
Space-TimeConvolutionalCodesOverGF(� ) for
theQuasi-Static,Flat RayleighFadingChannel
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Abstract— In this paper, we consider a space-time coded system con-
sisting of a rate �����	��
 linear convolutional encoder over GF(� ), � a
prime, followed by 
 mappers fr om GF(� ) into a � -ary signal constellation,
and by a transmit ter with 
 transmit antennas. At eachtime, the 
� -ary
codedsymbolsare transmitted simultaneously fr om the 
 antennas. The
convolutional codesare designedto provide the besterror performancein
the quasi-static, flat Rayleigh fading channel, according to the rank and
the determinant crit eria derived by Tarokh et. al. A spectral efficiency of��������� ��� b/s/Hz is achieved. Simple conditions on the generator matri cesof
a rate �����	��� convolutional codeare given so that maximum diversity
advantage is guaranteed. The linear structur e of theseconvolutional codes
reduces significantly the computer search effort with regard to the deter-
minant cri terion. New space-time codeswith two transmit antennasare
presented for the 5-PSK and 7-PSK modulations,with spectral efficiencies
2.32and 2.81b/s/Hz, respectively.

Keywords— Diversity, fading channels, multi ple transmit antennas,
space-time convolutional codes,wir elesscommunications.

I . INTRODUCTION

In a communicationsystememploying � transmitantennas
and � receive antennas,space-timecodes (STC) have proved
very effective for achieving both diversity and coding advan-
tagesat high spectralefficienciesin the fading channels. Since
the inceptionof STC,by Tarokhet. al. [1], many researchers
havebeeninvolved with thedesignof optimum STC,i.e.,codes
thatachieve maximumdiversity andcoding gain. In this paper,
we concentrateon the quasi-static,flat Rayleighfading chan-
nel [1]. A remarkableresultderivedin [1] is that thebestSTC
for this channel maybeobtainedby optimizing two designcri-
teria, namely, the rank criterion andthe determinant criterion.
SomeSTCfor two transmitantennasfor the4-PSKand8-PSK
modulationsareprovided in [1]. Until recently, STChadbeen
constructedusinghanddesign, andasystematicprocedure,pos-
sibly algebraic,for constructingthesecodeshadnot beenpre-
sented.The main difficulty for designingSTC is that the two
aforementionedcriteriaapply to thecomplex field of baseband
modulatedsignalsratherthanadiscretedomain(e.g., thebinary
Galoisfield) in which theunderlying codescould bedesigned.
Recently, important papers providing a general designproce-
dureof STCwerewrittenby HammonsandEl Gamal[2] andby
Blum [3], [4]. In [2], general binaryrankcriteriaaredeveloped
thataresufficient to guaranteethat theassociatedSTCachieve
maximum diversity. Blum’s papersdealwith binary convolu-
tional codesthatserve asSTC.Necessaryandsufficient condi-
tionsaregivenin [3], [4] for theSTCto achieve maximum di-
versitygain.Also, Blum developedmethods for calculatingand
bounding thecoding gain (relatedto thedeterminantcriterion).

In this paper, an alternative designprocedure for achieving
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Fig. 1. Space-time systemmodel.

diversity and coding advantagesis presented. We considera
space-timecoded systemconsistingof a rate � �"!$#%� linear
convolutional encoder over GF(& ), & a prime, followed by a
serial-to-parallel converter, � mappersfrom GF(& ) into a & -ary
signalconstellation, anda transmitterwith � transmitantennas.
This approachdiffers from thoseof [2] and[3], [4] sincehere
thecodedsymbols arein one-to-onecorrespondenceto thesig-
nals from the constellations.This makesthe codedesignand
thecodesearchmucheasierto cope with. A spectralefficiency
of ')(�*,+,-.&0/ b/s/Hzis achieved.Simpleconditions on thegenera-
tor matricesof a rate �1�2!$#43 convolutionalcodearegiven so
that maximum diversity advantageis guaranteed. Underthese
conditions, anddueto the linearstructureof theconvolutional
codes,thecomputersearcheffort with regard to thedeterminant
criterion is dramaticallyreduced. New space-timecodeswith
two transmitantennasarepresentedfor the 5-PSKand7-PSK
modulations,with spectralefficiencies2.32and2.81b/s/Hz,re-
spectively.

I I . SYSTEM MODEL

We considera communicationsystememploying n transmit
antennasandm receive antennas,asshown in Fig. 1. At the
transmitter, datais first encodedby a rate �5�"!%#$� convolu-
tional encoder over GF(& ), & a prime, whoseoutput is divided
into n parallelstreams.Thesestreamsaremappedinto a p-ary
signalconstellationandtransmittedsimultaneously from the n
antennas.A space-timesystemhasbeenmodeledby Tarokh et.
al. [1] in sucha way that thesignalreceived by the jth antenna
at time 6 , 7�8 9 , is givenby7 8 9 �;:< =)>@?BA = C 8ED =9�F GIHKJMLN89 (1)



where D =9 is the signaltransmittedfrom the O th antenna at time6 , GIP is the averageenergy of the transmittedsignal, L 89 is a
zero-meancomplex white Gaussiannoisewith varianceQSR$#43
per dimension, and

A = C 8 denotesthe fadepresentin the path
from the O th transmitantenna to the T th receive antenna. For!VUWOXUY� and !VUMTZUW� , thesefadesaremodeledasindepen-
dentsamplesof azero-meancomplex Gaussianrandom process
with variance 0.5 per dimension. In practice,to achieve inde-
pendent fadesthe antennasmustbe separatedby a few wave-
lengths.For the quasi-static,flat-fadingchannel, it is assumed
that thepathfadesremain constantduring a frame andchange
independentlyfrom oneframeto another. Also, assumethere-
ceiver perfectlyknows the channel stateinformation (i.e., theA

’s) andthat theViterbi algorithm with theEuclideanmetric is
usedin thedecoder. Undertheseconditions, thepairwiseerror
probability, denotedby [Z-]\Z^`_a/ , anddefinedastheprobabil-
ity that a maximum-likelihood decoder decideserroneouslyin
favor of codeword_b��c ?? c + ?ed�dfd c : ? c ?+gc ++ d�dfd c :+ d�dfd c ?h c +h d�dfd c :h
whenthecorrect codeword is:\i� D ?? D + ? d�dfd D : ? D ?+ D ++ dfd�d D :+ dfd�d D ?h D +h dfd�d D :hkj
is upperboundedby [1]:[Z-l\i^"_m/Uonqpr=)>@?ts =]ubvxwzy GIH{ Q|R~} v p w j (2)

where� is therankof thematrix:

� -]\ j _�/���`����� c
??X� D ?? c ?+ � D ?+ dfd�d c ?h � D ?hc + ? � D + ? c ++ � D ++ dfd�d c +h � D +h...

...
. . .

...c : ? � D : ? c :+ � D :+ dfd�d c :h � D :h
�f����s =

, OM��! j��f���gj � , are the nonzero eigenvaluesof �i-l\ j _a/���� -]\ j _m/ � -]\ j _a/�� , and � denotesconjugatetranspose.
Basedon equation(2), Tarokhet. al. [1] arrived at two de-

sign criteria for the quasi-static,flat Rayleighfadingchannel,
namely,� TheRankCriterion: In thiscriteriontheparameter to bemax-
imizedis theminimumrank � of matrix

� -l\ j _a/ , over all distinct
pairsof codewords \ and _ . It is saidthatthis is an � -space-time
code.Thediversity advantageis �$��UW�k� , with equality at full
rankcondition, thatis, �|��� .� TheDeterminant Criterion: For a given diversity advantage�$� , thegoalof this criterion is to maximizetheminimumge-
ometricmeanof thenonzeroeigenvaluesof thematrix ��-]\ j _m/ ,- s ? s + �f�f� s p /N�� , over all distinct pairs of codewords \ and _ .
This representsthecodinggain.

Regarding thespace-timesystemmodelof Fig. 1, in thenext
sectionwe derive conditions on the generator matrix of a rate���1!$#�3 convolutionalcodesothatmaximum diversity advan-
tage,aspresentedin SectionII, isguaranteedfor thecorrespond-
ing 2-space-time codes.
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Fig. 2. Rate1/2 convolutional encoderover GF(� ).
I I I . CONVOLUTIONAL SPACE-TIME CODES OVER GF(& )
Let � -]��/���� RkJ � ? � J � + � + J dfd�d bethepolynomialover

GF(& ), & aprime,representingadatasequence.Thissequenceis
encodedby a rate ����!$#$� convolutionalencoderover GF(& ),
which is thedirectrealizationof thepolynomial generatorvec-
tor: � -]��/ �z¡ ¢ ? -l��/ j ¢ + -l��/ jf���f�Ej ¢ : -l�£/¥¤ jproducingtheencodedvector¦ -]��/ � � -l��/ � -l��/X�¨§ª© ? -l��/ j © + -]��/ j��f�f��j © : -l��/¬« j
where© = -]��/ �� =R J  =? � J  =+f� + J d�dfd J  =9�� 9 J dfdfd , for Oe�! j 3 �f����j � , are the � encodedsequences. The codegenerators
are ¢ = -]��/®� ¯4R C = J ¯ ? C = � J ¯ + C = � + d�dfd J ¯�° C = � ° , for O±�! j 3 �f����j � , where² is thememory of theencoder. An example
of a rate1/2 convolutional encoder over GF(& ) is shown in Fig.
2.

At eachtime 6 , a datasymbolfrom GF(& ) producesa block
of � symbolsfrom GF(& ) denotedby -l ?9 j  +9 j��f�f��j  :9 / . Regard-
ing the space-timesystemmodel in Fig. 1, thesesymbols are
mapped into a & -ary signalconstellation,asindicatedin Fig. 3
for the5-PSKand7-PSKconstellations. The � complex sym-
bols, - D ?9 j D +9 j��f�f��j D :9 / , arethentransmittedby the � antennas.A
sequence of blocks - D ?9 j D +9 jf���f��j D :9 / , for 6³�´! j 3 jf���f�gj�µ formsa
codeword c of thespace-timecode.

Fromnow on,weshallfocusourattentiononthecaseof �¶�3 transmitantennas.Thus,accordingto Tarokh’sdesigncriteria,
thecodesearchshould aimatfindingthe“full rank” code· that
maximizes theminimum determinant¸a¹fº n h< =)>@? -]c ?=»� D ?= j c +=�� D += /�¼�-]c ?=�� D ?= j c +=½� D += / u j (3)

over all pairsof codewords \ and _ , where ¼ denotescomplex
conjugate. In the following, we explore the algebraic struc-
tureof theconvolutionalcodesandpresent someguidelinesto
guaranteethefull rankcondition, yielding areducedcomplexity
codesearch.

Lemma1: Considerarate�q��!$#�3 convolutionalspace-time
codeoverGF(& ), & a prime,with agenerator matrix� -l�£/ �5¾ ¯ ? C ? � J ���f� J ¯�° C ? � °¯4R C + J �f�f� J ¯�° v ? C + � ° v ?À¿aÁ j
wherē,° C ?iÂ�ÄÃ and ¯NR C + Â�ÄÃ . Then,1) all branchesin thecode
trellis departingfrom thesamestatecoincidein thefirst symbol
anddiffer in the secondsymbol,and2) all transitionsarriving



at thesamestatecoincide in thesecondsymbol anddiffer in the
first symbol.

Proof: We shall usethe fact that, for field elements� , �KÅ ,
and ¯ : � d ¯b���0Å d ¯ Æ �¶���0Å j (4)

and � d ¯ Â���0Å d ¯ Æ � Â���0Å � (5)

To prove 1), let us consider the current stateas being Ç H �¡ � ? jf�f���fj � ° ¤ 1. When � R -]Èk/ is the input symbol, thestatetran-
sition is Ç H ^5ÇxÉ���¡ �kÊ4-]Èk/ j � ? jf���f��j �0° v ? ¤ . Sincē�R C ? �ÄÃ , the
codedsymbol correspondingto the first antenna will be given
by:  ? � ° v ?<Ë >@? � Ë d ¯ Ë C ? J �x° d ¯�° C ? j (6)

which is aconstantin GF(& ) thatdoesnotdependon � R -]Èk/ , but
on Ç H . Thisshowsthatthefirst symbol of all branchesdeparting
from thesamestateareequal.Now for thesamestatetransitionÇ H ^ÌÇ É , since ¯ ° C + �ÍÃ , the symbol corresponding to the
secondantennawill begivenby: + ���xRN-]Èk/ d ¯4R C + J ° v ?<Ë >@? � Ë d ¯ Ë C + ���~RN-]Èk/ d ¯4R C + J © + j (7)

where © + is a constantin GF(& ). Thus, in GF(& ),  + will be
differentfor different valuesof � R -ÎÈk/ .

To prove 2), let us considerthe final stateas being Ç É �¡ �~R j � ? jf���f�gj �x° v ? ¤ . Then, for the state transition Ç H �¡ � ? jf�f���fj �x° v ? j �0°i-ÎÏ$/¥¤Ð^ÑÇxÉ , thesymbolcorresponding to the
first antenna is givenby: ? � ° v ?<Ë >@? � Ë d ¯ Ë C ? J � ° -ÎÏ$/ d ¯ ° C ? �q© ? J � ° -ÎÏ$/ d ¯ ° C ? j (8)

where © ? is a constantin GF(& ). So, in GF(& ),  ? will bedif-
ferent for different values of �K°b-]Ï$/ . For the sametransitionÇ H ^ÒÇ É , thesymbol corresponding to thesecondantennawill
begivenby:  + ���~R d ¯4R C + J ° v ?<Ë >@? � Ë d ¯ Ë C + j (9)

which is a constant in GF(& ) that does not depend on �X°b-]Ï$/ ,
only on Ç É . This completestheproof.

Theorem1: Considera rate �Í�`!$#43 convolutional space-
time codeover GF(& ), & a prime. If the generator matrix

�
is in accordancewith Lemma1, thenthe full rankcondition is
guaranteed.

Proof: Assumethe generator matrix
�

is in accordance
with Lemma1, andconsider an arbitrarypair of codewordsc
andeof lenght 3 µ symbols.Then, equation (3) resultsin:Ó$Ô¬ÕÖM× Ó$Ô¬ÕeØÐÙVÚ ÚÚÜÛ Ý%ÞfÛ �£ß�à Ùâá ããEäæå ß�à Ù Û ç Ö Û � ÚÚ Ú ß�èêé (10)Þ

Notethatherewe droptheindex ë usedin Fig. 2 for thesake of simplicity.
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Fig. 3. Constellations5-PSK(a) and7-PSK(b).

whereì = �îíÎc += � D +=Eï j�ð = �2íÎc ?= � D ?=Eï j È¶� h v
?< =ª> +ñ ð = ñ + jò � h v ?< =)> +½ñ

ì = ñ + jôó4õ ¸ 7ê� h v
?< =)> +
ì = ð ¼= �

(11)
FromLemma 1, we have that

ì ?êö Ã and ð h ö Ã . By Schwarz
inequality, < = ñ

ì = ñ +V÷ < = ñ ð = ñ +³ø�ùùù < =
ì = ð ¼= ùùù + j (12)

andthus È ò ø ñ 7 ñ + . SinceÈ ø Ã and
ò ø Ã , wemusthavethat:¸a¹gºh � ñ

ì ? ñ + ñ ð h ñ +ú ûgü ýþ R J ñ
ì ? ñ + Èú ûgü ýÿ R J ñ ð h ñ + òú ûgü ýÿ R J È ò � ñ 7 ñ +ú ûgü ýÿ R ö Ã j (13)

whichguaranteesthefull rankcondition.

IV. CODE SEARCH RESULTS

In this section,we present someexamples of 2-space-time
codesgeneratedby arate �q� !%#43 linearconvolutionalencoder
over GF(5)andGF(7). Therestrictionsderived in theprevious
sectionareapplied to theconvolutional encoder (i.e., ¯ ? C ?�Â��Ã ,¯ R C + Â��Ã and ¯ R C ? �z¯ ° C + �zÃ ) to guaranteethe full rankcon-
dition. Theminimum determinantis thenmaximized. We begin
with examplesof unit-memory encoders.

Example1: Considerthe 5-PSKconstellationin Fig. 3(a).
Following the restrictions of the previous section,the convo-
lutional encoder over GF(5) has generator matrix

� -l��/��¡ ¯ ? C ? � j ¯4R C + ¤ . Thesecodes have diversity gain 2, with spectral
efficiency of 2.32b/s/Hz.In performingacodesearch,wemade¯ ? C ? and ¯ R C + to varyover all nonzero elementsin GF(5),result-
ing in 16 differentcodes.Theminimumdeterminantof �i-l\ j _a/
for eachcodeis listedin thematrix �À- ¯ ? C ? j ¯4R C + / below.

�À- ¯ ? C ? j ¯ R C + / � ���� ! j ��� 3 j 3 � 3 j 3 � ! j ���3 j 3 � ! j ��� ! j ��� 3 j 3 �3 j 3 � ! j ��� ! j ��� 3 j 3 �! j ��� 3 j 3 � 3 j 3 � ! j ���
�f���

Clearly, thebestcodeis obtainedwith, for instance,̄

? C ? �z!
and ¯�R C + �Ä3 . Thiscodehascodinggain2.23.Thetrellis of this
codeis shown in Fig.5.
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Fig. 4. 2-space-time code for 7-PSK, 2.81 b/s/Hz, (convolutional encoder:
GF(7), �±�®�	��� , ��� � ).
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Fig. 5. 2-space-time code for 5-PSK, 2.32 b/s/Hz, (convolutional encoder:
GF(5), ���	��
� , ����� ).

In this andin the following trellises,eachpair of symbols to
theleft of thetrellis indicatesthesignaltransmittedoverthefirst
andthesecondantennas,respectively, andthelabelto theright
of thetrellis indicatesthestateof theencoder.

Notethat �������� ��������� �� is symmetric,whichcanbeusedto re-
duceourcodesearch.It canbeshown thatsimilarsimplification
maybeobtained with highermemory codes.

Example2: Now consider the signalconstellation7-PSKin
Fig. 3(b). Again,weconsideraunit-memoryencodersatisfying
theconditionsof SectionIII. Wethushavediversity gain2,with
spectralefficiency of 2.81 b/s/Hz. Similarly to Example 1, we
obtainedthematrix �����!�"� �#������� �$ as

%'&)(*,+ * � (�-.+ /10�2
344444
5
�$�76�89�"�7:189�"�;:189��7:�89�"�7:18<���;618��7:�8<���76189�"�;:189��7:�8<���76189�"�;:18��7:�89�"�7:18<���;618<�$�76�89�"�7:189�"�;:18��7:�89�"�7:18<���;618<�$�76�89�"�7:189�"�;:18��7:�8<���76189�"�;:189��7:�8<���76189�"�;:18�$�76�89�"�7:189�"�;:189��7:�89�"�7:18<���;618

=7>>>>>
?

Thebestcodeis obtainedwith, for instance,�@�� �'ACB and����� �DAE
. This codehascodinggain 1.35. The trellis of this code is

shown in Fig.4.

Example3: Here we extend ours examples above utilizing
convolutional encoders of memory order FGAIH over GF(5)
andGF(7),respectively. That is, theconvolutional encoder has
generator matrix JK�;�L MAON � �� � �OPQ� �$� � � � ��� ��� � PR� �� � �TS . For
GF(5), one best code is generated by �@�� �UAVH , �W�X� �YA[Z ,
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Fig. 6. 2-space-time code for 5-PSK, 2.32 b/s/Hz, (convolutional encoder:
GF(5), ���	��
� , ���\� ).
����� �DA]H , and ���� �DA_^ (seetrellis in Fig. 6). Thecoding gainof
this codeis 4.47. Thediversitygainandthespectralefficiency
arethesameasthosein Example1. For GF(7),themultipliers
setas � �"� � Aa` , � �$� � AbH , � �$� � AcZ , and � �"� � Ad` produceone
bestcode. Thetrellis description for this codeis shown in Fig.
7. It hasa codinggainof 3.74,while thediversitygainandthe
spectralefficiency arethesameasthosein Example 2.

The new space-timecodespresentedin this papercould be
found with a reducedcomputer search,due to the linearity of
the convolutional codes,the restrictionsderived in SectionIII,
andthesymmetryof the matrix � . Particularly, anexhaustive
codesearchfor thecasesof thepreviousexampleswould need
to checka huge number ( ef�hg &hi$j � i$0  ) of codes, while herewe
only had10 candidatesfor Example1 andonly a few thousand
candidatesto searchfromin themostcomplex case.Thisadvan-
tagebecomesmoresignificantasthe memory orderincreases,
allowing good codesto be obtainedwith relatively low com-
putereffort.

V. FINAL COMMENTS

In this paper, we consideredspace-timeconvolutional codes
over GF(g ) for thequasi-static,flat Rayleighchannel. Thecodes
weredesignedto provide thebestperformanceaccording to the
rankandthedeterminantcriteriaderivedby Tarokhet. al.. Sim-
ple conditions on the generator matricesof a rate Z#k�H convo-
lutional code weregiventhatguaranteemaximum diversity ad-
vantage for 2 transmitantennas.
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Fig. 7. 2-space-time code for 7-PSK, 2.81 b/s/Hz, (convolutional encoder:
GF(7), �±�®�	��� , ���¶� ).

New space-time convolutional codesfor 2 transmit anten-
nas for the 5-PSK and 7-PSK constellationswere presented.
Spectralefficienciesof 2.32and2.81 b/s/Hz,respectively, were
achieved.

Thefact that & is not a power of 2 mayposeasa problem if
transmissionof binarydatais required. We tacklethis problem
byassociatingadifferent wordof �ml & -arysymbolstoeachword
of � + bits,where& :#n ö 3 :�o . Thespectralefficiency is � + #%� lqp')(�*N+N-.&0/ b/s/Hz,thatis, thereis a lossof! � y � +� l ')(�*N+,-.&0/%} �
Clearly this loss is minimized by maximizing the relation:�o:#n r s1t o u l$v , where & : n ö 3 : o . For instance,considerthat, in
thecaseof the5-PSKconstellation,eachword of � + �xw bits
is associatedto a different word of �mlZ� { symbols.Then, the
spectralefficiency will be of 2.25 b/s/Hz,producing a loss of
only 3%.
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