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Abstract—This paper comparesthe transients of the constrained RLS
(CRLS) algorithm with the generalizedsidelobecanceller (GSC) employ-
ing an RLS algorithm. It is shown that the requirement for transient-
equivalenceis satisfied by the GSC structure using proper initialization,
and any restriction concemning orthogonality of the matrices involved
may be relaxed. This result differs from the more restrictive casefor
transient-equivalence of the constrained LMS (CLMS) algorithm and the
GSCemploying LMS algorithm. Simulationsin beamfrming and system-
identification applications confirms the theoretical results.

I. Intr oduction

DAPTATION algorithmswhich satisfy linear constraints

finds applicationsin several areasof signal processing,
such as beamformingand blind multiuser detectionin code-
division multiple-acces$CDMA) systems.By imposinga set
of linearconstrainton theadaptve filter, the necessityof a de-
siredsignalcanoftenberelaxed,resultingin whatis commonly
referredto as blind algorithms. Linear constraintsusually re-
flectstheprior knowledgeof the system|ik e directionof arrival
(DOA) of usersignalsin antennaarrayprocessingl], [2], user
spreadingcodein blind adaptve multiuserdetection3], [4], or
linearphasg5].

Theconstrained.MS (CLMS) algorithm,which doesnotre-
quire re-initialization and incorporateghe constraintsnto the
solutionwasfirst introducedby Frost[1]. More recently other
constrainedadaptationalgorithmswere introducedwhich are
tailored to specificapplicationsor presentadvantageougper
formanceregardingcornvergenceand robustnesssee,e.g.,[6],
[71-[12]. The constrainedRLS (CRLS) algorithmintroduced
in [6] is one solutionwhich tries to overcomethe problemof
slow corvergencexperiencedvith the CLMS algorithmin sit-
uationswhentheinputsignalis stronglycorrelated.

An alternatve approachto implementlinearly constrained
(LC) adaptve filters was introducedin [2], which became
known asthe generalizedsidelobecanceller(GSC). By trans-
forming the constrainedninimization probleminto an uncon-
strainedminimization problem,the GSC structureallows that
ary adaptatioralgorithmbe directly applied. The GSC struc-
ture makesuseof a blocking matrix thatmustbe orthogonato
the correspondingonstraintmatrix.

It hasbeenshowvnin [2] thatin orderfor thetransientof the
CLMS algorithm and the GSC employing an LMS algorithm
to be the same the blocking matrix needsto be unitary. The

S. Werner is with the Signal ProcessingLaboratory Helsinki Univer
sity of Technology PO. Box 3000, FIN-02015, Espoo, Finland (e-mail:
stebn.werner@hut.fi).

J.A. Apolinério is with the Departamentale EngenharigElétrica, Instituto
Militar de EngenhariaPra@ GeneralTiblrcio 80, RJ, Brazil, 22.290-270(e-
mail: apolin@ieee.@).

M. L. R. de Camposis with COPPE/EE-Uniersidade Federal do
Rio de Janeiro, Caixa Postal 68504, RJ, Brazil, 21945-970 (e-mail:
campos@lIps.ufrj.br).

requiremenbf a unitary blocking matrix canleadto a compu-
tationally comple< implementatiorof the GSCstructure. This
is becausaghe computationgequiredfor the multiplication of
theinput-signalvectorwith theblockingmatrix mayexceedthe
filtering operationby anorderof magnitudeIn thesesituations
employing other approachesnay be more efficient [9], [11].
For the caseof non-unitaryblocking matrices the transient,or
equialently, the corvergencespeed,dependson the stepsize
and the particularblocking matrix chosen. In otherwords, if
the blocking matrix changeshe stepsize changesjncluding
thelimits for stability. An equivalence-comparisoaf thetran-
sientshasnot yet beenperformedfor the CRLS algorithmand
theGSCstructureemplogying anRLS algorithm,hereinreferred
to asthe GSC-RLSalgorithm.

The goal of this paperis to investigatevhat arethe require-
mentsfor transient-equialencewhen consideringthe imple-
mentationsof the CRLS and the GSC-RLSalgorithms. The
following questionmaybe asled: Is therequiremenof unitary
blockingmatrix relatedto theimplementatiorof the LMS algo-
rithm carriedoverto the caseof the RLS algorithm?It is shavn
thatthisis notthe case andthatthetransientof the CRLS and
the GSC-RLSalgorithm are equalwith probability one. As a
consequencayry valid non-unitaryblockingmatrix usedin the
GSC-RLSstructurewill alwaysproducethe samecurvesasthe
CRLSalgorithm.

II. The Constrained Least-SquarkesFilter

In linearly constrainechdaptve filtering, the constraintsare
givenby a setof p equations
Clw=f (1)
whereC isa N x p constrainmatrixandf is avectorcontaining
thep constraintvalues.The constrainedecursve least-squares
(CRLS)algorithmto be discussedn Sectionlll solvesthefol-
lowing optimizationproblem

w(k) = argmine"(k)e(k) subjecto C"w =f (2)

wheretheerrorvectore(k) is definedas

e(k) = d(k) — X"(k)w (3)
and

d(k) = [d(k) AY2d(k — 1) - )\’“/Zd(O)]T @)

X(k) = [x(k) \/2x(k — 1) --- X¥/2%(0)] (5)



arethe(k + 1) x 1 referencevectorandthe N x (k + 1) input
matrix, respectiely, and is theforgettingfactor(0 < A < 1).
Applying the methodof Lagrangemultipliers, the constrained
LS solutionattime instantk is givenby [13]

w(k) = R7'(k)p(k) + R™'(k)C x

[CPR~! (k)C]'[f — C'R™" (k)p (k)] (6)
whereR (%) isthe N x N deterministiccorrelationmatrix and
p(k) isthe N x 1 deterministiccross-correlationector, defined
as

k
R(k) = X (k)X (k) = > A¥=ix(i)x" (i) 7)
=0
k .
p(k) = X(k)d* (k) = Y X" x(i)d" (i). t)

=0

I11. The constrainedRLS algorithm

A recursve updateof the optimal LS solutionin (6) will be
addressedh this section. Note that the solutionin (6) canbe
dividedinto two terms

W(k) = Wuo(k) + we(k) ©)
where
We(k) = R (k)p(k) (10)
and
w.(k) =R (k)C x
[C"R(k)C] '[f - C"R 1(k)p(k)]  (11)

Thecoeficient-vectorw,,.(k) is anunconstrainedolution(the
deterministicWiener solution) andis independenbf the con-
straints, whereasw.(k) dependson the constraintsimposed
by C"w(k) = f. The coeficient-vectorw, (k) alreadyhas
a recursve expressiongiven by the unconstrainedRLS algo-
rithm [14]

Wae(k) = Woe(k — 1) + e (k) (k) (12)

wherek (k) = R!(k)x(k) is the gainvector ande,.(k) =
d(k) — w!l (k — 1)x(k) is thea priori unconstraineerror.

In orderto derive arecursve updatefor w.(k), let usdefine
the auxiliary matricesI'(k) and ¥ (k), which have dimensions
(N x p) and(p x p), respectiely.

T'(k) = R7'(k)C (13)

¥ (k) = C"'T'(k) = C"R ! (k)C (14)
suchthat

we(k) =T (k)@ ' (k)[f — CMwy (k)] (15)

For the caseof a single constraint,¥ (k) is a scalarand com-
putationof ¥ ! (k) is trivial. In caseof multiple constraintsa
recursve formulawill berequiredto reducethe computational
compleity. Sincethe objective of this paperis to performan
equialencestudyandnot to derive efficient updatingschemes,
Tablel shavs only the basicrecursionf the CRLS algorithm
as statedby Equations(12)—(15). For a more efficient imple-
mentationof the CRLS algorithm, see[6] and [5]. For the
equivalencestudy to be carriedout in SectionV we shav in
the Appendixthatthe CRLS recursionscanbe written as(see
Appendix)

w(k)

w(k — 1) +e*(B)R " (k)x(k) —

¢*(k)R™!(k)C[C'R~ (k)C]"' CHR ! (k)x (k)
(16)

Equation(16) is of puretheoreticalinterest,sinceit will not
renderanefficientimplementation.

TABLE |
THE CONSTRAINED RLS ALGORITHM.

Initialization:

wy.(0) andR~1(0)
fork=1,2,...
{

k(k) = R}k — 1)x(k)

k(k) = srF B

R(K) = § [R(k 1) — Sl |
euc(k) = d(k) — wi.(k — 1)x(k)

Wae(k) = Wye(k — 1) + el (k)k(k)

I'(k) =R'(k)C

¥ (k) = CHI(k)

w(k) = Wy (k) + T(k) T (k) [f — CHw,. (k)]

IV. GeneralizedSidelobeCanceller Structur e

This section reviews the generalizedsidelobe canceller
(GSC)structure,and providesthe necessargefinitionsfor the
equialencestudyin thenext section.For amoredetailedtreat-
mentof the GSCstructure see.e.g,[2] and[14]. Many imple-
mentationsof LC adaptve filters utilize the advantagesof the
GSC model[14], mainly becausehis model employs uncon-
strainedadaptatioralgorithmsthat have beenextensiely stud-
ied in the literature. Figure 1 shows the schematiof the GSC
model.

Matrix B in Figurelis afull-rank N x (N — p) blocking
matrix designedo filter out completelythe component®f the
input signalthat are in the samedirectionsas the constraints.
Matrix B mustspanthe null spaceof the constraintmatrix C,
i.e.,BHC = 0. Theupperartof theGSCstructurémplements

theconstraintgshroughthe N x 1 vectorF definedas
F=cC(Cchc)™'f

The (N — p) x 1 vector wgsc can be adaptedfreely using
arny unconstrainecadaptationalgorithm. The desiredsignal
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FHx(k)

x(k) +
xcsc(k) = BHx(k)
N—p

1/ -
B WGsc

N N-p

Fig.1. GeneralizedgidelobecancelinglGSC)model.

asdefinedin Figure 1, incorporatesan externalreferencesig-
nal d(k) suchthat the resultingdesiredsignal fed backto the
adaptatioralgorithmin the GSCstructurebecomesigsc(k) =
FMx(k)—d(k). Thismoregeneraktasancludescommonappli-
cationswhered(k) = 0, e.g.,blind beamforming1] andblind
multiuserdetection4].

Theoptimalleast-squaresolutionof wgsc(k) is givenby

wesclk) = Rggdk)pasc(k)

whereRgsd(k) andpgsc(k) arethedeterministicautocorrela-
tion matrix the andcross-correlatiowector, respectiely. From
Figurel it followsthat

(18)

k

Resdk) = Z N xgsd(k)x@sc(k)

= l_'gR(k)B (19)
k
pesc(k) = 3 X [Fx(k) — d(k)]"[B"x(k)]
= z—_103”p(k) +B"R(k)F (20)
TheRLS recursiondor the GSCstructurebecomes
wasdk) = wesclk — 1) + egsd(k)kasc(k) (21)

WhereeGsc(k) = desc(k) _W(HBSC(k_ I)Xesc(k) = —e(k) is
thea priori error andkgsc(k) = Rggd(k)xasc(k) is thegain
vector In next sectionwe will comparetherecursionsn Equa-
tion (21) with thoseof the CRLS algorithmin Equation(16).

V. Equivalenceof the CRLS and GSC-RLS
implementations

This sectionaddresseshe relationshipbetweenthe CRLS
algorithmin Sectionlll andthe GSC-RLSalgorithmin Sec-
tion IV. It is well known thatthe CRLS andthe GSC-RLSfor-
mulationshave the sameoptimal solution [13]. However, no
resultscomparingtheir transientbehaiior have yet beenpro-
vided. Analysisof theCLMS andGSC-LMSalgorithmsreveals
thatthetransientof bothalgorithmsonly becomeequalif B is
unitary, i.e., B"B = I [2]. Ourgoalin this sectionis to inves-
tigateunderwhatcircumstancethetransientof the CRLSand
the GSC-RLSalgorithmsareidenticalwith probabilityone.

We will studythe coeficient-vectorevolution definedas
Aw(k) =w(k) —w(k—1) (22)

Equation(16) givesus the coeficient-vector evolution for the
CRLSalgorithmas

Aw(k) = e*(k) {T- R (B)C [C"R (k)] " )

x R7H(k)x(k)
(23)
For the GSC-RLSalgorithm, consideringthat w(k) = F —
Bwgsce(k), Equation(21) givesus
Aw(k) =F— BWGSC(k) - W(k - 1)
=F-B [WGSC(k' - 1)+

essclk)Rasc(k)xasc(k)] — w(k — 1)
= ¢*(k)B[B"R(k)B]'B"x(k)
= e*(k) {B [B"R(k)B] " BHR(k)} R (k)x(k)
(24)

wherew(k — 1) = F — Bwgsc(k — 1) was usedtogether
with Equation(19). In orderfor Equationg(23) and(24) to be
identicalit is requiredthatthe following matrix equalityholds:

B(B"R(k)B) 'B"R(k)
+R (k)C(C'"R'(k)C) 'CH =1 (25)

The initialization of both schemeqCRLS and GSC-RLS)
shouldbeequivalentwhichmean®Rgg(0) = [BHR(O)BT1
andw(0) = F for theparticularcasevherewgsc(0) = 0. The
equivalenceof the CRLS andthe GSC-RLSusingthe correct
initialization is ensuredy thefollowing lemma:

Lemmal. For B'C = 0, if R7!(k) existsandis symmetric,
if rankB) = N — p, andif rankC) = p, Equation(25) holds
true.

Proof:  Define the matricesB = R"/2(k)B and
C = R'2(k)C whereR(k) = RY2(k)R"2(k). With
thesenotations,the left handside of Equation(25) becomes
B(BHB)~!B" + C(C"C)~1C", andit remainsto shaw that
this additionof matricesequalsidentity. For this purpose et
usintroducethe matrix T = [C B]. T is afull-rank (N x N)
matrix, and,consequentlyT—! exists. We have,

CHC C'B CHC o
T = [BHC ]‘3”]‘3] = [ 0 BHB] (26)
wheretherelationBHC = 0 wasused.We have
_ CHO)? 0
(THT) ' = [( 0) (BHB)1:| (27)
Therefore,
T(THT)'TH =TT !T-HTH =1
_iaq (€O 0 CcH
~e8 [P gepya] [0
=C(C"C)"'c"+BB"'B)'B" =1
O



As aconsequencef Lemmal, andEquationg23) and(24),
we canconcludethatthe necessaryequiremenfor equivalent
transientsof the CRLS and the GSC-RLSalgorithmsis that
B"C = 0, which holdstruein any GSCstructure. Thisis a
looserrequirementhanthe transient-equialenceof the CLMS
andGSC-LMSalgorithms which in additionto BFC = 0, re-
quiresB to beunitary.

V1. Simulations

In thissectiontheequivalenceof the CRLSandGSC-RLSal-
gorithmsareinvestigatedn two applications.Thefirst applica-
tion is abeamformingapplicationwherethedesiredsignalis set
to zero,i.e., d(k) = 0. Thesecondapplicationusingthe more
generaldesiredsignalwith d(k) # 0 is a system-identification
applicatiorwheretheadaptvefilter is constrainedo havelinear
phase.

A. Beamformingvith derivativeconstaints

A uniformlineararraywith M = 12 antennasvith element
spacingequalto half wave-lengthwas usedin a systemwith
K = 5 userswherethe signalof oneuseris of interestandthe
other4 aretreatedasinterferers.Thedirectionof arrival (DOA)
andthesignal-to-noiseatio (SNR)for the differentsignalscan
befoundin Tablell.

A second-ordederivative constraintmatrix [15] was used
giving a total of three constraints(see[15] for further de-
tails). The GSCimplementationuseda non-unitaryblocking
matrix constructedhroughasequencef sparsenatricesaspre-
sentedn [16] renderinganimplementatiorof themultiplication
Bx(k) of low computationatomplexity.

The simulationswere averagedover 50 trials and both the
CRLS andthe GSC-RLSalgorithmsusedA = 0.99. Figure2
shavs theevolution of coeficient-errornormfor the CRLS and
the GSC-RLSalgorithms.Figure2 alsoplotstheresultsfor the
CLMS andthe GSC-LMSalgorithms.As canbe seenfrom the
figure, the CLMS andthe GSC-LMS algorithmsonly become
identicalwhenusingthe unitary blocking matrix, whereashe
CRLS andthe GSC-RLSalgorithmsareidenticalfor the non-
unitary blocking matrix. This factis furtherillustratedin Fig-
ure 3, wherethe normof the differencebetweerthe CRLS and
the GSC-RLSsolutionsis plotted.

TABLE Il
SIGNAL PARAMETERS

SIGNAL | DOA | SNR
desired 0° 15dB
interfererl 22° 20dB
interferer2 | —15° | 25dB
interferer3 | —20° | 25dB
interferer4 | —50° | 20dB

B. ldentificationof plantwith linear phase

An experimentwas carried out in a system-identification
problemwherethe filter coeficientswere constrainedo pre-
sene linear phaseat every iteration. For this examplewe used

T
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Fig. 2. Coeficient-errorvectorasafunctionof theiterationk for abeamform-
ing applicationusingderiative constraints.
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Fig. 3. Norm of the differenceof the CRLS and the GSC-RLScoeficient
vectorsas a function of the iteration k£ for a beamformingapplicationusing
dervative constraints.

N =10 and,in orderto fulfill thelinearphaserequirementywe
made

In/o
o

—Jny2

C= (28)

with J beinga reversalmatrix (anidentity matrix with all lines
in reversedorder),and

f=[0---0]" (29)

Dueto the symmetryof C andthe factthatf is a null vector,
efficient structurescan be employed to constructthe blocking
matrix [5]. The GSCimplementatioruseda non-unitaryblock-
ing matrix givenby

IN42 0
B=|0" 1 (30)
Inp O



The input signal consistsof zero-mearunity-variancecolored
noise with eigervalue spreadaround1350 and the reference
signal was obtainedafter filtering the input by a linearphase
FIR filter andaddingmeasurementoisewith varianceequalto
106,

The simulationswere averagedover 50 trials and both the
CRLS andthe GSC-RLSalgorithmsused\ = 0.95. Figure4
shavstheevolution of coeficient-errornormfor the CRLS and
the GSC-RLSalgorithms.Similarly asin the beamformingex-
ample,the curvesfor the CRLS andthe GSC-RLSalgorithms
areidentical,andthe CLMS andthe GSC-LMSbecomeiden-
tical only whenthe blocking matrix is unitary. Figure5, plots
thenormof thedifferencebetweerthe CRLSandtheGSC-RLS
solutions.
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Fig. 4. Coeficient-errorvectorasa function of the iterationk for a system-
identificationapplication.
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VI1I. Conclusions

anRLS algorithmbecomesqual.It wasshown thatfor aproper
initialization, the only requirements that the blocking matrix
of the GSCstructureis orthogonalo the spacespannedy the
constraintswhich s alwaystrue for a properlydesignedsSC.

Appendix

In this Appendixit is shavn thatthe CRLSalgorithm[6] can
be written on the form given by Equation(16). Let us start
by finding a recursve expressionof I'(k). We first note that
R!(k) canbewritten as[14]

R (k) = ;[R_l(k —1) =R Yk)x(k)x" (k)R (k — 1)]
(31)
Using(31)in (13)results
(k) = % R (k- 1)C
R (k)x(k)x" (k)R (k — 1)C]
- i [T(k — 1) — k(k)x" (F)T(k — 1)] (32)

In orderto obtain a recursve expressionfor ¥~ (k), pre-
multiply (32) by CH andapplythe Matrix InversionLemma

T (k) = M{C"T(k - 1) - CHs(k)x" (k)T (k- 1)}
=A[T ' (k-1)
Tk —1)CHe(k)x" (B)T(k — 1)@ (k- 1)
1—xH(k)T(k—1)® ! (k — 1CHK(k)

(33)
In orderto simplify the notation,definef(k) as
bk = 1— xH(k)‘f‘(;(f ;)\?.[I)S?:(—Ig)l)CHn(k) (34)
which gives
T k) =A[T (k1)
+ £(k)x"(B)T(k — 1)® ' (k — 1)] (35)
From(34), we know that
(k) = L(k)x" (k)T (k — 1)® 1(k —1)CHi(k)
+ ¥ (k- 1)CMr(k) (36)

Post-multiplying (33) by CHk (k) and divide by A givesthe
sameexpressiorasin (36), therefore

) ea )

U =5

37)

To shav theformulationof the CRLS algorithmgivenby (16),
substitutee,.(k) by d(k) — wH.(k — 1)x(k), and ¥ (k) and

This paperinvestigatedhe conditionfor whichthetransients T'(k) by their recursve expressionsUsingtherecursiongiven

of the constrainedrLS algorithmandthe GSCstructureusing

by Equationg9) and(11), the coeficient updatefor the CRLS



algorithmis givenby
w(k) = wyc(k) + we(k)
= Wye(k — 1) + T(k) T (k)[f — CMwy.(k — 1)]
+ €5 (k)R (k) = T(k) B (k) C k(k) el ()
=wu(k—1)+T(k—-1)¥ k-

1) [f = Clwyc(k —1)]

(1]

(3]

(4]

(5]

(6]

— k(k)x"(E)T(k— 1)T " (k—1) [f = CMwy.(k —1)] [21
+enc(k)k(k)
+T(k— 1)e(k)x" ()T (k—1)® ' (k- 1) x
[f — CMwye(k — 1)]
— k(k)x" (k)T (k — 1)e(k)x" (k)T (k — 1)@~ (k — 1) x
[f — CMwiy. (k= 1)]
— T (k)T (k)C ki (k)er (k)
(38)
In Equation(38) the term w(k — 1) + T'(k — )&~ (k —
1) [f — CHwyc(k —1)] correspondsto w(k — 1). Fur

thermore with e’ (k) = d*(k) — x"(k)wu(k — 1),
the second and third expressions correspond to
k(k) (d* (k) — x" (k) {wyc(k — 1) + T(k — 1)® ' (k — 1) x

[f — CHwyc(k —1)]}) which simplifies to w(k)[d*(k) —

xM(k)w(k — 1)] = k(k)e*(k). As a consequencdqua-
tion (38) simplifiesto
w(k) =w(k —1) + r(k)e* (k)
+T(k — 1)e(k)x" (k)T (k — )T~ (k — 1) x
[f Clw.(k 1)]
— k(k)x" (k)T (k — 1)e(k)x" (k)T (k — )&~ (k — 1) x
[f Clw,.(k 1)]
—T(k) ' (K)C"k(K)[d" (k) — x" (k) Wy (k — 1)]
AL(k)
=w(k—1) + w(k)e* (k)
+[P(k-1) - k(k)xM (k)T (k — 1)]
/\I:zk)
x £(k)x"(E)T(k — 1)@ (k — 1) [f — CPwye(k — 1)]
— T(k)M(K)[d* (k) — x" (k) Wy (k — 1)]
=w(k— 1)+ r(k)e* (k)
+ A\L(k)e(k)x" (k)T (k — 1)® 1 (k — 1) x

[f — CHwe(k — 1)]
— AL (k)e(k)[d* (k) — x" (k)Wuc(k — 1)]
=w(k— 1)+ w(k)e* (k) — AT'(k)€(k)
x (d*(k) — x"(k) x
{Wuelk —1) +T(k - 1)¥ Yk —
w(l::r—l)
=w(k — 1) + w(k)e* (k) — AT (k)€(k) x
[d(k) = w"(k = D)x(k)]"
=wk—-1)+e"(k)k(k) —

1) [f — CHwo(k —

e* (k)T (k)e(k)
(39)

(7]

(8]

[

(10]

[11]

[12]

(13]

[14]

(15]

1))} 0

whichis equalto the CRLS updategivenby (16).
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