to determire
thetermsof order p in (28). Thehigherordertermsin K (n) are
neglededin steady-statsinceV (n) is alreadyvery small.

2. All termson K (n) which are multiplied by x? in (28) are
negleded as V' (n) is very small in steady-statand y is also
assumedo besmall.

With theseaprokimations,(28) leadsto

nh_{r(go{K(n +1)—K(n)}

~ —u(6+ 38 +36%) 02 (K
w2 (4B ()]

+ (128 + 215% + 128*)02 E[2* (n)]

+ 18[3’302)1% =0

(n)R+ RK(n))
(30

Equatian (30)is aLyapwnov equdion, whosesolutionis given
by:

AE[z°(n)] + aoZ E[2* (n)] + 184°

206+ 35 + 357)07 =

K(o00) =p (3D
wherea = (123 + 2142 + 123*) and[ is the identity matrix.

Equatia (31) implies that the steady-stateveight fluctuations
areuncorelatedwith eachother
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From (29) and(31), the steady-stat?SE in excessis given
by

§LMKea(00) = tr(RK (o))
4E[z5(n)] + ao? E[z*(n)] + 18330
2(6 + 36 + 36%)02

(32)

=p tr(R)

V. EXAMPLES

This sectionpresentsimulationresultsto illustratetheaccu-
ragy of theanalyticalmodelandto comparethebehaiors of the
LMK andLMS adaptve algorithis in a systemidentification
setup.

Example 1. Considerthe systemin Fig. 1 with 30 weights,
WO = [-0.0043; -0.07%68; -0.33%2; 0.2108; 0.191.7; 0.34%B; -
0.1202; -0.0859; -0.158; 0.1639; -0.1283; 0.188.; -0.2670;
0.1306; 0.0630; -0.0963; -0.2902; -0.1029; 0.448; -0.2310;
-0.13)5; 0.1977; 0.0631; -0.126; 0.13(; 0.0259; -0.0879;
0.0147;-0.1041;0.0066 7, WOTW?° = 1, W(0) = 0, 8 = 0.5,
andz(n) zero-neanGaussianwith ¢2 = 0.01. Theinput sig-
nal wasgeneatedby the autorgressve mocel z(n) = az(n —
1) + y(n), with y(n) white with unit variarceanda = 0.5. The
eigervalue spreadof the correlation matrix R is equalto 8.82
The value usedfor p was equalto 0.00025 ~ #=e=, where
Imae Was determired by simulation Fig. 2 shavs the mean
behaior of the weightsnunberthree(w$ = —0.3342), fifteen
(w?5 = 0.0630) andnineteenw{, = 0.4487), obtainedusing
(17) and by simulation(50 runs). All otherweightshave sim-
ilar behavior. Fig. 3 shavs the MSE for the samevalue of u,
averagel over 50 simulationrunsand obtaired using (28) and
(29). Thebottomcurve shavsthedetail of thetransientadapta-
tion, averagedover 200 runs. It canbe verified thatthe mocel
prediction matctesvery closelythe algoithm behavior.

Example 2. This exanple compresthe corvergencerates
of the LMK andLMS algorithis. It alsoillustrateshow the
LMK algorithm behaior is affectedby noiseswith differert
pdfs. Considetthesystemin Fig. 1 with W° = [0.185;0.2169;
0.354; 0.433; 0.543; 0.433; 0.3254; 0.2169; 0.1085 7,
WOTWo =1, W(0) = 0 and = 0.5. Fig. 4 shavs LMK al-
gorithm’s MSE errorfor two different noisesignals,one Gaus-
sianandone sinusoidal. The sinusoidalnoiseis describe by
z(n) = 1/202sin(377n + ¢), whereg is rancom anduniformly
distributed between—n andn. In bothcasess? = 0.1. The
inputsignalz(n) is the sameusedin Exampe 1. For compai-
sonpurposesthe evolution of the MSE for the LMS algorithm
with Gaussiamoisewith o2 = 0.1 is alsoshavn. Thestepsizes
wereadjustedo maintainthe samesteadystateexcessMSE for
the threecases. For the LMK algoritm, p = 0.000180 was
usedwith the Gaussiamoiseandy = 0.000586 wasusedwith
the sinusoidé noise. Fig. 4 clearly shows a fastercorvergence
for the LMK algorithm even with Gaussiamoise. Note also
thatthe proppsedLMK analytical mockl is accuratdor thetwo
differentnoisesignals.Themaximum valueobtainedor . was
equalto 0.0009 (z(n) Gaussian)deterninedby simulation.The
LMS stepsizewasy = 0.000215. Only onecurwe is plottedfor
the LMS algorithmbecauséats MSE behaior depedson the
valueof o2, butis notaffectedby differentnoisepdfs.

VI. CONCLUSION

This pape presentedh new statisticalanalysisof the LMK
(LeastMeanKurtosis) adaptie algorithm for a wide-sensesta-
tionary Gaussiarrefereme signal. Recursve nonlinear equa-
tionswerederivedfor themeanweightbehaior, for theweight
error correlationmatrix andfor the meansquae error Exam
plespreseted shav thatthe mocel accuratelydescribeghe al-
gorithm behaior in boththe transientphaseof adaptatio and
in steadystate. The modelis valid for zeromeanwhite noise
with ary evenprobability densityfunction. It alsoclearlyshavs
thedepenlenceof the corvergencepropertiesontheinitial con-
ditions.

Thowhtheanalysiswasbasednassumptiosof slow learn-
ing and large numbe of weights, the resultsshov excdlent
matchbetweertheol andsimulatiors even for reasonhly large
. Nevertreless,a small i is usuallypreferedin practicalap-
plications,whereonly onerealizationof theprocesss available
andwherethefluctuatimsabou the meanweightvalues shoud
beassmallaspossible.
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