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Abstract—This paper presentsa performanceanalysisof two QPSK de-
tection schemesfor flat Rayleigh fading channels.Closed-form expressions
for the bit error probability of both schemesare obtained. It is shown that
they presentthe sameerror probability and a complexity analysis is car-
ried out to determine the bestschemein terms of the number of operations
(multiplications, divisions,subtractionsand comparisons)executedby each
detector.

Keywords— Wirelesscommunications, Rayleigh fading channel, detec-
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I . INTRODUCTION

IRELESScommunicationssystemsaresubjectto severe
multipathfadingthatcanseriouslydegradetheir perfor-

mance.Theuseof codinganddiversity techniquesto mitigate
theeffectsof fadinghasbeenexploredby severalauthors[1–7].
However, many of thosetechniquescauseanincreasein thesys-
tem complexity, mainly at the receiver. As a consequence,the
delay introducedin the systemis increasedsincethe process-
ing time alsoincreaseswith the systemcomplexity. Consider-
ing power-limited mobilehandsets,the largenumberof opera-
tions leadsto a higherpower consumptionand, consequently,
to shorteroperationtimes. In this way, the searchfor low-
complexity (andfaster)techniquesis a challengingtaskwhich
hasattractedtheattentionof many researchers[8].

The amplitudeand phasefluctuationsinherent in wireless
channelssignificantlydegradethebit-error rateperformanceof
QPSKsystems,wherethereceivermustscalethereceivedsignal
to normalizethechannelgain,sothatits decisionregionscorre-
spondto thetransmittedsignalconstellation.Anotherapproach
is to scaletheconstellationsymbolsinsteadof thereceivedsig-
nal.

In this work, two QPSK detectionschemes(corresponding
to the previous mentionedapproaches)for flat Rayleigh fad-
ing channelsarepresentedandtheirperformanceis evaluatedin
termsof thebit error probability andcomplexity. Closed-form
expressionsfor thebit errorprobabilityof bothschemesareob-
tained. It is shown that they presentthe sameerror probability
anda complexity analysisis carriedout to determinethe best
schemein termsof the numberof operations(multiplications,
divisions,subtractionsandcomparisons)executedby eachde-
tector. To the bestof the authors’knowledge,this typeof per-
formancecomparisonis new.

This paperis organizedas follows. SectionII presentsthe
systemmodelandthedetectionschemesusedin this work. The
performanceof thosedetectorsareobtainedin termsof bit error
probability and numberof operationsin SectionIII. Simula-
tionsresultsarepresentedanddiscussedin SectionIV. Finally,
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SectionV presentstheconclusions.

I I . SYSTEM MODEL

Considerthewirelesssystemdepictedin Figure1 wherethe
transmitterusesQPSKmodulation.
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Fig. 1. Thesystemmodel.

Assuminga frequency-nonselective, slowly fading channel,
thereceivedsignal �������
	 canbeexpressedas�������
	�����������������
	��������
	��  "!#�$!&%'� (1)

where�����
	 representsthetransmittedsignal,  is thefadingam-
plitude, ( is thephaseshift dueto thechannel,)����
	 denotesthe
additive Gaussianwhite noise(AWGN), and % is thesignaling
interval. In thelowpassrepresentation,� � ���
	 , �����
	 and �����
	 are
complex-valuedrandomvariables.Furthermore,the condition
that thechannelfadesslowly impliesthat themultiplicativepa-
rameter*� ����� mayberegardedasaconstantduringat leastone
signalinginterval.

The fadingamplitude  is modeledasa Rayleigh1 random
variable(r.v.) whoseprobability densityfunction (pdf) is ex-
pressedas +-, ���	��/.0�� �2103�4 ���	�� (2)

where 4 �
5 	 is the step-unitfunction. The additive noise )-���
	 is
modeledasa two-dimensionalGaussianr.v. having zeromean
andvariance687:90. by dimension.Consider, withoutlossof gen-
erality, a normalizedfadingpower, that is, ;=< *>@?A�CB , where;=<D5E? is theexpectedvalueoperator.

Assumingthat thechannelfadingis sufficiently slow so that
thephaseshift ( canbeestimatedfrom dereceivedsignalwith-
out error(that is, idealphasechannelinformation),thereceiverF

TheRayleighdistribution is frequentlyusedto modelmultipathfadingwith
nodirectline-of-sight(LOS)path.
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can perform the phasecompensation(multiplication of �������
	
by � ��� ). Then, the resultingreceived signal �����
	 can be ex-
pressedas �*���
	G��� � ���
	�5H� ��� �IJ�K���
	��L�����
	�5�� ����/������
	��NMO���
	@P (3)

It is importantto notethattheadditivenoiseMQ���
	G�������
	K5R� ���
is alsoa two-dimensionalGaussianr.v. having zeromeanand
variance6 7 9S. perdimension.Thisfollowsfromthefactthatthe
noise�����
	 is additiveandits probabilitydensityfunction

+�T ��U�	
is independentof the transmittedsignal. Moreover, the error
probability is unaffectedby a rotation, since

+ T ��U�	 is spheri-
cally symmetric[9, pp. 247].

The maximum a posteriori criterion establishesthat the op-
timum detector, on observing �*���
	 , sets V�K���
	W�X�ZY[���
	 as the
receivedsymbol,whenever thedecisionfunction\ �]��^_	 +�` ����a �b�c��^_	�� d*�/ ��HB0��.��feK�
is maximumfor dJ�/g [10].

Basedon themaximum a posteriori criterionandconsidering
equiprobableconstellationsymbols,two differentstrategiescan
be usedfor determiningthe most probabletransmittedQPSK
symbol from the noisy observation �*���
	 . According to these
strategies,two detectorscanbedefined:h DetectorI (DI): Compare�����
	 with all theconstellationQPSK
symbols(multiplied by  ) andchooseas the received symbol
theclosestoneto �����
	 , thatis, theonethatminimizesthemetrica �����
	JiWJ� ^ ���
	Da ;h DetectorII (DII): Compare�����
	�9j with all the constellation
symbolsandchooseasthe received symbol the closestoneto�����
	f9S , thatis, chooseasthereceivedsymboltheonethatmin-
imizesthemetric a �*���
	f9Ski�� ^ ���
	Ha .

I I I . PERFORMANCE COMPARISON

In this section,a performancecomparisonbetweenthe two
detectorsdescribedin theprevioussectionis donein termsof bit
error probability andnumberof operationsperformedby each
detector.

A. Probability of Error

A.1 DetectorDI

As describedin theprevioussection,thedecisionrule for de-
tectorDI isV�����
	G�/lSm�nGo"prqs�t_uwv�x a �*���
	*iy�� ^ ���
	Ha/dJ�I K�zB0�K.���e�P (4)

Assumingthatthereceiveris ableto estimatetheactualvalueof
thefadingcoefficient  , thebit errorprobabilitycanbeobtained
by determiningtheerrorprobability for a given  andthenav-
eragingthis resultwith respectto the probability densityfunc-
tion of  . Fortunately, thereis a closed-formexpressionfor the
bit errorprobability for QPSKtransmissionoveradditive white
Gaussiannoisechannels(AWGN) which is givenby [10]\ ��;{	G� B. erfc

|�} ;�~687K� � (5)

where ;�~�9@6 7 is the signal energy per bit to one-sidednoise
spectraldensityanderfc�
5 	 is the well-known complementary
errorfunctiongivenby

erfc����	�� .� ���&�� � � v 3D� ��P (6)

After thefadingeffect, thereceivedsignal-to-noiseratio will
bemodifiedby �> . Then,thebit errorprobability, for agiven  ,
canbeexpressedas\ ��;�a �	�� B. erfc

|J} ;�~6{7 5H > � P (7)

Theexactbit errorprobabilityfor detectorDI canbeobtained
averagingEquation(7) with respectto thepdf of  , thatis,\

DI � � �� � \ ��;�a �	J5 + , ���	 � � � �7 B. erfc

|*} ; ~6 7  > � 5H.0����2103 �  (8)

Takinginto accountthaterfc���-	���B'i erf ���-	 , thepreviousex-
pressionbecomes\

DI � � �7 *����1�3"��B�i erf

|J} ; ~6 7  > ��� � $P (9)

Usingthesubstitution�>A� 4 , Equation(9) canbeexpressedas\
DI � B. � �7 � �-� ��B�i erf

|�} ; ~687 4 ��� � 4 P (10)

Takinginto accountthat[11, Eq. 6.283]� �7 �H� � <wB�i erf � � � ��	_? � ��� B��� � �� � i � i&BD��� (11)

for ��< � ?��� and ��< � ?�����< � ? , the bit error probability for
detectorDI is finally obtainedas\

DI � B. ��B�i � ; ~ 9�6{7� ; ~ 9�6{7$�IB � P (12)

A.2 DetectorDII

Thedecisionrule for detectorDII isV�����
	G��l0mfnJo"prqs t u v�x�¡¡¡¡ �*���
	 i�� ^ ���
	 ¡¡¡¡ d*�� K�2B0�K.��Ke�P (13)

In this scheme,after fadingcompensation(division of ¢£���
	 by ), thechannelworksasanadditivenoisechannelbecauseV�-���
	G�/lSm�nJo¤prqs�t]u v�x ¡¡¡¡ ������
	*�NMO���
	 iN��^
���
	 ¡¡¡¡�/lSm�nJo¤prqs�t]u v�x ¡¡¡¡ �K���
	�� MQ���
	 iN��^����
	 ¡¡¡¡�/lSm�nJo¤prqs t u v�x a �����
	���¥¦���
	*i�� ^ ���
	DaD� (14)
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where ¥¦���
	b�§MO���
	�9j is the additive noiseobtainedfrom the
ratio betweena Gaussianrandomvariableanda Rayleighran-
domvariable.

From the Appendix, the one-dimensionalpdf of ¥¦���
	¨�© ^ ���
	���ª ©k« ���
	 is givenby+�¬ � © 	G� +-¬A � ©�« 	G� +�¬ t � © ^ 	� B. B� 687Z� © > 9@687$��B�	
®�¯ > (15)

andits cumulativedensityfunction(CDF) is\ ¬ � © 	�� \ ¬  � © « 	G� \ ¬ t � © ^]	� B.y° ©� © > �L687 �IBH±WP (16)

Under this framework and considering Figure 2 which
presentstheconstellationsymbolsat thetransmitter2 whichwill
becorruptedby theadditivenoise¥¦���
	 , thebit errorprobability
for detectorDII canbeexpressedas3\

DII �� KP ²¤³ \ �µ´�¶Sa ´�7:	z��B0P  "³ \ �µ´ > a ´�7:	�L �P·²b³ \ �]´ ® a ´ 7 	�� (17)

where
\ �µ´z^fa ´ � 	 denotestheprobabilityof receiving symbol ´2^

giventhatsymbol ´ � wastransmitted.
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Fig. 2. Problemgeometryfor calculatingthe bit error probability for detec-
tor DII.

From the symmetricconfiguration
\ �µ´�¶0a ´27:	¸� \ �µ´ ® a ´27�	 ,

thus
\

DII canbeexpressedas\
DII � \ �µ´�¶Sa ´�7:	z� \ �µ´ > a ´�7�	@P (18)

FromFigure2, onecanseethat\ �]´ ¶ a ´ 7 	G� \ � © ^ �/i � ;�¹-90.£º ©k« �/i � ;�¹�9S.S	@� (19)

where ; ¹ is thesymbolenergy. Since © ^ and © « areindepen-
dentvariables,Equation(19)becomes\ �]´�¶Sa ´�7:	�� \ � © ^J�ci � ; ¹ 90.S	�5 \ � © « �¨i � ; ¹ 9S.0	�P (20)»

Notethata Graycodewasusedto assignthebits to theconstellationssym-
bols.¼

Without lossof generalityconsiderthatthesymbol ½�¾ wastransmitted.

Thefirst factoron theright-handof Equation(20) is\ � © ^ �¨i � ;�¹�90.S	G� � � � ¿zÀ ¯ >� � +�¬ � © 	 � ©� B. 5 ©� © > �L687 ¡¡¡¡ �
� ¿ À ¯ >� �� B. | B�i � ; ¹ 90.� ;�¹�9S.'�L6 7 �

(21)

andthesecondfactoris\ � © « �ci � ; ¹ 9S.S	G� � �� � ¿ À ¯ > + ¬ � © 	 � ©� B. 5 ©� © > ��6 7 ¡¡¡¡ � � � ¿ À ¯ >� B. | B$� � ; ¹ 9S.� ;�¹�9S.'�L6 7 � P
(22)

Substituting Equations(21) and (22) into Equation (20),\ �µ´�¶Sa ´�7�	 canbeexpressedas\ �µ´ ¶ a ´ 7 	G� BÁ ° B�i ; ¹ 9S.; ¹ 90.'��6{7 ± P (23)

For calculating
\ �µ´ > a ´�7:	 , onecanseefrom Figure2 that\ �µ´ > a ´ 7 	G� \ÃÂ © ^ �/i � ;�¹�9S.£º ©�« �ci � ;�¹-90.jÄ� \ Â © ^J�/i � ; ¹ 9S. Ä 5 \ Â © « �/i � ; ¹ 90. Ä� � B. | B�i � ; ¹ 9S.� ;�¹-90.'��6 7 ��� >� BÁ | B�iy. � ; ¹ 9S.� ; ¹ 90.O�L687 � ; ¹ 90.;�¹29S.��L6 7�� P

(24)

In this way, the overall bit error probability for detectorDII is
givenby \

DII � \ �]´ ¶ a ´ 7 	z� \ �]´ > a ´ 7 	� BÁ �E.AiN.A5 � ;�¹�9S.� ; ¹ 9S.���6{7 � (25)

For QPSKmodulation ;�~Å�Æ;�¹�9S. . As a consequenceEqua-
tion (25) reducesto\

DII � B. � B�i � ; ~ 9�6{7� ;�~�9�6 7 �IB � P (26)

Equations(12) and (26) show that the two detectionschemes
havethesamebit errorprobability, evenif oneusestwo distinct
decisionrules,whenthereceiver is ableto estimatewithout er-
ror the fadingcoefficient. Next sectionpresentsa performance
comparisonbetweenbothdetectionschemesin termsof number
of operationsperformedby eachdetector.
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B. Number of Operations

B.1 DetectorDI

After receiving �*���
	 , the detectorDI computesthe metricsa �����
	�iN���^����
	Ha for dQ�Ç ��DBG��.O�fe andcomparesthemto obtain
theminimumvalue.

For each��^����
	 thedetectorperforms:h onereal-complex multiplication: �� ^ ���
	�È two realmultipli-
cations;h onecomplex subtraction:�*���
	�i����^����
	QÈ two realsubtrac-
tion;h onemodulusoperation.
Sincetherearefour possiblesymbols � ^ , thedetectorperforms
(
Á ³O. ) eightmultiplications,(

Á ³�. ) eightsubtractionsand(
Á ³�B )

four modulusoperations.At thispoint,thedetectorhasfour val-
uesof metric.Then,threecomparisonsareperformedto find the
minimum valuewhich correspondsto the mostprobable� ^ ���
	 .
TableI summarizesthetotal numberof operationsrequiredfor
detectorDI.

TABLE I

NUMBER OF REAL OPERATIONS REQUIRED BY DETECTOR DI TO OBTAIN

THE ESTIMATE ÉÊ:ËrÌ�Í OF THE TRANSMITTED SYMBOL
Ê:ËrÌ�Í

BASED ON THE

NOISY OBSERVATION Î ËwÌ�Í .
Operation Number

multiplication 8
subtraction 8
modulus 4
comparison 3

B.2 DetectorDII

After receiving �����
	 , the detectorDII computesthe metricsa �����
	�9j�iÏ��^f���
	Da for d��� ��DB���.O��e andcomparesthemto obtain
theminimumvalue. Its importantto notethat thedetectorcal-
culates�����
	f9j only once.Thiscorrespondsto onecomplex-real
division (two realdivisions).

For each��^����
	 thedetectorperforms:h onecomplex subtraction( �*���
	f9S8i=� ^ ���
	 ) È two realsubtrac-
tions;h onemodulusoperation.
At the end, the detectorDII hasfour valuesof metric. Three
comparisonsare requiredto find the minimum betweenthem,
andconsequently, themostprobable� ^ ���
	 . TableII summarizes
thetotal numberof operationsrequiredfor detectorDII.

TABLE II

NUMBER OF REAL OPERATIONS REQUIRED BY DETECTOR DII TO OBTAIN

THE ESTIMATE ÉÊ:ËrÌ�Í OF THE TRANSMITTED SYMBOL
Ê:ËrÌ�Í

BASED ON THE

NOISY OBSERVATION Î ËwÌ�Í .
Operation Number

division 2
subtraction 8
modulus 4
comparison 3

B.3 PerformanceComparison

TablesI andII show thatbothdetectionschemesperformthe
samenumberof subtractions,comparisonsandmoduli. Theba-
sicdifferenceis thatdetectorDI requires8 multiplicationswhile
detectorDII requiresonly 2 divisions.

According to Knuth [12], a multiplication or a division of
two Ð -bit numberscanbeaccomplishedin Ñ"��ÐWÒrÓ0nGÐWÒwÓ�nGÒrÓ0nGÐ�	
steps.Currentimplementationsof theseoperationscanactually
bedoneusingthesamenumberof clock cycles.Thus,it is rea-
sonableto assignthe samecomplexity for both multiplication
anddivision. Basedon thesestatements,onecanconcludethat
detectorDII hasa lower complexity whencomparedto that of
detectorDI.

IV. SIMULATION RESULTS

In orderto validatetheexpressionsobtainedfor thebit error
probability for the two detectionschemesa setof simulations
wasperformed.For eachdetectionschemea minimum of BH SÔ
channelrealizationswasdonefor eachbit error probability in-
vestigated.Thebit errorprobabilitywasestimatedfrom thera-
tio betweenthe numberof received bits in error and the total
transmittedbits.

Figure3 showstheperformanceof thetwo detectionschemes
asa functionof thesignal-to-noiseratioperbit ( ; ~ 9�6{7 ), which
rangesfromzeroto30dB.It is observedthatthey show thesame
performancein termsof thebit errorprobability. For compari-
sonpurposes,thecurveobtainedfrom theanalyticalexpression
for thebit errorprobability(Equations12and26) is alsoplotted
in thefigure.
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Fig. 3. Bit error probability of the two detectionschemesasfunction of the
signal-to-noiseratio ( Ö�×fØEÙJ¾ ). The analyticalcurve (from Equations(12) and
(26)) is alsoplotted.

V. CONCLUSIONS

This paperpresenteda performanceanalysisof two QPSK
detectionschemesfor Rayleighfading channelsunderthe as-
sumptionof idealchannelestimation.It wasshown,analytically
andby simulation,thatbothschemesleadto thesamebit error
probability. A complexity evaluationwasdonein termsof the
numberof basicoperationsperformedby eachdetector.

As a future work, the authorswill investigatethe perfor-
manceof thetwo detectionschemesfor frequency-selectivefad-
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ing channelsandthe influenceof thechannelestimationerrors
on thecommunicationssystem.

APPENDIX

THE PDF AND CDF OF ¥¦���
	
This appendixdealswith the evaluationof the pdf andCDF

of the randomvariable ¥¦���
	¤�ÚMO���
	�9j . It hasbeenassumed
that MO���
	Å�ÛU ^ ���
	$�Lª�U « ���
	 is a complex Gaussianr.v. having
zeromeanandvariance6 7 9S. by dimension,thatis,+-T ��U[	$� +�T t ��U ^ 	G� +�T� ��U « 	G� B� � 687 � ��Ü 3 ¯ T*Ý P (27)

On the otherhand,  is a real-valuedr.v. with Rayleighdistri-
butiongivenby + , ���	��/.0�� �2103 4 ���	�� (28)

where4 �
5 	 is thestep-unitfunction.
If MQ���
	��ÞU�^f���
	���ª�U « ���
	 , then¥¦���
	�� U ^ ���
	 ��ª U « ���
	 � © ^����
	���ª © « ���
	@P (29)

SinceU0^����
	 and U « ���
	 areindependentr.v’s, it followsthat © ^����
	
and ©�« ���
	 arealsoindependent.Moreover, they have thesame
probabilitydistributiongivenby+-¬ � © 	G� +-¬ t � © ^ 	�� +-¬A � ©�« 	�P (30)

In this casethe r.v. ßà�á6Å9@â , where 6 is a Gaussianr.v.
and â is a Rayleighr.v. Thefdp of ß is givenby [13]+ ¬ � © 	G� � �� � a Oa + TQ, � © $�f�	 � �� (31)

where
+ TO, ��U��f�	 is thejoint probabilityof 6 and  givenby+ TO, ��U��f�	�� .� � 6 7 *� � u 1�3
ãzÜD3 ¯ T Ý x 4 ���	�P (32)

Thus,thepdf of ß is givenby+-¬ � © 	G� � �7  .� � 687 �� � u 103fãzäO3f1�3 ¯ T Ý x � � .� � 6 7 � �7  > � ��1�3 u ¶ ãzäO3 ¯ T Ý x � $P (33)

Usingthefactthat[14, pp. 1030]�&�7 � > � � � 3D� �å� � �Á � (34)

onecanshow that� �7 � > �0��æ � 3 � ��� Bç ®�¯ > 5 � �Á P (35)

So,Equation(33)canbeexpressedas+�¬ � © 	G� .� � 687 5 B� © > 9@6 7 ��B�	
®�¯ > 5 � �Á� B. 5 6 7� © > ��6 7 	E®�¯ > P (36)

TheCDFof ß canbeobtainedby\ ¬ � © 	�� � ä� � + ¬ ����	 � ��P (37)

Thus,onecanshow that\ ¬ � © 	G� B.y° ©� © > �L6 7 �IBH±WP (38)
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