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Florianópolis - SC- Brasil

e-mails:pedro@eel.ufsc.br, j.bermudez@ieee.org

Abstract—The LMK algorithm is a stochastic gradient algorithm which
seeks to minimize the negated kurtosis of the error signal. It outperforms
the LMS algorithm in several applications of practical interest, with lit-
tle increase in computational complexity. This paper presents a statistical
analysis of the Least Mean Kurtosis (LMK) adaptive algorithm. Determin-
istic nonlinear recursive equations are derived for the mean weight behav-
ior and for the weight error correlation matrix, for a Gaussian reference
signal and slow learning. The new model describes the algorithm behav-
ior during transient and steady-state for a white measurement noise with
any even probability density function (pdf). The accuracy of the model is
demonstrated by Monte Carlo simulations.

I . INTRODUCTION

TheLMS algorithmis largely usedin real-timeadaptivefilter-
ing applications for communications, control engineering,pro-
cessingof biologicalsignalsand,more recently, activenoise[1]
andvibration [2] control. It is very popular dueto its simplic-
ity. Analytical modelsare available for predicting its behav-
ior underdifferent input conditions, facilitating its design. On
theotherhand, adaptive algorithms basedon higher order mo-
mentsof theerrorsignalhave beenshown to outperform LMS
in someimportantapplications. Thepracticaluseof suchalgo-
rithms, however, hasbeenlargely restricteddueto the lack of
accurateanalytical modelsto predict their behavior. TheLeast
MeanKurtosis(LMK) algorithmis oneof suchalgorithms[3].

TheLMK algorithm seeksto minimizeanapproximationfor
thenegative of theerrorsignalkurtosis. It belongs to the fam-
ily of stochasticgradient algorithms [3], [4]. The kurtosis is
relatedto the fourth order cumulant of the error. Sincecumu-
lantsof orders greaterthantwo areequalto zerofor zero-mean
Gaussianprocesses,a kurtosis-basedcost function makes the
algorithm convergencebehavior independent of Gaussianmea-
surement noise.Themeasurementnoisecanfrequently becon-
sideredto be composedof contributionsfrom several additive
independentsources.Thus,its pdf tendsto a Gaussian(Central
Limit Theorem [5]). This fact hasraisedinterestfor the LMK
algorithm.

Previous results[3], [6], [7] show that the LMK algorithm
canoutperform theLMS algorithm, especiallywhennoisecon-
taminationdegradesthealgorithm convergence.In addition, the
computational complexity of both algorithms arevery similar
for high order adaptive filters, asLMK requires

�������
multi-

plicationsand
���
	

additionsperiteration,while LMS requires�
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������
multiplicationsand

�����
additionsperiterationfor afil-

ter of length
�

. [7] presentedananalyticalmodel for theLMK
algorithm behavior, which is valid only for a white Gaussian
referenceinput.

Theavailableresultson theLMK algorithm show that it has
greatpotential for severalpractical applications. However, such
conclusions are largely basedon simulation results,with lit-
tle analyticalbackup. For instance,implementation of the al-
gorithm requires anapproximation for themeansquarederror.
Suchapproximationmodifies thebehavior expected from akur-
tosis-basedalgorithm.

This paperpresentsa new analyticalmodelfor theLMK al-
gorithm behavior, which is valid for correlatedreference inputs.
Recursive deterministicequationsarederivedfor thebehaviors
of the meanweight vector, the weight error correlation matrix
andthe meansquareerror (MSE). Themodelassumesa zero-
mean,wide-sensestationaryGaussianreference signalandany
zero-meanwhiteadditivenoisewith aneven probability density
function (pdf ). The new model permitsto studythe effectsof
initialization andsignal-to-noiseratio (SNR) on the algorithm
behavior. In addition, it shows that theapproximationmadeon
the kurtosis expressionto allow for a practicalimplementation
makesthealgorithm behavior dependenton both the input and
noisestatistics,evenwhenbothareGaussian.Ontheotherhand,
it is verifiedthattheLMK algorithmcanoutperformtheLMS al-
gorithm evenfor Gaussianreferencesignals.MonteCarlosimu-
lationsillustratethemodel’s accuracy for boththetransientand
steady-statephasesof adaptation.

I I . THE LMK ALGORITHM

Figure 1 shows the block diagram of the problem studied.������� ����������� �! " # "�$���%�&(' is thevectorof the impulse response
of a linearsystem.

�*),+.-��/� � � )0+.-1�$� � ),+.-2�3 # " #��� % ),+.- &4' is the
weightvectorof theadaptive transversalFIR linearfilter. 5 ),+.-
is assumedstationary, zero-meanand Gaussianwith variance6 �7 . 8 ),+.-9�:� 5 ),+.-2� 5 )0+<; � -1�! " # "� 5 )0+=; ���>� - &(' is theobserved
datavector. ? ),+.- is themeasurementnoise,assumedstationary,
white,zero-meanwith variance 6 �@ , uncorrelatedwith any other
signalandwith anevenpdf ( A @ ) ? -9� A @ )B; ? - ). C ),+.- is theadap-
tive filter output and D ),+.- is theerrorsignalto beminimizedin
thekurtosis sense.

Theidealperformancesurfaceof theLMK algorithm is given
by thenegative of the fourth ordercumulant of theerrorsignal
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Fig. 1. Block Diagram(SystemIdentification).

[3]: E�FHGJI ),+.-K� 	�L � � D � ),+.- & ; L � DNM )0+.- & (1)

Usinga stochasticapproximationfor thegradient of (1) with
respectto the weight vector, the weight updateequationfor
LMK algorithmis givenby [3]:�*),+ ��� -9�O�*),+.- �QP�R�	�L � D � )0+.- & D ),+.-S; DUT ),+.-!V 8 ),+.- (2)

where
P

is the step size. Defining the weight error vectorW�)0+.-K���*)0+.-X;Y���
aboutoptimalsolution, (2) canbewritten

as:W�),+ ��� -9�OW�),+.- �ZP�R�	�L � D � ),+.- & D ),+.-[; DUT )0+.-3V 8 ),+.- (3)

For real-timealgorithmimplementation,
L � D � ),+.- & hasto be

estimated.Thiscanbedoneusingtherecursion[3]L � D � ),+.- & ��\ L � D � )0+]; � - & � D � ),+.-2�_^J`�\a` �
(4)

with
L � D � )�; � - & �b^ . A non-recursive estimation, which is ac-

curatefor small
\

, is obtainedby truncating thesolutionof (4)
to threeterms:L � D � ),+.- &dc D � ),+.- � \ D � )0+]; � - � \ � D � )0+�; � - (5)

Algorithm implementationsusing(4) or (5) do not show sig-
nificant differencesin behavior for practicalparameter values.
Thus,(5) is employed in theanalysis.

I I I . MEAN WEIGHT BEHAVIOR

Using(5) in (3) yields:We),+ ��� -9�fWe),+.- �QP<g"� D � )0+.- �Q	 \ D � ),+]; � -�h	 \ � D � ),+i; � -kj D ),+.- 8 ),+.- (6)

Takingtheexpectedvalueof (6):L � We),+ ��� - & � L � W�)0+.- &�QPml(��L � DUT ),+.- 8 ),+.- & �h	 \ L � D � )0+]; � - D ),+.- 8 ),+.- &�h	 \ � L � D � ),+i; � - D )0+.- 8 )0+.- &#n (7)

FromFig. 1, D ),+.-o� ? ),+.-K; 8 ' )0+.-�We),+.- . As ? ),+.- is zero-
mean,i.i.d. andhasodd moments equalto zero,the expected

valuesof (7) aregivenby:L � D T )0+.- 8 )0+.- & �p; 	�L � ? � ),+.- & L � 8 )0+.- 8 ' ),+.-�We),+.- &; L �") 8 ' )0+.-�We),+.-�- T 8 ),+.- &L � D � )0+i; � - D ),+.- 8 ),+.- &�p; L � ? � ),+]; � - L � 8 ),+.- 8 ' ),+.-$W�),+.- &; L �") 8 ' )0+�; � -$W�)0+i; � -$- � 8 ' )0+.-�W�)0+.- 8 )0+.- & (8)L � D � )0+i; � - D ),+.- 8 ),+.- &�p; L � ? � ),+]; � - L � 8 ),+.- 8 ' ),+.-$W�),+.- &; L �") 8 ' )0+�; � -$W�)0+i; � -$- � 8 ' )0+.-�W�)0+.- 8 )0+.- &
Sincethe pdf of

W
),+.-
is not known, statisticalassumptions

are required to proceedwith the analysis. It is assumedthat:
A1: Thestatisticaldependenceof weightanddatavectors is not
assignificantasthestatisticaldependenceof delayeddatavec-
torsin determining thealgorithm behavior.

This assumptionhas beensupported by extensive numeri-
cal simulations. The first expected valueon the rhs of (8) is
thengiven by

L � 8 ),+.- 8 ' )0+.- & L � W�),+.- & = q L � We),+.- & . The sec-
ondtermrequires moreelaboratecalculations.Conditioning on
V(n) andusingA1 yieldsL �#) 8 ' ),+.-�We),+.-$- T!8 ),+.-!r We),+.- &� L �#) 8 ' ),+.-$W�),+.-$- � 8 ),+.- 8 ' )0+.-�W�)0+.-3r We)0+.- &� L �#) 8 ' ),+.-$W�),+.-$- � 8 ),+.- 8 ' )0+.-3r W�),+.- & W�),+.- (9)

Usingthesamemethodologyusedto obtain[8, A.13], (9) can
bewrittenasL �#) C � - � 8 ),+.- 8 ' ),+.-!r W�),+.- &� L � 8 ),+.- 8 ' )0+.-3r We)0+.- & L �") C � - � r W�)0+.- &�QL � C � 8 ),+.-!r W
)0+.- & L � C � 8 ' ),+.-!r We),+.- &4s ) C � r We),+.-$- (10)

where s ) C � r We),+.-$-a� �t[u v2wx3y z[{"|�}(~�� t9u v1�x!y z[{"|�}4~t9u v2wx!y z[{"|�}4~ ; L � C ���r W�)0+.- &(�
and C � � 8 ' ),+.-$We)0+.- . Notethatfor 5 ),+.- zero-meanGaussian,C � ),+.- is alsozero-meanGaussianwhenconditioned on

We),+.-
.

UsingA1, thetermsin (10)aregivenbyL � C �� r We),+.- & ��W ' ),+.- q W�),+.-L � C M��r We),+.- & � 	�L � � C ���r W�),+.- &s ) C � -9� �L � C � 8 )0+.-3r W�),+.- & � q We),+.- (11)

Usingtheabove resultsin (9) leadstoL �") 8 ' )0+.-�W�)0+.-�- T38 )0+.-3r W�)0+.- &�OW ' )0+.- q W�)0+.- q W�)0+.- ��� q W
),+.-$W ' ),+.- q We),+.- (12)

Averaging (12) over
W
),+.-

requires extra approximations, as
thepdf of

We),+.-
is not known. Assumingslow learningand

�
sufficiently large,thefollowing approximationis used:L � W ' )0+.- q W
),+.- q W�),+.- &c L � W ' )0+.- q W�)0+.- & q L � We),+.- &������) q<� ),+.-$- q L � W�)0+.- & (13)
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where � ),+.-�� L � We),+.-$W ' ),+.- & is the correlation matrix ofW�)0+.-
and

����)� -
is the traceof a matrix. Approximation (13)

is basedon the fact that eachcomponent ��� ),+.- of
W�)0+.-

con-
tributesto only

�
of the

� �
termsin

W ' ),+.- q We),+.- . Thus,for
large

�
, each � � ),+.- canbe considered weakly correlatedwithW ' ),+.- q We),+.- . Using(13),theexpectedvalueof (12)becomesL �#) 8 ' ),+.-$W�),+.-$- T!8 ),+.- &�c 	 ����) q<� )0+.-�- q L � We),+.- & (14)

The other terms in (8) are determined using the sameap-
proach, plus the assumptionthat

L � W�)0+;��B-�W ' ),+�;��B- &>cL � W�)0+.-�W ' ),+h;��B- &�c L � W�),+.-$W ' ),+.- & , for
�]� � � �

and for
sufficiently small

P
. Thus,L �#) 8 ' ),+i; � -�W�)0+�; � -$- � 8 ' )0+.-�W�),+.- 8 ),+.- &� L � W ' ),+i; � - q W
),+]; � - q W�),+.-��� q � We),+i; � -�W ' ),+]; � - qm� � W�)0+.- &c ����) q<� )0+.-�- q L � W�),+.- &��� ����) q � � � ),+.-�- q � L � W�),+]; � - &

(15)

L �#) 8 ' ),+i; � -�W�)0+�; � -$- � 8 ' )0+.-�W�),+.- 8 ),+.- &� L � W ' ),+i; � - q W
),+]; � - q W�),+.-��� q � We),+i; � -�W ' ),+]; � - q � � W�)0+.- &c ����) q<� )0+.-�- q L � W�),+.- &��� ����) q � � � ),+.-�- q � L � W�),+]; � -
(16)

where q � � L � 8 )0+.- 8 ' )0+�;��B- & and q�� � � L � 8 ),+�;�B- 8 ' ),+.- & , for
�[� � � �

.

Using(14)-(16) in (7) and(8), leadsto anexpressionfor the
meanweightbehavior:

L � W�)0+ ��� - & � L � We),+.- &; P�� l4� �Q	 \ �h	 \ � n l 6 �@ � ����) q<� ),+.-$- n qi� L � W�)0+.- &; � P \X����) q � � � )0+.-�- q � L � We),+]; � - &; � P \ � ����) q � � � ),+.-�- q � L � W�),+]; � - &
(17)

Note from (17) that the stability of
L � We),+.- & depends on

the initialization � )0^�-���W�)�^�-�W ' )�^�- , which is relatedto the
quadraticnormof thedistancebetween

�*)0^�-
and

���
. A recur-

sive expressionfor � ),+.- is derivednext for usein (17) andin
theexpressionfor themeansquareerror(MSE).An expression
for thesteady-stateMSEin alsoderived.

IV. SECOND ORDER MOMENTS

Multiplying (6)by its transposeandtakingtheexpectedvalue
yields

L � W�),+ ��� -�W ' )0+ ��� - & � L � W�),+.-$W ' )0+.- &�QPXL � l4� D � ),+.- �Q	 \ D � ),+]; � - �h	 \ � D � ),+]; � - n D )0+.-�l(W�)0+.- 8 ' ),+.- � 8 ),+.-$W ' ),+.- n ��QP � L � l4� DU� )0+.- ���N� \ D � ),+]; � - D M )0+.-���N� \ � D � ),+i; � - D M )0+.- �Q� \ � D M ),+i; � - D � )0+.-���!� \ T3D � ),+i; � - D � )0+i; � - D � ),+.-�h� \ M D M )0+i; � - D � ),+.- n 8 ),+.- 8 ' ),+.- �

(18)

Using D )0+.-m� ? ),+.- ; 8 ' ),+.-�We),+.- in (18) andA1, first ex-
pectationyielsL � DUT )0+.-2)�W�),+.- 8 ' )0+.- � 8 ),+.-$W ' )0+.-�- &�p; 	 6 �@ ) q L � We),+.-�W ' )0+.- & �hL � W�)0+.-�W ' ),+.- & q -; � q L � W
),+.-$W ' ),+.- q We),+.-�W ' )0+.- &; L � W ' )0+.- q W�)0+.- q W�)0+.-�W ' ),+.- &; ��L � W
),+.-$W ' ),+.- q We),+.-$W ' )0+.- & q; L � We),+.-$W ' )0+.-�W ' )0+.- q W�)0+.- & q�p; 	 6 �@ ) q L � We),+.-�W ' )0+.- & �hL � W�)0+.-�W ' ),+.- & q -; 	 q L � W ' )0+.- q W�)0+.-�W�),+.-�W ' )0+.- &; 	�L � W
),+.-$W ' ),+.- q We),+.-$W ' )0+.- & q

(19)

Using the samereasoningusedto obtain(13), the moments
of
W
)0+.-

with orderhigher than2 in (19) canbeapproximated
by: L � We),+.-�W ' )0+.- q W�)0+.-�W ' ),+.- &� L � W ' )0+.- q W�)0+.-�W�),+.-�W ' )0+.- &c L � W ' )0+.- q W�)0+.- & L � W�),+.-$W ' ),+.- &������) q<� ),+.-$- � ),+.- (20)

Using(20) in (19) yieldsL � DUT )0+.-2)�We),+.- 8 ' )0+.- � 8 ),+.-�W ' )0+.-�- &c ; 	 � 6 �@ � ����) q<� ),+.-�- � � q<� ),+.- � � )0+.- q � (21)

SubstitutingD ),+];Y��- � ? ),+i;¡�B-S; 8 ' ),+i;Y�B-$W
),+];Y��- , for�¢� � � �
, using(20) andconsidering

L � We),+£;Z�B-�W ' )0+£;Z��- &¤cL � W�)0+.-�W ' ),+h;��B- &�c L � W�),+.-$W ' ),+.- & , for
�]� � � �

and for
small

P
, the expected valuesof the othertwo termsmultiplied

by
P

in (18)aregivenbyL � D � ),+]; � - D )0+.-�¥kW
),+.- 8 ' )0+.- � 8 ),+.-$W ' )0+.-�¦ &c ; � 6 �@ � ����) q<� )0+.-�- � � q<� ),+.- � � ),+.- q �;¡���d¥ qm� � � ),+.- � q � � )0+.-�¦�¥ � ),+.- q§� � � q � � ),+.-�¦ (22)



InternationalTelecommunicationsSymposium– ITS2002, Natal,BrazilL � D � ),+]; � - D )0+.- ¥ W�)0+.- 8 ' ),+.- � 8 ),+.-$W ' )0+.- ¦ &c ; � 6 �@ � ����) q<� )0+.-�- � � q<� ),+.- � � ),+.- q �;¡��� ¥ q � � � ),+.- � q � � )0+.- ¦�¥ � ),+.- q � � � q � � ),+.- ¦ (23)

Enteringthe expressionsfor D ),+.- , D )0+�; � - and D )0+�; � -
in the term multiplying

P �
in (18) leadsto termsof the formP � L �") 8 ' )0+�;p�B-�W
)0+�;p�B-�- �©¨ 8 )0+.- 8 ' ),+.- & , for

���ª^�� � � �
.

Thosetermscorresponding to «�¬ � areneglectedin thepresent
analysis,as they have small influenceboth during transient
(higher order moments) andin steady-state(small

W�)0+.-
). The

terms
L �") 8 ' ),+Y;h�B-$W�),+¡;h�B-�- � 8 ),+.- 8 ' ),+.- & , �<�^�� � � � , are

evaluatedusing the samemethodology usedto determinethe
meanweightbehavior. Besides,it is considered that

L � W�)0+>;�B-�W ' ),+Y;h�B- &�c L � W�),+.-$W ' ),+.- & , for
�<� � � �

andsufficiently
small

P
. Usingtheseapproximations, theexpectedvaluesof the

termsin
P �

of (18) aregivenby:L � D � ),+.- 8 ),+.- 8 ' )0+.- &�c L � ? � ),+.- & q���U��L � ? M ),+.- & � ����) q<� )0+.-�- q ��� q<� )0+.- q � (24)L � D � ),+i;¡�B- D M ),+.- 8 ),+.- 8 ' )0+.- &c l ) � 6 M@ �QL � ?�M ),+.- & -B����) q<� )0+.-�- � 6 �@ L � ?�M )0+.- & n q���N� 6 M@ q<� )0+.- q �h��L � ? M )0+.- & q � � )0+.- q§� � ���[� � � � (25)

L � D M ),+i;¡�B- D � ),+.- 8 ),+.- 8 ' )0+.- &c l ) � 6 M@ �QL � ? M ),+.- & -B����) q<� )0+.-�- � 6 �@ L � ? M )0+.- &#n q����L � ?�M ),+.- & q<� ),+.- q ���N� 6 M@ q � � )0+.- q§� � ���[� � � � (26)

L � D � ),+]; � - D � ),+i; � - D ),+.- 8 ),+.- 8 ' )0+.- &c ¥ 6 �@ �h	 6 M@ ����) q=� ),+.-$-�¦ q�h� 6 M@ ¥ q<� ),+.- q � q � � )0+.- q � � � q � � )0+.- q � � ¦ (27)

Substituting(21) - (27) in (18), a recursive expressionis ob-
tainedfor thecorrelationmatrix � ),+.-[� L � W�),+.-$W ' ),+.- & :� ),+ ��� -[� � ),+.-; P��¢® � l 6 �@ � ����) q<� )0+.-�- n l � ),+.- q � q=� ),+.- n�Q	 \ l ����) q � � � ),+.- � q � � ),+.-�- 4) � ),+.- q � � � q � � ),+.-�- n�Q	 \ � l ����) qm� � � ),+.- � q � � ),+.-$- 4) � ),+.- q � � � q � � ),+.-�- n ��ZP � � ® � q ��® � q<� )0+.- q ��® T q � � ),+.- q � ��h® M q � � )0+.- q � � �

(28)

where:® � � � �h	 \ �h	 \ � ;

® � � ��L � ? � )0+.- & � � ^ L � ? M ),+.- & ����) q<� )0+.-�-� � �N� \ �¯��� \ � �°�U� \ M �K± ����) q<� ),+.-$-�¥ � 6 M@ �²L � ? M )0+.- & ¦ �6 �@ L � ? M )0+.- &�³ ���N� \ T � 6 �@ �Q	 6 M@ ����) q<� )0+.-�- � ;® � � �U� ^ L � ? M ),+.- & ���3��� ),\ � \ � - 6 M@���!� ),\ � � \ M - L � ? M ),+.- & �h	 � \ T 6 M@ ;® T � ��� \ L � ? M ),+.- & ��� ^ � \ � 6 M@ �Q	 � \ T 6 M@ ;® M � ��� \ � L � ? M ),+.- & ��� ^ � \ M 6 M@ �h	 � \ T 6 M@ .
Equation (28) canbeusedin conjunctionwith (17) to deter-

mine the meanweight behavior. Note that (28) is a nonlinear
equation in � )0+.- . Expression(28) evidences the dependence
of the algorithm behavior on the noise distribution function.L � ? M ),+.- & affects stability, convergencespeedandsteady-state
behavior.

L � ? � ),+.- & affectsonly thesteady-statebehavior, since
it appears only in thedriving termof (28).

Using the resultsjust derived, it is possibleto determine the
behavior of theMSE,which is given by´ FHGJI ),+.- � L � D � ),+.- & � 6 �@ � ����� q<� )0+.- & (29)

The analyticalmodel for the LMK algorithm is then com-
posedby expressions(17), (28) and(29). ThoughtheLMK al-
gorithm seeksto minimizea higher orderfunctionof theerror,
theMSEbehavior is emphasizedherebecauseit is relatedto the
errorpower. Thus,theMSEis thebestmeasureto compareper-
formancesof algorithmsthatemploy differentfiguresof merit,
suchasLMS andLMK.

A. Steady-State Excess Mean Square Error

Assuming convergence, the steady-stateexcessMSE can
be derived from (28) by making µ"¶#· |�¸§¹ � ),+ �º� -»�µ#¶"· |�¸m¹ � ),+.-
� � )½¼�- . In addition, the following approxi-
mationsareusedto determine thesteady-statesolutionof (28):
1. Only termsof first orderin � )0+.- areconsidered to determine
thetermsof order

P
in (28). Thehigherordertermsin � ),+.- are

neglectedin steady-statesince
W�)0+.-

is alreadyverysmall.
2. All termson � ),+.- which aremultiplied by

P �
in (28) are

neglected as
W�)0+.-

is very small in steady-stateand
P

is also
assumedto besmall.

With theseaproximations,(28) leadstoµ"¶#·|�¸m¹
¾ � ),+ ��� -[; � ),+.-©¿c ; P ) � �Q	 \ �Q	 \ � - 6 �@ ) � ),+.- q � q<� )0+.-�-�QP � � ��L � ? � ),+.- &� ) �N� \ �h��� \ � ���N� \ M - 6 �@ L � ? M ),+.- &���!� \ T 6 �@ � q ��^
(30)

Equation (30)is aLyapunov equation,whosesolutionis given
by: � )k¼h-9� P ��L � ? � ),+.- & �hÀ 6 �@ L � ? M ),+.- & ���N� \ T 6 �@� ) � �h	 \ �h	 \ � - 6 �@ Á (31)

where
À ��) �N� \ ����� \ � �O�N� \ M - and Á is the identity matrix.

Equation (31) implies that the steady-stateweight fluctuations
areuncorrelatedwith eachother.
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From(29) and(31), thesteady-stateMSE in excessis given
by ´ FHGJI�Â 7 )½¼�-K������) q<� )½¼�-�-� P ��L � ? � )0+.- & �hÀ 6 �@ L � ? M ),+.- & ���!� \ T 6 �@� ) � �h	 \ �h	 \ � - 6 �@ ����) q - (32)

V. EXAMPLES

This sectionpresentssimulationresultsto illustratetheaccu-
racy of theanalyticalmodelandto comparethebehaviorsof the
LMK andLMS adaptive algorithms in a systemidentification
setup.

Example 1. Considerthe systemin Fig. 1 with 30 weights,���Q��
-0.0043; -0.0768; -0.3342; 0.2108; 0.1917; 0.3493; -

0.1202; -0.0359; -0.1508; 0.1639; -0.1283; 0.1881; -0.2670;
0.1306; 0.0630; -0.0963; -0.2902; -0.1029; 0.4487; -0.2310;
-0.1305; 0.1917; 0.0631; -0.1296; 0.1303; 0.0259; -0.0879;
0.0147; -0.1041;0.0066&Ã' ,

��� ' ���<� � , �*)0^�-Ä�O^ , \a��^� � ,
andz(n) zero-meanGaussianwith 6 �@ �²^H ^ �

. The input sig-
nal wasgeneratedby theautoregressive model 5 ),+.-���Å 5 )0+Æ;� - � C ),+.- , with C ),+.- whitewith unit varianceand

ÅJ�f^� �
. The

eigenvaluespreadof the correlation matrix R is equalto 8.82.
The value usedfor

P
was equal to

^H ^�^�^ ��� cÈÇÊÉ.Ë�ÌM , wherePXÍ�Î 7 was determined by simulation. Fig. 2 shows the mean
behavior of theweightsnumberthree(

���T �/;�^H 	�	���� ), fifteen
(
�����Ï �/^� ^ � 	 ^

) andnineteen(
�<��BÐ �^� ������Ñ

), obtainedusing
(17) andby simulation(50 runs). All otherweightshave sim-
ilar behavior. Fig. 3 shows the MSE for the samevalueof

P
,

averaged over 50 simulationrunsandobtained using(28) and
(29). Thebottomcurve shows thedetailof thetransientadapta-
tion, averagedover 200 runs. It canbeverified that the model
prediction matchesverycloselythealgorithm behavior.

Example 2. This example comparesthe convergencerates
of the LMK andLMS algorithms. It also illustrateshow the
LMK algorithm behavior is affectedby noiseswith different
pdfs. Considerthesystemin Fig.1 with

� � �O�
0.1085;0.2169;

0.3254; 0.4339; 0.5423; 0.4339; 0.3254; 0.2169; 0.1085&�' ,��� ' ���J� � , �*)0^�-��:^ and
\��Ò^� �

. Fig. 4 shows LMK al-
gorithm’s MSE errorfor two different noisesignals,oneGaus-
sianandonesinusoidal. The sinusoidalnoiseis described by? ),+.-9�ÒÓ � 6 �@�Ô �k+9) 	�Ñ�Ñ + �iÕ - , where

Õ
is randomanduniformly

distributedbetween
;�Ö

and
Ö

. In both cases6 �@ �×^H �
. The

input signal 5 )0+.- is thesameusedin Example 1. For compari-
sonpurposes,theevolution of theMSE for theLMS algorithm
with Gaussiannoisewith 6 �@ �f^� � is alsoshown. Thestepsizes
wereadjustedto maintainthesamesteady-stateexcessMSEfor
the threecases.For the LMK algorithm,

P �Ø^H ^�^�^ �N� ^
was

usedwith theGaussiannoiseand
P �p^� ^�^�^ ��� �

wasusedwith
thesinusoidal noise. Fig. 4 clearlyshows a fasterconvergence
for the LMK algorithm, even with Gaussiannoise. Note also
thattheproposedLMK analytical model is accuratefor thetwo
differentnoisesignals.Themaximum valueobtainedfor

P
was

equalto
^� ^�^�^ �

( ? ),+.- Gaussian),determinedbysimulation.The
LMS stepsizewas

P �f^� ^�^�^ ���N�
. Only onecurve is plottedfor

the LMS algorithmbecauseits MSE behavior dependson the
valueof 6 �@ , but is notaffectedby differentnoisepdfs.

VI . CONCLUSION

This paper presenteda new statisticalanalysisof the LMK
(LeastMeanKurtosis)adaptive algorithm for a wide-sensesta-
tionary Gaussianreference signal. Recursive nonlinear equa-
tionswerederivedfor themeanweightbehavior, for theweight
errorcorrelationmatrix andfor the meansquare error. Exam-
plespresentedshow that themodel accuratelydescribestheal-
gorithm behavior in both the transientphaseof adaptation and
in steady-state. The model is valid for zero-meanwhite noise
with any evenprobability densityfunction. It alsoclearlyshows
thedependenceof theconvergencepropertiesontheinitial con-
ditions.

Thoughtheanalysiswasbasedonassumptionsof slow learn-
ing and large number of weights, the resultsshow excellent
matchbetweentheory andsimulationseven for reasonably largeP

. Nevertheless,a small
P

is usuallypreferred in practicalap-
plications,whereonly onerealizationof theprocessis available
andwherethefluctuationsabout themeanweightvalues should
beassmallaspossible.
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