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Abstract—This paper presentsa performance analysisof two QPSK de-
tection schemedor flat Rayleighfading channels.Closed-brm expressions
for the bit error probability of both schemesare obtained. It is shown that
they presentthe sameerror probability and a complexity analysisis car-
ried out to determine the bestschemen terms of the number of operations
(multiplications, divisions,subtractions and comparisons)executedby each
detector
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|. INTRODUCTION

IRELESScommunicationsystemsaresubjectto severe

multipathfadingthatcanseriouslydegradetheir perfor
mance. The useof codinganddiversity techniquego mitigate
the effectsof fadinghasbeenexploredby severalauthorg1—7].
However, mary of thosetechniquegauseanincreasen thesys-
tem complexity, mainly at therecever. As a consequencehe
delay introducedin the systemis increasedsincethe process-
ing time alsoincreaseswvith the systemcompleity. Consider
ing power-limited mobile handsetsthe large numberof opera-
tions leadsto a higher power consumptionand, consequently
to shorteroperationtimes. In this way, the searchfor low-
complity (andfaster)techniqueds a challengingtaskwhich
hasattractedhe attentionof mary researcherfg].

The amplitude and phasefluctuationsinherentin wireless
channelssignificantlydegradethe bit-error rate performanceof
QPSKsystemswheretherecevermustscaletherecevedsignal
to normalizethe channelain,sothatits decisionregionscorre-
spondto thetransmittedsignalconstellation Anotherapproach
is to scalethe constellatiorsymbolsinsteadof therecevedsig-
nal.

In this work, two QPSK detectionschemegcorresponding
to the previous mentionedapproachesjor flat Rayleighfad-
ing channelsarepresente@ndtheir performances evaluatedn
termsof the bit error probability andcomplexity. Closed-form
expressiongor the bit error probability of bothschemesreob-
tained. It is showvn thatthey presenthe sameerror probability
anda compleity analysisis carriedout to determinethe best
schemein termsof the numberof operationgmultiplications,
divisions, subtractionsand comparisonsgxecutedby eachde-
tector To the bestof the authors’knowledge,this type of per
formancecomparisoris new.

This paperis organizedasfollows. Sectionll presentghe
systemmodelandthedetectionschemesisedin this work. The
performancef thosedetectorsareobtainedn termsof bit error
probability and numberof operationsin Sectionlll. Simula-
tionsresultsarepresente@nddiscussedn SectionlV. Finally,
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SectionV presentshe conclusions.

Il. SYSTEM MODEL

Considerthe wirelesssystemdepictedin Figurel wherethe
transmitteusesQPSKmodulation.
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Fig. 1. Thesystemmodel.

Assuminga frequeng-nonselectre, slowly fading channel,

therecevedsignalr.(t) canbeexpresseds

ro(t) = ae ?s(t) + z(t), 0<t<T, (1)
wheres(t) representshetransmittedcsignal,« is thefadingam-
plitude, ¢ is the phaseshift dueto the channelz(t) denoteshe
additive Gaussiarwhite noise(AWGN), andT is the signaling
interval. In thelowpassrepresentatiory.(t), s(t) andz(t) are
comple-valuedrandomvariables. Furthermorethe condition
thatthe channefadesslowvly impliesthatthe multiplicative pa-
rametere /¢ mayberegardedasa constantiuringatleastone
signalinginterval.

The fading amplitudea is modeledas a Rayleight random
variable(r.v.) whoseprobability densityfunction (pdf) is ex-
presseds
“u(a), @)
whereu(+) is the step-unitfunction. The additive noisez(t) is
modeledasa two-dimensionalGaussian.v. having zeromean
andvarianceN, /2 by dimension.Considerwithoutlossof gen-
erality, a normalizedfading power, thatis, E[a?] = 1, where
E[ -] istheexpectedvalueoperator

Assumingthatthe channelfadingis sufficiently slow sothat
the phaseshift ¢ canbeestimatedrom derecevedsignalwith-
out error (thatis, ideal phasechannelinformation),therecever

pa(a) = 2ae”

1The Rayleighdistribution is frequentlyusedto modelmultipathfadingwith
nodirectline-of-sight(LOS) path.



can perform the phasecompensatior(multiplication of r.(t)
by e7%). Then, the resultingreceived signal »(¢) can be ex-
presseds

eIt =

o(t as(t) + z(t) - e

= as(t)

~—

(3)

It is importantto notethattheadditive noisen(t) = z(t) - /¢
is alsoa two-dimensionalGaussiarr.v. having zeromeanand
variancelN, /2 perdimension.Thisfollowsfrom thefactthatthe
noisez(t) is additive andits probability densityfunctionpy (n)
is independenbf the transmittedsignal. Moreover, the error
probability is unafectedby a rotation, sincepy(n) is spheri-
cally symmetric[9, pp. 247].

The maximum a posteriori criterion establisheshat the op-
timum detector on observingr(t), sets§(t) = si(t) asthe
recevedsymbol,whene&erthe decisionfunction

P(si)pr(r|s=s;), i=0,1,2,3,
is maximumfor i = k [10].

Basedon themaximum a posteriori criterionandconsidering
equiprobableonstellatiorsymbols two differentstratgiescan
be usedfor determiningthe most probabletransmittedQPSK
symbol from the noisy obsenation r(¢). Accordingto these
strategies,two detectorsanbedefined:

« Detectoil (DI): Comparer(t) with all theconstellatiotQPSK
symbols(multiplied by «) and chooseasthe received symbol
theclosesbneto r(t), thatis, theonethatminimizesthe metric

|r(t) — as(t)];

« Detectorll (DIl): Comparer(t)/a with all the constellation
symbolsand chooseasthe receved symbolthe closestoneto

r(t)/a, thatis, chooseasthereceved symbolthe onethatmin-

imizesthemetric|r(t)/a — s;(t)|.

I1l. PERFORMANCE COMPARISON

In this section,a performancecomparisorbetweenthe two
detectorsiescribedn theprevioussectionis donein termsof bit
error probability and numberof operationgerformedby each
detector

A. Probability of Error
A.1 DetectorDI

As describedn the previoussection thedecisionrule for de-
tectorDl is

§(t) = argmin|r(t) — as;(t)] i=0,1,2, 3.

4
min (4)

Assumingthatthereceveris ableto estimateheactualvalueof

thefadingcoeficienta, thebit errorprobabilitycanbeobtained
by determiningthe error probability for a givena andthenav-

eragingthis resultwith respecto the probability densityfunc-

tion of . Fortunatelythereis a closed-formexpressiorfor the
bit error probability for QPSKtransmissiorover additive white

Gaussiamoisechannel{AWGN) whichis givenby [10]

(5)

where Ey /Ny is the signal enegy per bit to one-sidednoise
spectraldensityand erfc(-) is the well-knawn complementary
errorfunctiongivenby

2 X
erfc(z) = —/ e U dt.
VT Js

After the fadingeffect, the received signal-to-noiseatio will
bemodifiedby o. Then,thebit errorprobability, for agivena,

canbeexpresse@s
1 E,
= — f _ 2 .
2er c( A e )

Theexactbit errorprobabilityfor detectoiDl canbeobtained
averagingequation(7) with respecto the pdf of a, thatis,

(6)

P(Ela) (7)

Py = /_oo P(E|a) - pa(e) da

| E
:/0 §erfc< FZQQ) 206~ da

Takinginto accounthaterfc(z) = 1 — erf(x), the previousex-
pressiorbecomes

Py = / ae™® ll - erf( ﬂoﬂ)] da. 9)
0 No

Usingthesubstitutionn? = v, Equation(9) canbeexpresseds

_1 e Ey
Pp = 5‘/0 e ll erf( FOU)‘| du. (10)

Takinginto accounthat[11, Eq. 6.283]

* s _1[
/0 P21 — erf(\/7a)|da = ﬂ[ M

for R[y] > 0 andR[F] < R[], the bit error probability for
detectorDl is finally obtainedas

(8)

- 1] . a1

1 v/ Ey /N
Po = - 1 VBN | (12)
2 VEp/No+ 1
A.2 DetectorDII
Thedecisionrule for detectoDIl is
t
5(t) = argm(ig % — s,-(t)‘ i=0,1,2, 3. (13)

In this scheme after fading compensatior{division of r(t) by
a), thechannelworksasanadditive noisechannebecause

3(t) = argg}(i{)l M - si(t)‘
= arg mi? s(t) + ? - si(t)‘ (14)

= argmin |s(t) + m(t) — si(?)],



wherem(t) = n(t)/« is the additive noiseobtainedfrom the
ratio betweena Gaussiarmrandomvariableanda Rayleighran-
domvariable.

From the Appendix, the one-dimensionapdf of m(t) =
m;(t) + jmg(t) is givenby

pm(m) = pu, (mg) = pa, (M)
1 1 (15)
T 2 No(m? /Ny + 1)3/2

andits cumulative densityfunction(CDF) is

Py(m) = Py, (myg) = P, (my)

1 ( m . 1) (16)
2 vm?2 + Ny ’

Under this framavork and considering Figure 2 which
presentshe constellatiorsymbolsatthe transmittef which will
becorruptedby theadditve noisem(t), thebit errorprobability
for detectoDIl canbeexpresseds’

PD|| =0.5 x P(51|So) + 1.0 x P(SQ|S())

17
+ 0.5 x P(S3|S()), ( )

whereP(S;|S;) denoteshe probability of receving symbolS;
giventhatsymbolS; wastransmitted.

S, 1. #*'s,010)

Fig. 2. Problemgeometryfor calculatingthe bit error probability for detec-

tor DII.

From the symmetricconfigurationP(S1|Se) = P(S3|So),
thus Pp;; canbeexpresseds

Poy = P(S1|S0) + P(Sz|50) (18)
FromFigure2, onecanseethat

P(Sl|50)=P(mi<— Es/Q;mq>— E5/2), (19)

whereEjy is thesymbolenegy. Sincem; andm, areindepen-

dentvariables Equation(19) becomes

P(S1|So):P(mi<— Es/Z)-P(mq>— Es/2). (20)

2Note thata Gray codewasusedto assignthe bits to the constellationsym-

bols.
3without lossof generalityconsidetthatthe symbol.So wastransmitted.

Thefirst factoron theright-handof Equation(20) is

—+v/Es/2
P(m; < —\/Eg/2) :/ pu(m)dm
—/Es/2
_L_m (21)
2 Vm?2+ Ny oo
L, Es/2
2 VEs/2+ N,
andthesecondactoris
P(my, > —+/Es/2 =/ m)dm
(mg> ~VEsD = [ pu(m)
_loom 7
2 Vm*+Nol| Es2 (22)

_1 1+ VEs/2
2 VEs[2+ Ny )~

Substituting Equations(21) and (22) into Equation (20),
P(51]So) canbeexpressedhs

1 Es/2
P(S51]90) = 1 (1 - m) . (23)

For calculatingP(S2|So), onecanseefrom Figure2 that

P(S2]S0) = P (mi < —/Es[Zmy < — ES/Z)
- P(mi <- E5/2) P (mq <- E5/2)

(-5

2 VEs/2+ No

2
| VB2 Es)2
VEs[2+ No  Es[2+DNo )

].
4

In this way, the overall bit error probability for detectorDII is
givenby

_lly_ o VEs/2
4 VEs/2+ Ny

For QPSKmodulationE, = Eg/2. As a consequenc&qua-
tion (25) reducego

por = L1 VBN
2 VEp/No +1

Equations(12) and (26) showv that the two detectionschemes
have the samebit errorprobability, evenif oneusestwo distinct
decisionrules,whenthereceveris ableto estimatewithout er-
ror the fadingcoeficient. Next sectionpresentsa performance
comparisorbetweerbothdetectionrschemed termsof number
of operationgperformedby eachdetector

(25)

. (26)




B. Number of Operations
B.1 DetectorDI

After receving r(t), the detectorDl computesthe metrics
|r(t) — as;(t)| fori = 0,1,2,3 andcompareghemto obtain
theminimumvalue.

For eachs;(t) thedetectomperforms:

« onereal-comple& multiplication: as;(t) — two realmultipli-

cations;

« onecomplex subtraction:r(t) — as;(t) — two real subtrac-
tion;

« onemodulusoperation.

Sincetherearefour possiblesymbolss;, the detectorperforms
(4x2) eightmultiplications,(4 x 2) eightsubtractionsind(4 x 1)

four modulusoperationsAt this point, thedetectohasfour val-

uesof metric. Then,threecomparisonareperformedo find the
minimum valuewhich correspondso the mostprobables; ().

Tablel summarizeshe total numberof operationsequiredfor

detectoDI.

TABLE |
NUMBER OF REAL OPERATIONS REQUIRED BY DETECTOR DI TO OBTAIN
THE ESTIMATE §(t) OF THE TRANSMITTED SYMBOL 8(t) BASED ON THE
NOISY OBSERVATION 7(t).

Operation | Number
multiplication 8
subtraction 8
modulus 4
comparison 3

B.2 DetectorDlI

After receving r(¢), the detectorDIl computesthe metrics
|r(t)/a—si(t)| fori =0,1,2,3 andcompareshemto obtain
the minimum value. Its importantto notethat the detectorcal-
culatesr(t)/a only once.This correspond$o onecomplex-real
division (two realdivisions).

For eachs;(t) thedetectomperforms:

« onecomple subtractior(r(t)/a — s;(t)) — two realsubtrac-
tions;

« onemodulusoperation.

At the end, the detectorDIl hasfour valuesof metric. Three

comparisongare requiredto find the minimum betweenthem,

andconsequentlythe mostprobables;(t). Tablell summarizes
thetotal numberof operationgequiredfor detectorDII.

TABLE Il
NUMBER OF REAL OPERATIONSREQUIRED BY DETECTOR DIl TO OBTAIN
THE ESTIMATE §(t) OF THE TRANSMITTED SYMBOL 8(t) BASED ON THE
NOISY OBSERVATION 7°(t).

Operation | Number

division 2
subtraction 8
modulus 4
comparison 3

B.3 Performancé&omparison

Tablesl andll show thatbothdetectionschemeperformthe
samenumberof subtractionsgcomparisongandmoduli. Theba-
sicdifferencds thatdetectoDI requires8 multiplicationswhile
detectoDII requiresonly 2 divisions.

According to Knuth [12], a multiplication or a division of
two n-bit numberscanbeaccomplishedh O(n logn loglogn)
steps.Currentimplementation®f theseoperationsanactually
be doneusingthe samenumberof clock cycles. Thus,it is rea-
sonableto assignthe samecomplexity for both multiplication
anddivision. Basedon thesestatementspnecanconcludethat
detectorDIl hasa lower compleity whencomparedo that of
detectoDI.

IV. SIMULATION RESULTS

In orderto validatethe expressionbtainedfor the bit error
probability for the two detectionschemes setof simulations
was performed. For eachdetectionschemea minimum of 10*
channelrealizationswasdonefor eachbit error probability in-
vestigated.Thebit error probability wasestimatedrom thera-
tio betweenthe numberof receved bits in error and the total
transmittedbits.

Figure3 shavsthe performancef thetwo detectiorschemes
asafunctionof the signal-to-noiseatio perbit (Ej /No), which
rangedrom zeroto 30dB. It is obsenedthatthey shov thesame
performancen termsof the bit error probability. For compari-
sonpurposesthe curve obtainedfrom the analyticalexpression
for thebit errorprobability (Equationsl2 and26) is alsoplotted
in thefigure.
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Fig. 3. Bit error probability of the two detectionschemesas function of the
signal-to-noisaatio (Ey /No). The analyticalcurve (from Equations(12) and
(26))is alsoplotted.

V. CONCLUSIONS

This paperpresenteda performanceanalysisof two QPSK
detectionschemedor Rayleighfading channelsunderthe as-
sumptionof idealchannekstimation It wasshavn, analytically
andby simulation,thatboth schemedeadto the samebit error
probability,. A compleity evaluationwasdonein termsof the
numberof basicoperationgperformedby eachdetector

As a future work, the authorswill investigatethe perfor
manceof thetwo detectiorschemesor frequeng-selectvefad-



ing channelsandthe influenceof the channelestimationerrors
onthecommunicationsystem.
APPENDIX
THE PDF AND CDF OF m(t)

This appendixdealswith the evaluationof the pdf and CDF
of the randomvariablem(t) = n(t)/«. It hasbeenassumed
thatn(t) = n;(t) + jn,(t) is acomplex Gaussiam.v. having
zeromeanandvarianceNy /2 by dimensionthatis,

2
e~ /Mo,

pN(n) = pw; (i) = pN,(ng) = (27)

0

On the otherhand,« is areal-\valuedr.v. with Rayleighdistri-
bution givenby

a2

pa(a) = 2ae™* u(a), (28)
whereu(-) is the step-unitfunction.
It n(t) = ni(t) + jng(t), then
m(t) = mT(t) +jan(t) = m;(t) + jmq(t). (29)

Sincen; (t) andn, (t) areindependentv’s, it followsthatm, (t)
andm,(t) arealsoindependentMoreover, they have the same
probability distribution givenby

pu(m) = par; (m;) = pu, (my). (30)

In this casetherv. M = N/A, whereN is a Gaussiar.v.
and A is aRayleighr.v. Thefdp of M is givenby [13]

/.

wherepy 4 (n, @) is thejoint probabilityof N anda givenby

pM(m) = |Oé|pNA(mOé,Oé)dOé, (31)

pNa(n,a) = = ae*(a2+772/N0)u(a)_ (32)
Thus,the pdf of M is givenby
*© 2 2 2 2
pu(m) = / o= ae~ (@ Tm a”/No) gy
T
“y Ve i (33)
— 2 _—a“(14+m*“ /Ny d .
wW/ “e )
Usingthefactthat[14, pp. 1030]
/ 226~ dp — 4, (34)
0
onecanshow that
>, 2 1 7
2 _—pz —
So,Equation(33) canbeexpresseds
2 1 Nz
pu(m) = "2 372 4

1 Ny

T2 (m2 4 Np)?

The CDF of M canbeobtainedby

Pu(m) = [ pu(a)da. (37)
Thus,onecanshaow that
Par(m) = » (L + 1) (38)
M - 2 RV m2 + N() )
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