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Infinite PrecisionAnalysisof the
FastQR Algorithm Basedon
a Posteriori Backward PredictionErrors
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Abstiact— The corventional QR Decomposition (QRD)
method requires order N2—O[N2]—multiplications per
output samples.However a number of fast QRD algorithms
have beenproposedwith O[N] of complexity. Particularly
the FastQRD algorithm basedon a posterioribackward pre-
diction errorsis well known for its goodnumerical behavior
and low complexity. This algorithm hastwo distinct versions
and, in order to decidewhich oneto choos&or agivenimple-
mentation, its infinite precisionanalysisof the meansquare
valuesof the internal variables would be required. In addi-
tion to this implementation issue,the finite-pr ecisionanal-
ysisrequiresthe estimatesof thesemean square values. In
this work, we first presentan overview of the Fast QRD al-
gorithms basedon a posterioribackward prediction errors,
followed by an infinite precisionanalysisof the steadystate
meansquare valuesof the inter nal variables. Finally, the va-
lidity of the analytical resultsare verified by computer sim-
ulations carried out in a systemidentification setup. In the
appendicesthe detailed description of eachimplementation
is listed.

|. INTRODUCTION

S INCE thefirst QR Decompositiorhased~astRLS al-
gorithmintroducedby JohnCioffi in 1990[1], mary
other Fast QRD-basedRLS algorithmswere developed
[2], [3], [4], [5], [6]. It is known that the fast QR algo-
rithms basedon backward predictionerrorsupdatingare
minimal in systemtheory senseand backward stable[2],
[7]. This work is focusedon the study of the FastQRD
algorithm basedon a posteriori backward predictioner-
rors, which is well known for its good numericalbeha-
ior andlow computationatompleity. Thisalgorithmhas
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two know implementationgindthe choiceof the bestone
is not an easytask, speciallyin fixed-pointarithmeticim-
plementationsisinga reasonablyjlarge numberof bits of
wordlength. The properchoicerequiresan infinite pre-
cision analysisof the meansquarevaluesof the internal
variablesn orderto addressheimplementatiorcomple-
ity of the fixed-pointarithmeticimplementation.In addi-
tion, thefinite-precisionanalysisrequiresthe estimateof
thesemeansquarevalues.

It canbeseenon [5] thatfastQRD-RLSalgorithmscan
be classifiedin termsof the type of triangularizationap-
plied to the input datamatrix (upperor lower triangular)
andtype of errorvector(a posteriorior a priori) involved
in the updatingprocess. It canbe seenfrom the Gram-
Schmidtorthogonalizatiorprocedurethat an uppertrian-
gularization(notationbeingthesameasin [5]) involvesthe
updatingof forward predictionerrorswhile a lower trian-
gularizationinvolvesthe updatingof backward prediction
errors.Tablel presentghis classificatioraswell aspoints
out how thesealgorithmswill be designatedhereafter

TABLE |
CLASSIFICATION OF THE FAST QR ALGORITHMS.

Error Prediction
Type Forward | Backward
A Posteriori]| FQRPOSF[1] | FQRPOSB [2], [6]
A Priori || FORPRLF[5] | FORPRLB [3], [4]

This paperis organizedas follows. In Section2, we
presenanoverviewn of thesefastalgorithms.Then,in Sec-
tion 3, theinfinite precisionanalysisconcerninghesteady
statemeansquarevaluesof eachinternalvariableis pre-
sentedIn Sectiond4, thevalidationof theanalyticalresults
obtainedis carriedout throughcomputersimulations.Fi-
nally, someconclusionsaresummarized.
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Il. THE FOR ALGORITHMS BASED ON BACKWARD
PREDICTION ERRORS

The RLS algorithmsminimize the following costfunc-
tion

k

= "N (i) = e (k)e(k) =| e(k) |I*

=0

¢(k) (1)

whereeachcomponenbf thevectore(k) is thea posteri-
ori erroratinstant; weightedoy A(—%/2 (X is theforget-
ting factor). Thevectore(k) is givenby

)

In (2), d(k) is theweighteddesiredsignalvector X (k)
is the weightedinput datamatrix of order N (the num-
ber of coeficientsis N + 1), andw(k) is the coeficient
vector Thepremultiplicationof theabove equationby the
orthonormalmatrix Q (k) triangularizesX (k) without af-
fectingthe costfunction.

QUije) = eqig = | &0 |

€qo (k) (3)
[ &6] ol

dy, (k) U(k)

Theweighted-squarerrorin (1) is minimizedby choosing
w(k) suchthatthetermd (k) —U (k)w (k) is zero.Equa-
tion (3) canbewritten in arecursve form while avoiding
everincreasingorderfor thevectorsandmatricesnvolved

[8]:
)]

|: €q1 (k)
dy, (k)
where Q(k) = [Ii_y Qy, (k) is a sequenceof Givens
rotationsthat annihilatesthe elementsf the input vector

d(k)

| =@ | umgn @

z(k) = [z(k)z(k — 1) --- z(k — N)]¥ in theequation
of 1 zT (k)
and,
cosb;i(k) 0T  —sinf;(k) 0OF

0 In_; 0 0---0
Qo; (k) = sinb;(k) (])VT cosb;(k) of

0 0---0 0 I;

(6)

The following relation which is also usedin the con-
ventional QR algorithm is obtainedby postmultiplying

el (k)Q(k) by thepinningvector[1 0 ---

q
Hcos@

wherey(k) is thefirst elemenbf thefirst row of Q4 (k).
Matrix Q4(k) in (4) canbepartitionedas

v(k)  —v(k)aT (k) ]
f&) Bk

where, using (8) in (5) and recalling that Q4(k) is or-
thonormal,t is possibleto prove that,for thecaseof lower
triangularizatiorof U(k) (backward predictionerrorsup-
date),f (k) = [U(k)]~Tz(k) is the normalizeda posteri-
ori backvardpredictionerrorvector{3], a(k) = U~ (k—
1) X (k)/v/X is the normalizeda priori backwvard predic-
tion errorvector[3], and E(k) = A/2[U k)] T [U(k -
DT,

Theupdateof thea posterioribackwardpredictionerror
vector f(k), leadsto theso-calledFQR POSB algorithm.
Theupdateequationof this vectoris givenby

0]”.

= eqi (k)7 (k) ()

- e(h

Q) - | ®)

[7”22(('2111)” _oykin| S ] ©)
flk+1) af e e

whereQy (k) is a sequencef Givensrotationsthatgen-
erated| ey (k) || andit canbeobtainedrom thefollowing
equation

0 PN dfz(k—f-l)
[ne <k-+1)||]‘Qaf(’““’[||eﬁ<k+1>||]

(10)

For this algorithmandfrom the derivation of (9), it can
be obsered that the last elementof f(k + 1), given by

7’(”0()“1) , was precalculatedn the previous step. This
lles” (k+1)]l

factleadsto two slightly differentimplementation®f the
samealgorithm. Thefirst one,is basednthis prior knowl-
edgeof the lastelementof f(k + 1) andthe secondone
is basedon the straightforvard computatiorof f(k + 1),
therefore requiringthe calculationof %

Thefirst versionof this algorlthmwasmtroducedn [6]
and its detaileddescriptionis presentedn Appendix A.
Thesecondrersionof this algorithmwasintroducedn [2]

andits detaileddescriptionis givenis AppendixB.
I1l. MEAN SQUARE VALUES OF THE INTERNAL
VARIABLES OF THE FQR_POS_B ALGORITHM

The basic matrix equationsof the fast QR algorithm
basedna posterioribackward predictionerrorsarelisted
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in Tablell. In this section,we derive the meansquare

valuesfor variablesencounteredh bothimplementations.

For the infinite precisionresultsof the FQR.POSB algo-
rithm, all variableshave the samenotationusedin its de-
tailed description(Appendices).

TABLE I
THE FQR_POS_B EQUATIONS.

FOR_POSB

for eachk
{ 1.Obtainingdy, (k + 1):

[gmted ] =am]

z(k+1) ]
dgq, (k+1)

M2d g, (k)

2. Obtaining|| ef(k + 1) ||
lles(k+1) ll= \/efcql E+1D)+Alles(k) 17
3. ObtainingQy ; (k + 1):
0 , [ dig,(k+1) :|
= k+1 o

jw9m+nn] QusEFD |l estk+1)
4. Obtainingf (k + 1):
[ _es(k+1) f(k)

lex(k+1)] | = Q' (k+1) er(k+1)

Flk+1) " T (T

5. ObtainingQ, (k + 1):
(17 v(k+1)
o |=@ien | 1T ]

6. JointProcesEstimation:

[ elh (k + 1) —

| dy k1) | T QEFD

7. Updatingthe outputerror:
e(k+1)=¢eq(k+1)y(k+1)

}

d(k +1)
\2d,, (k) ]

A. MeanSquae Valuesof cosé; (k) and sinb; (k)

Thefollowing resultscanbefoundin [9].

Elcos®0;(k)] = X (11)
E[sin?6;(k)] =1 — A (12)
B. MeanSquaeVaIueofengl(k)
Thefollowing resultwasfirst derivedin [10].
21 of 22 )
{[efql( )] } R og (1+—/\ (13)
C. MeanSquae Valueof d g, (k)
Thefollowing resultwasobtainedfrom [10].
2 N+1—1¢
aw 23

D. MeanSquae Valueof || ef ( ) |l
Thefollowing resultcanbefoundin [10].

2 i
(i) 91 _ Oz 2X
Bl <0 1= 125 (125) 5)
E. MeanSquae Valuesof cost. (k) and sinf’, (k)
Thefollowing resultswerealsoderivedin [10].
2X
2
E|[cos 9f (k)] = T (16)
1-X
El[sin? 17
[sin’6f,(R)] ~ 15 an

F. MeanSquae Valueof () (k)

It is known from the technicalliteraturethat y(k) =
Hf\io cosB;(k). If weuse(11)and(12),andassumeénde-
pendencéetweercost; (k) andcos;(k), i # j, it is easy
to find the next expression

E{O®)P} ~ X

Thesameexpressiorwasalsoobtainedn [11] usingadif-
ferentapproach.

(18)

G. MeanSquae Valueof dys, (k)

Thefollowing resultswasfirst introducedin the litera-
turein [9].

Eldg,,,_, (k)]

]

Q

.

o2 2 o2 N 2
[1f>\w0,i + 95 2 j=it1 WO,
(19)

wherewg; = E[w}(k)]. Obsere thatalthoughwy is
not available,a roughestimateof o2 'wo ;, canbe obtained

basedonthepower of the referencalgnal[9].

H. MeanSquae Valueof e{? (k)

From the joint process estimation part of the

FQRPOSB algorithmwe take theexpression®f eg? (k+
1) anddgay ., ; (k + 1), andusethemto derie the ex-

pectedvalueof [ef) (k + 1)]2 + [do2y,s_i (K + 1)]%. By
assumingstationarity we find thefollowing relation.

(OAN P (i-1) (1.
E{lf0P} =E{L (n} 0)

—(1 = NE[dg,,, (k)]

whereE {[e((]?) (k)]z} =0} =02 L w2, + ol isthe
varianceof the referencesignalando? is the varianceof
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the measurememoise (it is assumederethat the algo- The chosen\ was0.95. The simulatedandtheoretical
rithm is appliedin a sufiicient-orderidentificationprob- resultsareshowvn in Tablelll wherewe seethat the pre-
lem, i.e., the unknawvn FIR systemhasthe sameorderas dictedvaluesarevery closeto the measuredalues.
thi?:;rwffélrﬁrg.elasteq atiorof thealgorithm,we have TABLE Il
inally, uati ithm,w
i MEAN SQUARE VALUE.
Ele*(k)] =~ A*tLE[eZ (k)]. Sincefrom (20) and (19) Q

9 D . )
we hla/e that Efez, (k)] = o3, the following expression | Simulation [ Theoretical |
results: @ (0]
=5 6fq1 (k) - efth (k) -
9 L \N+1 2 i=0 0.1001463 10~ 0.1000000 10~
Ele"(k)] = A In (21) i=1  0.0977555 1072 0.0974359 1072
i=2  0.0954073 102 0.0949375 102
l. MeanSquae Valueof f;(k) i=3  0.093188210~2 | 0.0925032 102
Fromtheimplementatiorof thestep“ObtainingQ, (k+ =4 0.0909946 10> | 0.0901314 10~°
i=5  0.0888874 10 2 0.0878203 102

1)” (seeTablell andAppendixA or B) we have

4 e’ ;| e’ (k) |
_i(k+1) =~ (k 4+ 1) sinbi_ (k + 1 22 i=0  0.020026731 0.020000000
Il ) =7 ( ) -1 ) (22) i=1  0.019549052 0.019487179
By takingtheexpectedvalueof (22) andusingtheapprox- !:g 8-8122;223; 8-812233223
. . . 1= . .
imations(12) and(18), we obtain =4 0.018196971 0.018026273
2 o \N+4l—ifq i=5  0.017775505 0.017564061
Elfi (k)] = A =2 (23) i=0  1.001001001 1.000000000
i=1  0.953151588 0.950000000
J. MeanSquae Valueof auz; =2 0.907438523 0.902500000
The implementationof the step“Obtaining f(k + 1)” !:j 8-222;?;%; 8-2?1252228
. . . 1= . .
canpereahzedpy two Ways,.asmentloned'n the previous =5 0.782402799 0.773780038
sectlon.Thesam_plementaﬂonsarefound in Appendices dran. (F) dra2, (F)
A andB, respeciiely. ~D (k) ~D (k)

0.421465504 10~° | 0.462212139 10~ °
0.438696191 10~ | 0.474375616 1072
0.443879956 10~ | 0.486859185 102

In the first versionof this algorithm sincewe take the
expressionsor fyio—;(k + 1) andauz;, andusethemto
2 2 . . .
calculateE[fNHf,i(éc)] —f—E[Qauxi ],itis stralghtforvgirdto 0.469505010 10-* | 0.499671269 10~
concludehatElauz;|+E[fy ,_;(k+1)] = Elauzi_]+ 0.477679154 10~% | 0.512820513 10~
E[f]%,Hfl(k)]. Sincefni1(k + 1) = auxy, it is easyto cost}, (k) cost}, (k)

IR
abhwnN R

ﬁgureouttha’[E[au;L-Z?] = E[f]%f-f—l—i(k)]’ then: i=0  0.977811931 0.974358974
i=1  0.977604023 0.974358974
Elauz?] ~ N(1 - \) (24) i=2  0.978317517 0.974358974
g i=3  0.978072023 0.974358974
For the secondversionof this algorithm sincewe use =4 9‘%7?;:;’9190 0'97.42?(8,3)74

. stnf; si1nd;
the 2expressmnsfor fi_1(2k + _1) angl auz; to calculate =0 0.023189070 0.095641096
E[f7 1(k +1)] + Elauz;], it is straightforvard to shav i=1  0.023396978 0.025641026
thatE[auz? ] — E[f% ,(k +1)] = Elauz?] — E[f?(k)]. =2 0.022683484 0.025641026
Sincefy+1(k + 1) = auzy1, follows that E[auz?] = =3 0.022928978 0.025641026
i=4  0.022601811 0.025641026

E[f%(k)], therefore:

Elauz?] ~ \NT1(1 - )) (25)
V. CONCLUSIONS

In this paper the two implementationf the fast QR
decompositioralgorithmbasedon a posteriori backward

In this sectionwe consideran examplewherethe in-  prediction errors have beenanalyzedin finite precision
put signalis a zero-mearrandomGaussiarprocesswith  enjironment. Theseimplementationsare generallygood
variances? = —30 dB, the measurementoiseis Gaus- choicesamongthe fastRLS algorithmsdueto their low
sianwith variance—70 dB, the desiredsignalis obtained computationatompleity and proved stability whenim-
througha fourth-orderfilter. In anensemblef 1000 runs, plementedwith finite precisionarithmetic.
eachwith 5000 samplespnly the4000 lastoutputsamples  Closed-formformulaefor the estimationof the mean
wereusedto calculatethe meansquarevalue. squarevaluesof the internalvariableswereobtained,and

IV. SIMULATION RESULTS
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theoreticalresultswere comparedwith computersimula-
tions, confirmingtheaccurayg of the analysis.

Theseexpressiongrekeys for aproperimplementation
of this algorithm usingfixed-pointarithmeticprocessors,
sincethe numberof bits for eachinternal variablecould
be determinedby its estimatedmeansquaredvalue. In
addition,they arerequiredin the finite-precisionanalysis
of the FQR.POSB algorithms.

MeanSquarevalue(Continuation)
| Simulation | Theoretical |
dg2; (k) dg2; (k)
0.000182101 0.000180263
0.000749849 0.000744770
0.000213413 0.000214218
0.015857762 0.015814596
0.000616829 0.000646154

ek +1) ek +1)

T
B WN RO

i=0 0.881162016 103 0.8810°°
i=1  0.850300906 1073 0.847692308 103
i=2  0.057352799 1073 0.056962525 10~3
i=3  0.046681956 103 0.046251623 103
i=4  0.009183574 103 0.009013137 1073
i=5  0.000077200 103 0
fi(k) fi(k)
i=0 0.037887517 0.038689047
i=1  0.039735609 0.040725313
i=2  0.041652819 0.042868750
i=3  0.043647296 0.045125000
i=4  0.045713065 0.047500000
i=5  0.047849413 0.050000000

aur; FQR_POS_BV.2

aur; FQR_-POS_BV.2

i=0  0.037887263
i 0.039734548
0.041652272
0.043648002
0.045713712
0.047849413

a b wnN Pk

0.038689047
0.040725313
0.042868750
0.045125000
0.047500000
0.050000000

aur; FQR_-POS_BV.1

auz; FQR_-POS_BV.1

i=0  0.047849413

0.047500000

i=1 0.045713712 0.045125000
i=2  0.043648002 0.042868750
i=3  0.041652272 0.040725313
i=4  0.039734548 0.038689047
e(k) e(k)
6.0910°° 7.74107°
cosB;(k) cos0; (k)
0.953151588 0.95
sinb; (k) sinb; (k)
0.047849413 0.05
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APPENDIX A: THE DETAILED FQR_POS.B ALG. V. 1

FQR_POSB - Version1 - Ref. [6]

APPENDIX B: THE DETAILED FQR_POS.B ALG. V. 2

Initialization:
e = smallpositive value;
| e (k) [[=€
dsq2(k) = zeros(N +1,1);
dg2(k) = zerosNV + 1,1);
cosB@(k) = onesN + 1,1);
sin@(k) = zeros(N + 1,1);
f(k) = zeros(NV +1,1);
fork=1,2,...
{ef) (k+1) =2k +1);
fori=1:N+1
{e$) (k+1) = costi_1(k)el P (k + 1)
_Sineifl(k)kl 2df42N+2—i(k);
dforypami (b +1) = sinbio1 (K)efy, " (k + 1)
+00561*1(k))‘1/2dfq2N+2—i(k);
}
erar(k+1) = el (k +1);
les(k+1) ll= \fed,, G+ 1)+ Xl e (k) II%
Il " (k + 1) [I=Il e;(k+1) Il
fori=1:N+1
{Ilef™ Ik +1) |
= 10+ 1) |2 2, (k + 1);
cosby, ., (k+1)
=l ek + 1) I /1 NIk +1) Il
sinby ., (k+1) e
=dpg(k+1)/ | ek + 1) [;

}
auzo = z(k+1)/ || e (k+1) ||
fN+1(k + 1) = auxo,
fori=1: N
INt2—i(k)—sinb}, _ (k+Dauz;_1
{fyvy1-i(k+1)= cost _1(k1+1) '

aux; = —sinfy,_ (k+1)fvi1-i(k+1)
+cosb,_ (k+ 1)auzi_1;

YOk+1)=1;

fori=1: N+1

{sinfi—1(k+1) = fyie—i(k+ 1) /7" Dk +1);
cosbi_1(k+1) = \/1 —sin?0;_1(k +1);
YOk +1) = cosbi_1(k + 1)y D (k +1);

y(k+1) =yF (k4 1);

ek +1) =d(k + 1);

fori=1:N+1

{e(k +1) = cosfi_r(k+ 1)el ™ (k + 1)
—sinbi—1(k + D)X *dg2y o, (K);

daznyo_; (k+1) = sinb;_1(k + ey V(k + 1)

+cosi—1(k + D)X *dg2y o, (K);

}

ea(k+1) = e (k +1);
e(k+1)=-eq (k+1)y(k+1);
}

FQR_POSB - Version2 — Ref. [2]

Initialization:
e = smallpositive value;
| es (k) ||=¢
dsq2(k) = zeros(N +1,1);
dg2(k) = zerosV + 1,1);
cosB(k) = ones(N + 1,1);
sin@(k) = zeros(N + 1,1);
f(k) = zeros(V +1,1);
fork=1,2,...
{ef) (k+1) =2(k+1);
fori=1:N+1
{ef) (k+1) = costi_1(k)el P (k +1)
—sinfi—1 (k)X *d g2y 5 ; (k);
dfory yami(k+1) = sinbis (K)efy, " (k+1)
+00561*1(k)kl/2dfq2N+2—i(k);
}
esa (b +1) = el M (k + 1);
| es(k+1) = \/efcql (k+1)+ Xl es(k) |1
¥k +1) [|1=]l es(k +1) [;
fori=1:N+1
e 2k +1)|
= Il €2+ 1) |12 2y, (k + 1);
cosby, ., (k+1)
=l e Ek+1) || /1 eSO+ 1) I
sinby ., (k+1) '
=dg2, (k+ 1)/ [| ¥k + 1) |;

}
e 1
auzo = Mg
fori=1:N+1
{fici(k+1) = COSG}N+1—i(k + 1) fi(k)
—sinfyy ., (k+ 1auz_;
auz; = sinfy,_,_ (k+1)fi(k)
+00593‘N+1_,- (k+ Dauz;—1;

ey = folk +1);

fys1(k+ 1) = aurng1;

YOk +1) =1;

fori=1:N+1

{sinbi_1(k+1) = fvya—i(k+1)/7" D (k +1);
cosfi—1(k +1) = /1 — sin?0;_1(k + 1);
YD (k41) = cosbi—1(k+ 1)y "V (k +1);

vk +1) =y (k4 1);

eD(k+1) =d(k +1);

fore=1:N+1

{ eg?(k +1) = cosi—1(k + l)eéifl)(k +1)
—sinbi—1(k + DA 2dgay o_; (K);

daznyo_; (k+1) = sinb;_1(k + 1egy V(k + 1)

+c0s0i—1(k + DA 2dgay .o, (K);

}

eq(k+1) = 6((111V+1)(k +1);
e(k+1) =eq (k+1)y(k+1);
}




