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OntheEquivalenceof theConstrainedRLSandthe
GSC-RLSBeamformers

StefanWerner, JośeA. ApolinárioJr., andMarcelloL. R. deCampos

HelsinkiUniversityof Technology, InstitutoMilitar deEngenharia,andUniversidadeFederaldo Rio deJaneiro

Abstract—This paper compares the transients of the constrained RLS
(CRLS) algorithm with the generalizedsidelobecanceller (GSC) employ-
ing an RLS algorithm. It is shown that the requirement for transient-
equivalence is satisfied by the GSC structure using proper initialization,
and any restriction concerning orthogonality of the matrices involved
may be relaxed. This result differs fr om the more restrictive casefor
transient-equivalenceof the constrainedLMS (CLMS) algorithm and the
GSCemploying LMS algorithm. Simulations in beamforming and system-
identification applications confirms the theoretical results.

I . Intr oduction�
DAPTATION algorithmswhich satisfy linear constraints
finds applicationsin several areasof signal processing,

such as beamformingand blind multiuserdetectionin code-
division multiple-access(CDMA) systems.By imposinga set
of linearconstraintson theadaptivefilter, thenecessityof a de-
siredsignalcanoftenberelaxed,resultingin whatis commonly
referredto asblind algorithms. Linear constraintsusually re-
flectstheprior knowledgeof thesystem,likedirectionof arrival
(DOA) of usersignalsin antennaarrayprocessing[1], [2], user
spreadingcodein blind adaptivemultiuserdetection[3], [4], or
linearphase[5].

TheconstrainedLMS (CLMS) algorithm,whichdoesnot re-
quire re-initializationand incorporatesthe constraintsinto the
solutionwasfirst introducedby Frost[1]. More recently, other
constrainedadaptationalgorithmswere introducedwhich are
tailored to specificapplicationsor presentadvantageousper-
formanceregardingconvergenceandrobustnesssee,e.g.,[6],
[7]–[12]. The constrainedRLS (CRLS) algorithm introduced
in [6] is onesolutionwhich tries to overcomethe problemof
slow convergenceexperiencedwith theCLMS algorithmin sit-
uationswhentheinputsignalis stronglycorrelated.

An alternative approachto implementlinearly constrained
(LC) adaptive filters was introduced in [2], which became
known as the generalizedsidelobecanceller(GSC).By trans-
forming the constrainedminimizationprobleminto an uncon-
strainedminimizationproblem,the GSCstructureallows that
any adaptationalgorithmbe directly applied. The GSCstruc-
turemakesuseof a blockingmatrix thatmustbeorthogonalto
thecorrespondingconstraintmatrix.

It hasbeenshown in [2] thatin orderfor thetransientsof the
CLMS algorithm and the GSC employing an LMS algorithm
to be the same,the blocking matrix needsto be unitary. The
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requirementof a unitaryblockingmatrix canleadto a compu-
tationally complex implementationof the GSCstructure.This
is becausethe computationsrequiredfor the multiplication of
theinput-signalvectorwith theblockingmatrixmayexceedthe
filtering operationby anorderof magnitude.In thesesituations
employing other approachesmay be more efficient [9], [11].
For thecaseof non-unitaryblockingmatrices,thetransient,or
equivalently, the convergencespeed,dependson the stepsize
and the particularblocking matrix chosen. In otherwords, if
the blocking matrix changesthe stepsize changes,including
the limits for stability. An equivalence-comparisonof thetran-
sientshasnot yet beenperformedfor theCRLSalgorithmand
theGSCstructureemploying anRLSalgorithm,hereinreferred
to astheGSC-RLSalgorithm.

Thegoalof this paperis to investigatewhat arethe require-
mentsfor transient-equivalencewhen consideringthe imple-
mentationsof the CRLS and the GSC-RLSalgorithms. The
following questionmaybeasked: Is therequirementof unitary
blockingmatrixrelatedto theimplementationof theLMS algo-
rithm carriedoverto thecaseof theRLSalgorithm?It is shown
thatthis is not thecase,andthatthetransientsof theCRLSand
the GSC-RLSalgorithmareequalwith probability one. As a
consequence,any valid non-unitaryblockingmatrixusedin the
GSC-RLSstructurewill alwaysproducethesamecurvesasthe
CRLSalgorithm.

I I . The ConstrainedLeast-SquaresFilter

In linearly constrainedadaptive filtering, the constraintsare
givenby a setof � equations� H ����� (1)

where
�

is a �
	�� constraintmatrixand� is avectorcontaining
the � constraintvalues.Theconstrainedrecursive least-squares
(CRLS)algorithmto bediscussedin SectionIII solvesthefol-
lowing optimizationproblem�
��������������������! H �"���  �"��� subjectto

� H �#�$� (2)

wheretheerrorvector  �"��� is definedas �"������%&�"���('*) H �"���+� (3)

and %&�"�����-,/.0���1�325476�89.:�"�;'=<>��?@?A?�20BC6�8>.:��DE�GF T
(4)

)H���1���JILK �"���(2 4M6�8 K �"�N'O<9�P?@?A?�2 BC6�8 K ��DE�+Q (5)



2

arethe ���SR�<9� 	 < referencevectorandthe �T	 ���UR�<9� input
matrix, respectively, and 2 is theforgettingfactor( DWV�2HXY< ).
Applying the methodof Lagrangemultipliers, the constrained
LS solutionat time instant � is givenby [13]�
�"������Z\[ 4 �����^]_�"���`RaZ\[ 4 ���1� � 	b � H Z [ 4c�"��� �Ud [ 4 b �e' � H Z [ 4c�"���+]f����� d (6)

where ZH�"��� is the �g	\� deterministiccorrelationmatrix and]f����� is the �h	 < deterministiccross-correlationvector, defined
as Zi��������)H�"���^) H ���1�j� Bk lnmpo 20B [ l K �rq^� K H �rq^� (7)

]f�����&��)i�����7%(st�����&� Bk lnmpo 2:B [ l K �rq^�^.usE�rq^�wv (8)

I I I . The constrainedRLS algorithm

A recursive updateof the optimalLS solutionin (6) will be
addressedin this section. Note that the solutionin (6) canbe
dividedinto two terms�
�"��������xcy9���1�`Rz�Py9���1� (9)

where�Wxcy9��������Z [ 4>���1�+]f����� (10)

and �Py9�����&�$Z\[ 4 �"��� � 	b � H Z
[ 4 ����� �Sd [ 4 b �{' � H Z
[ 4 �����^]_�"��� d (11)

Thecoefficient-vector�Wxcy9����� is anunconstrainedsolution(the
deterministicWienersolution)and is independentof the con-
straints,whereas�Py9����� dependson the constraintsimposed
by
� H �
�����|�}� . The coefficient-vector � xcy ����� alreadyhas

a recursive expressiongiven by the unconstrainedRLS algo-
rithm [14]�Wxcy9���������WxcyA�"�~'=<>��R���sxcy �����M�{����� (12)

where �{�"���W�JZ [ 4 ���1� K ���1� is the gain vector, and �>xcy@�"���W�.0�����('�� Hxcy ���~'=<>� K �"��� is thea priori unconstrainederror.
In orderto derive a recursive updatefor � y �"��� , let usdefine

theauxiliary matrices� ����� and � �"��� , which have dimensions� �g	;� � and � �H	~� � , respectively.� �����j��Z\[ 4 �"��� � (13)

� �"���j� � H � �����&� � H Z [ 4c�"��� � (14)

suchthat� y �����&� � ����� � [ 4 �"��� b �e' � H � xcy �"��� d (15)

For the caseof a singleconstraint,� �"��� is a scalarandcom-
putationof � [ 4 ����� is trivial. In caseof multiple constraints,a
recursive formulawill be requiredto reducethecomputational
complexity. Sincethe objective of this paperis to performan
equivalencestudyandnot to deriveefficientupdatingschemes,
TableI shows only thebasicrecursionsof theCRLSalgorithm
asstatedby Equations(12)–(15). For a moreefficient imple-
mentationof the CRLS algorithm, see[6] and [5]. For the
equivalencestudy to be carriedout in SectionV we show in
the Appendixthat the CRLS recursionscanbe written as(see
Appendix)�
���������
���;'O<9��Ra��s��"���^Z [ 4������ K �����('��s��"���^Z [ 4c�"��� � b � H Z [ 4c���1� �Ud [ 4 � H Z [ 4������ K �����

(16)

Equation(16) is of pure theoreticalinterest,since it will not
renderanefficient implementation.

TABLE I

THE CONSTRAINED RLS ALGORITHM .

Initialization:� xcy ��DE� and Z [ 4 ��DE�
for �W�Y<E�����@v@vAv��� �"������Z [ 4 ���~'O<9� K �"����{�"���j� ��� Bw��A��� H � Bw� ��� Bw�Z [ 4 �"����� 4� ,/Z [ 4 �"�;'=<>��' ��� BC� � H � Bw��9�p�

H � Bw� ��� Bw� F�>xcy9��������.:�"���('�� Hx>y �"�;'=<>� K ���1�� xcy ��������� xcy �"�~'=<>��R�� sxcy �����M�{������ �����j��Z [ 4 �"��� �� �"���j� � H � ������
�"��������xcy9���1�`R � ����� � [ 4 �����_I��e' � H �Wxcy9����� Q�
IV. GeneralizedSidelobeCancellerStructur e

This section reviews the generalizedsidelobe canceller
(GSC)structure,andprovidesthenecessarydefinitionsfor the
equivalencestudyin thenext section.For amoredetailedtreat-
mentof theGSCstructure,see,e.g,[2] and[14]. Many imple-
mentationsof LC adaptive filters utilize the advantagesof the
GSC model [14], mainly becausethis model employs uncon-
strainedadaptationalgorithmsthathave beenextensively stud-
ied in the literature. Figure1 shows theschematicof theGSC
model.

Matrix � in Figure1 is a full-rank ��	 � � ' � � blocking
matrix designedto filter out completelythecomponentsof the
input signal that are in the samedirectionsas the constraints.
Matrix � mustspanthenull spaceof the constraintmatrix

�
,

i.e., � H � ��� . Theupperpartof theGSCstructureimplements
theconstraintsthroughthe �T	 < vector � definedas� � ���+� H �;� [ 4 � (17)

The � � ' � � 	 < vector � GSC can be adaptedfreely using
any unconstrainedadaptationalgorithm. The desiredsignal
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Fig. 1. Generalizedsidelobecanceling(GSC)model.

asdefinedin Figure1, incorporatesan external referencesig-
nal .0����� suchthat the resultingdesiredsignal fed backto the
adaptationalgorithmin theGSCstructurebecomes. GSC

�����&�� H K �"���9'².:�"��� . Thismoregeneralcaseincludescommonappli-
cationswhere .:�"���e�YD , e.g.,blind beamforming[1] andblind
multiuserdetection[4].

Theoptimalleast-squaressolutionof � GSC
����� is givenby�

GSC
�����j��Z [ 4

GSC
���1�+]

GSC
�"��� (18)

whereZ GSC
�"��� and ] GSC

�"��� arethedeterministicautocorrela-
tion matrix theandcross-correlationvector, respectively. From
Figure1 it follows thatZ

GSC
�"����� Bk l�m�o 2 B [ l K

GSC
���1� K H

GSC
������ � H Zi����� � (19)

]
GSC

�����j� Bk lnmpo 2:B [ l b � H K �"���('*.:�"��� d s b � H K �"��� d��' � H ]_�"����R � H Zi����� � (20)

TheRLSrecursionsfor theGSCstructurebecomes�
GSC

�����j���
GSC

�"�;'=<>��R���s
GSC

�����M�
GSC

����� (21)

where� GSC
�����j��.

GSC
���1�t'~� H

GSC
�"��'³<>� K

GSC
���1���Y'e�����1� is

thea priori error and � GSC
�����&��Z
[ 4

GSC
�"��� K

GSC
���1� is thegain

vector. In next sectionwe will comparetherecursionsin Equa-
tion (21)with thoseof theCRLSalgorithmin Equation(16).

V. Equivalenceof the CRLS and GSC-RLS
implementations

This sectionaddressesthe relationshipbetweenthe CRLS
algorithm in SectionIII and the GSC-RLSalgorithm in Sec-
tion IV. It is well known that theCRLSandtheGSC-RLSfor-
mulationshave the sameoptimal solution [13]. However, no
resultscomparingtheir transientbehavior have yet beenpro-
vided.Analysisof theCLMS andGSC-LMSalgorithmsreveals
thatthetransientsof bothalgorithmsonly becomeequalif � is
unitary, i.e., � H � �µ´ [2]. Our goal in this sectionis to inves-
tigateunderwhatcircumstancesthetransientsof theCRLSand
theGSC-RLSalgorithmsareidenticalwith probabilityone.

We will studythecoefficient-vectorevolutiondefinedas¶ �
�"�������
������'i�
�"�;'=<>� (22)

Equation(16) givesus the coefficient-vectorevolution for the
CRLSalgorithmas¶ �
�"��������s��"���`·0´f'*Z [ 4������ � I � H Z [ 4>�"��� � Q [ 4 � H ¸	 Z [ 4 ���1� K ���1�

(23)

For the GSC-RLSalgorithm, consideringthat �
�"����� � '� �W¹3º¼»e�"��� , Equation(21)givesus¶ �
�"����� � ' � � GSC
�"����'i�
�"�;'=<>�� � ' � b � GSC

�"�~'=<>�MR��s
GSC

�����7Z [ 4
GSC

����� K
GSC

�"��� Q '��
���;'O<9����cst���1� � b � H ZH�"��� � d [ 4 � H K �"������cst���1�`· � I � H ZH�"��� � Q [ 4 � H Zi�����9¸½Z [ 4c����� K �����
(24)

where �
���H'¾<9��� � ' � � GSC
���i'�<9� was usedtogether

with Equation(19). In orderfor Equations(23) and(24) to be
identicalit is requiredthatthefollowing matrix equalityholds:� � � H ZH���1� � �¿[ 4 � H ZH���1�RaZ\[ 4 ����� � � � H Z
[ 4 �"��� � �w[ 4 � H ��´ (25)

The initialization of both schemes(CRLS and GSC-RLS)
shouldbeequivalent,whichmeansZ [ 4GSC

��D¼�j� I � H ZH��DE� � Q [ 4
and �
��DE�j� � for theparticularcasewhere� GSC

��D¼�j��� . The
equivalenceof the CRLS andthe GSC-RLSusingthe correct
initialization is ensuredby thefollowing lemma:

Lemma 1. For � H � �h� , if Z [ 4 �"��� existsand is symmetric,
if rank� � �f� � ' � , andif rank� � �_� � , Equation(25) holds
true.

Proof: Define the matrices À� � Z H 6�8 ����� � andÀ� �ÁZ [ 4M6�8 �"��� � where ZH�"���Â��Z 4M6M8 �����7Z H 6M8 ���1� . With
thesenotations,the left handside of Equation(25) becomesÀ� � À� H À� � [ 4 À� H R À� � À� H À� � [ 4 À� H, andit remainsto show that
this additionof matricesequalsidentity. For this purpose,let
us introducethematrix Ã � b À� À� d . Ã is a full-rank ( �Ä	
� )
matrix,and,consequently, Ã [ 4 exists.We have,Ã H Ã �ÄÅ À� H À� À� H À�À� H À� À� H À�NÆ �TÅ À� H À� �� À� H À�NÆ (26)

wheretherelation À� H À� ��� wasused.We have� Ã H Ã �¿[ 4 �gÅ � À� H À� � [ 4 �� � À� H À� � [ 4 Æ (27)

Therefore,Ã � Ã H Ã � [ 4 Ã H � ÃUÃ [ 4 Ã [0Ç Ã H ��´� b À� À� d Å � À� H À� � [ 4 �� � À� H À� � [ 4 Æ Å À� HÀ� H Æ� À� � À� H À� �w[ 4 À� H R À� � À� H À� �w[ 4 À� H ��´
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As a consequenceof Lemma1, andEquations(23) and(24),
we canconcludethat the necessaryrequirementfor equivalent
transientsof the CRLS and the GSC-RLSalgorithmsis that� H � �È� , which holds true in any GSCstructure. This is a
looserrequirementthanthetransient-equivalenceof theCLMS
andGSC-LMSalgorithms,which in additionto � H � �µ� , re-
quires � to beunitary.

VI . Simulations

In thissectiontheequivalenceof theCRLSandGSC-RLSal-
gorithmsareinvestigatedin two applications.Thefirst applica-
tion is abeamformingapplicationwherethedesiredsignalis set
to zero,i.e., .0�����½�hD . Thesecondapplicationusingthemore
generaldesiredsignalwith .0������É��D is a system-identification
applicationwheretheadaptivefilter is constrainedto havelinear
phase.

A. Beamformingwith derivativeconstraints

A uniform lineararraywith Ê ��<9� antennaswith element
spacingequalto half wave-lengthwas usedin a systemwithË �YÌ users,wherethesignalof oneuseris of interestandthe
other4 aretreatedasinterferers.Thedirectionof arrival (DOA)
andthesignal-to-noiseratio (SNR)for thedifferentsignalscan
befoundin TableII.

A second-orderderivative constraintmatrix [15] was used
giving a total of three constraints(see [15] for further de-
tails). The GSC implementationuseda non-unitaryblocking
matrixconstructedthroughasequenceof sparsematricesaspre-
sentedin [16] renderinganimplementationof themultiplication� K ����� of low computationalcomplexity.

The simulationswere averagedover 50 trials and both the
CRLS andthe GSC-RLSalgorithmsused 2=�ÍD�v ÎtÎ . Figure2
shows theevolutionof coefficient-errornormfor theCRLSand
theGSC-RLSalgorithms.Figure2 alsoplotstheresultsfor the
CLMS andtheGSC-LMSalgorithms.As canbeseenfrom the
figure, the CLMS andthe GSC-LMSalgorithmsonly become
identicalwhenusingthe unitary blocking matrix, whereasthe
CRLS andthe GSC-RLSalgorithmsareidenticalfor the non-
unitary blocking matrix. This fact is further illustratedin Fig-
ure3, wherethenormof thedifferencebetweentheCRLSand
theGSC-RLSsolutionsis plotted.

TABLE II

SIGNAL PARAMETERS

SIGNAL DOA SNR

desired Ï o 15dB
interferer1 ÐwÐ o 20dB
interferer2 Ñ�Ò7Ó o 25dB
interferer3 Ñ`ÐwÏ o 25dB
interferer4 Ñ`ÓwÏ o 20dB

B. Identificationof plant with linear phase

An experiment was carried out in a system-identification
problemwherethe filter coefficientswereconstrainedto pre-
serve linearphaseat every iteration. For this examplewe used
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Fig. 3. Norm of the differenceof the CRLS and the GSC-RLScoefficient
vectorsas a function of the iteration Þ for a beamformingapplicationusing
derivative constraints.

� ��<AD and,in orderto fulfill thelinearphaserequirement,we
made� �åäæ ´@ç 6�8� T'fèpç 6�8

éê
(28)

with è beinga reversalmatrix (anidentity matrix with all lines
in reversedorder),and�½� b D{?A?@?7D d T (29)

Due to the symmetryof
�

andthe fact that � is a null vector,
efficient structurescanbe employed to constructthe blocking
matrix [5]. TheGSCimplementationusedanon-unitaryblock-
ing matrix givenby

� ��äæ ´Cç 6�8 �� T <è�ç 6�8 � éê (30)
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The input signalconsistsof zero-meanunity-variancecolored
noise with eigenvalue spreadaround <9ëEÌ�D and the reference
signal was obtainedafter filtering the input by a linear-phase
FIR filter andaddingmeasurementnoisewith varianceequalto<AD [0ì .

The simulationswere averagedover 50 trials and both the
CRLS andthe GSC-RLSalgorithmsused 2=�ÍD�v ÎEÌ . Figure4
shows theevolutionof coefficient-errornormfor theCRLSand
theGSC-RLSalgorithms.Similarly asin thebeamformingex-
ample,the curvesfor the CRLS andthe GSC-RLSalgorithms
areidentical,andthe CLMS andthe GSC-LMSbecomeiden-
tical only whenthe blocking matrix is unitary. Figure5, plots
thenormof thedifferencebetweentheCRLSandtheGSC-RLS
solutions.
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Fig. 4. Coefficient-errorvectorasa function of the iteration Þ for a system-
identificationapplication.
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Fig. 5. Norm of the differenceof the CRLS and the GSC-RLScoefficient
vectorsasa functionof theiteration Þ for asystem-identificationapplication.

VII . Conclusions

Thispaperinvestigatedtheconditionfor which thetransients
of theconstrainedRLS algorithmandtheGSCstructureusing

anRLSalgorithmbecomeequal.It wasshown thatfor aproper
initialization, the only requirementis that the blocking matrix
of theGSCstructureis orthogonalto thespacespannedby the
constraints,which is alwaystruefor a properlydesignedGSC.

Appendix

In thisAppendixit is shown thattheCRLSalgorithm[6] can
be written on the form given by Equation(16). Let us start
by finding a recursive expressionof � �"��� . We first note thatZ [ 4 ����� canbewrittenas[14]Z [ 4 �"����� <2 b Z [ 4 �"�N'O<9��'*Z [ 4 �"��� K �"��� K H �����7Z [ 4 ���;'O<9� d

(31)

Using(31) in (13) results� �"���j� <2 I Z [ 4>���;'O<9� �'eZ [ 4c���1� K ���1� K H �����7Z [ 4����~'O<9� � Q� <2 I � �"�;'=<>��'*�f�"��� K H ����� � �"�;'=<>� Q (32)

In order to obtain a recursive expressionfor � [ 4 �"��� , pre-
multiply (32) by

� H andapplytheMatrix InversionLemma� [ 4 ���1�j��2~ù � H � ���;'O<9��' � H �{���1� K H �"��� � ���;'O<9�Aú [ 4��2 I � [ 4 �"�;'=<>�R � [ 4 ���;'O<9� � H �f����� K H �"��� � ���~'O<9� � [ 4 �"�N'O<9�<{' K H ����� � �"�;'=<>� � [ 4 ���~'O< � H �f���1� Æ
(33)

In orderto simplify thenotation,defineû û û ����� asû û û �����j� � [ 4 ���~'=<>� � H �{�"���<{' K H ����� � �"�;'=<>� � [ 4 ���;'O<9� � H �{�"��� (34)

which gives� [ 4 �"���j�
2|I � [ 4 ���;'O<9�R û û û ����� K H ���1� � �"�;'=<>� � [ 4 ���;'O<9� Q (35)

From(34),weknow thatû û û �����j� û û û ����� K H ���1� � ���;'O<9� � [ 4 ���;'O<9� � H �f�����R � [ 4 ���~'=<>� � H �{�"��� (36)

Post-multiplying(33) by
� H �f�"��� and divide by 2 gives the

sameexpressionasin (36), thereforeû û û �����j� <2 � [ 4 �"��� � H �{�"��� (37)

To show theformulationof theCRLSalgorithmgivenby (16),
substitute�>xcy9����� by .0�����ü'�� Hxcy ���\'¾<9� K �"��� , and � ����� and� ���1� by their recursiveexpressions.Usingtherecursionsgiven
by Equations(9) and(11), thecoefficient updatefor theCRLS
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algorithmis givenby�
���1�j�$� xcy �����`R�� y ��������WxcyA�"�~'O<>��R � ����� � [ 4 ����� b �ý' � H �Wxcy9���;'O<9� dR���sxcy �����M�{���1�(' � ����� � [ 4 ����� � H �f�����7��sx>y �"������ xcy �"�~'O<>��R � ���;'O<9� � [ 4 �"�;'=<>� I �{' � H � xcy ���~'O<9� Q'*�e����� K H ���1� � ���~'=<>� � [ 4 ���;'O<9�_Iþ�ý' � H �Wxcy9���;'O<9� QR�� sxcy �����M�{���1�R � ���~'O<9� û û û ����� K H ���1� � ���~'=<>� � [ 4 ���;'O<9� 	I �ý' � H �Wxcy9���~'O<9� Q'*�e����� K H ���1� � ���~'=<>� û û û �"��� K H ����� � ���;'O<9� � [ 4 �"�;'=<>� 	I��ý' � H �Wxcy9���~'O<9� Q' � ���1� � [ 4 ����� � H �{���1�^��sxcy �"���
(38)

In Equation(38) the term �Wxcy9���
'�<9�fR � �"�\'�<>� � [ 4 ���
'<9�fI��{' � H �Wxcy9���;'O<9� Q correspondsto �
���h'�<9� . Fur-
thermore with � sxcy ���1� � . s ������' K H �����^� x>y �"�J'ÿ<9� ,
the second and third expressions correspond to�{�"��� � . s ������' K H ����� � �WxcyA�"�~'=<>�`R � ���;'O<9� � [ 4 �"�N'O<9� 	b �e' � H ��xcy9���;'O<9� d � � which simplifies to �f�"��� b . s �"���='K H �"���+�
�"�O' <>� d � �f�����7� s �"��� . As a consequenceEqua-
tion (38)simplifiesto�
���1�j�$�
�"�;'=<>��Ra�{�"���^� s �����R � ���;'O<9� û û û ����� K H ���1� � ���;'O<9� � [ 4 ���~'O<9� 	I �e' � H �Wx>y9�"�;'=<>� Q'z�f����� K H ���1� � ���;'O<9� û û û �"��� K H ����� � �"�N'O<9� � [ 4 ���~'=<>� 	I �e' � H � x>y �"�;'=<>� Q' � ���1� � [ 4 ����� � H �{�����

� ��� ����� � � BC� b . s ������' K H �"���+�Wxcy>���~'O<9� d
���
���~'Â<9��R=�f�����7�cst���1�R b � ���~'O<9�('z�f���1� K H �"��� � ���~'O<9� d� ��� ��	� � Bw�	;ûû û ����� K H ����� � �"�;'=<>� � [ 4 ���;'O<9�_Iþ�ý' � H �Wxcy9���~'=<>� Q' � ���1�72 û û û ����� b . s ������' K H �"���+� xcy ���;'O<9� d���
���~'Â<9��R=�f�����7�cst���1�R=2 � ����� û û û ����� K H �"��� � ���~'O<9� � [ 4 ���;'O<9� 	I �e' � H � x>y �"�;'=<>� Q'z2 � ����� û û û ����� b .usE������' K H �"���+�Wxcy9���;'O<9� d���
���~'Â<9��R=�f�����7� s ���1�('*2 � ����� û û û �����	 ��. s �"����' K H ���1� 	� ��xcyA���;'O<9��R � �"�~'=<>� � [ 4 ���;'O<9� I �e' � H �WxcyA�"�;'=<>� Q �
� ��� �� � B [ 47� �
���
���~'Â<9��R=�f�����7�cst���1�('*2 � ����� û û û ����� 	I .0�����('�� H �"�;'=<>� K ���1� Q s���
���~'Â<9��Ra� s ���1�7�f���1�('*2:� s ����� � ���1� û û û ���1�

(39)

which is equalto theCRLSupdategivenby (16).
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