Space-ime Convolutional CodesOver GF(p) for
the Quasi-StaticFlat RayleighFadingChannel

Mario de Noronha-NetoRichardDemoSouzaBartolomeurerreiralchba-Filho
E-mail: {mnororha,richad,uctoa} @eel.uc.br
CommuricationsResearcliroup
Departnentof ElectricalEngineeing
FederaUniversity of SantaCatarina
88040-900, Florianbpolis- SC,BRAZIL

Abstract— In this paper, we consider a spacetime coded system con-
sisting of a rate R = 1/n linear corvolutional encode over GF(p), p a
prime, followed by n mappers from GF(p) into a p-ary signal constellation,
and by a transmitter with n transmit antennas. At eachtime, the n p-ary
coded symbolsare transmitted simultaneously from the n antennas. The
convolutional codesare designedto provide the besterror performancein
the quasi-static, flat Rayleigh fading channel, according to the rank and
the determinant crit eria derived by Tarokh et. al. A spectral efficiency of
log, (p) b/s/Hz is achieved. Simple conditions on the generata matri cesof
arate R = 1/2 corvolutional codeare given so that maximum diversity
advantage is guaranteed. The linear structur e of theseconvolutional codes
reducss significantly the computer search effort with regard to the deter-
minant criterion. New space-tme codeswith two transmit antennasare
presenta for the 5-PSK and 7-PSK modulations, with spectral efficiencies
2.32and 2.81b/s/Hz, respectvely.

Keywords— Diversity, fading channels, multiple transmit antennas,
space-time convolutional codeswir elesscommunications.

|. INTRODUCTION

In a communication systememploying n transmitantemas
andm receve antennasspace-timecoces (STC) have proved
very effective for achieving both diversity and codirg adwan-
tagesat high spectralefficienciesin the fading chanmels. Since
theinceptionof STC, by Tarokhet. al. [1], mary researchrs
have beeninvolved with the designof optimum STC,i.e.,codes
thatachieve maximumdiversity andcodirg gain. In this paper
we conentrateon the quasi-staticflat Rayleighfadirg chan-
nel[1]. A remarlableresultderivedin [1] is thatthe bestSTC
for this channémay be obtaired by optimizing two designcri-
teria, namely the rank criterion andthe determinan criterion
SomeSTCfor two transmitantenasfor the4-PSKand8-PSK
moduationsareprovidedin [1]. Until recerly, STC hadbeen
construtedusinghanddesign anda systematigrocedure pos-
sibly algebraicfor corstructingthesecodeshadnot beenpre-
sented. The main difficulty for designingSTC is that the two
aforenentionedcriteriaapplyto the comple field of baseband
moduatedsignalsratherthanadiscretedomain(e.g., thebinary
Galoisfield) in which the underlying codescoud be designed
Recently important papes providing a geneal designproce-
dureof STCwerewrittenby HammasandEl Gamal[2] andby
Blum [3], [4]. In [2], geneal binaryrankcriteriaaredeveloped
thataresufficientto guaanteethatthe associatedTC achieve
maximum diversity Blum’s papersdealwith binary convolu-
tional codesthatsene asSTC. Necessarandsufficient cond-
tionsaregivenin [3], [4] for the STC to achieve maximum di-
versitygain. Also, Blum developedmethod; for calculatingand
bourding the codirg gain (relatedto the deterninantcriterion).

In this pager, an alternatie designprocedire for achiesing
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diversity and codirg adwentagesis preseted. We considera
space-timecoded systemconsistingof arate R = 1/n linear
convolutional encoer over GF(p), p a prime, followed by a

serial-to-frallel corverter n mapersfrom GF(p) into a p-aty

signalconstellationanda transmittemwith n transmitantenmas.
This apprachdiffers from thoseof [2] and[3], [4] sincehere
the coded symbds arein one-teonecorrespnderteto the sig-

nals from the constellations.This makesthe codedesignand
the codesearchmucheasierto cope with. A spectralefficiengy

of log, (p) b/s/Hzis achiesed. Simplecondtions onthegenea-
tor matricesof arate R = 1/2 corvolutionalcodearegiven so
that maximum diversity advartageis guarameed. Underthese
condtions, anddueto the linear structureof the convolutional
codesthecomptersearcheffort with regard to thedeterminat

criterion is dramaticallyreduced New space-timecodeswith

two transmitantemasare presentedor the 5-PSKand 7-PSK
moduations,with spectrakfficiencies2.32and2.81b/s/Hz,re-
spectiely.

Il. SYSTEM MODEL

We considera commuication systememplaying n transmit
antenmas andm receve antenias, asshovn in Fig. 1. At the
transmittey datais first encodedby arate R = 1/n corvolu-
tional encoer over GF(p), p a prime, whose output is divided
into n parallelstreams.Thesestreamsare mappednto a p-aty
signal constellationandtransmittedsimultan@usly from the n
antenms. A space-timesystemhasbheenmodeledby Tarokh et.
al. [1] in suchaway thatthe signalreceved by thejth antenma
attimet, d7, is givenby

n
dl = Zai’jcz\/Es +nl (1)
i=1



wherect is the signaltransmittedfrom the ith antenm at time
t, Eg is the averageenepy of the transmittedsignal, ] is a
zero-neancomple white Gaussiamoisewith varianceN /2
per dimension and «;,; denotesthe fade presentin the path
from the ith transmitantena to the jth receve antema. For
1 <i<mnandl <j < m,thesefadesaremodeledasindepen-
dentsampleof azeromeancompex Gaussiamandan process
with variarce 0.5 per dimension In practice,to achieve inde-
pendat fadesthe antemasmustbe separatedy a few wave-
lengths. For the quasi-staticflat-fadingchanng it is assumed
thatthe pathfadesreman constantduiing a frame andchang
indepandentlyfrom oneframeto another Also, assumehere-
ceiver perfectly knows the chanmel stateinformation (i.e., the
a’s) andthatthe Viterbi algorithm with the Euclidean metricis
usedin thedecoer. Underthesecondtions, the pairwiseerror
prokability, denotedby P(c — e), anddefinedasthe prababil-
ity thata maximum-likelihood deco@r decideserraneouslyin
favor of codevord
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whenthecorrect codevord is:

c:cic%...C?C%cg...Cg...c}c?...c?,
is upperbourdedby [1]:
T —-m E —rm
Plc—e) < i d 2
= <IN (7) o)
i=1
wherer is therankof the matrix:
el —ct el—-c} e} —cf
2 2 2 2 2 2
Al &1—a € —¢G € —q
B(c,e) =
ef —cf ey —cy - e —¢f
Ai, © = 1,...,r, arethe norzero eigevaluesof A(c,e) =

B(c,e)B(c,e)f, and H denotesonjwgatetranspse.

Basedon equation(2), Tarokhet. al. [1] arrived at two de-
sign criteria for the quasi-staticflat Rayleighfading chanrel,
namely
« TheRankCriterion: In thiscriterionthe paraméerto bemax-
imizedis theminimumrankr of matrix B(c, e), over all distinct
pairsof codavordsc ande. It is saidthatthisis anr-space-time
code.Thediversity advantagas rm < nm, with equdity atfull
rankcondition thatis, r = n.
« TheDeterminan Criterion: For a given diversity advantage
rm, the goal of this criterionis to maximizethe minimum ge-
ometricmeanof the norzeroeigervaluesof the matrix A(c, e),
(A2 ... )\)7, over all distinct pairs of codavords ¢ and e.
Thisrepresentghecodinggain

Regardng the space-timesystenmodelof Fig. 1, in thenext
sectionwe derive condtions on the genergor matrix of a rate
R = 1/2 corvolutional codesothatmaximum diversity advan-
tage aspresenteih Sectionll, is guaanteedor thecorrespond-
ing 2-spacedime cocks.
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Fig. 2. Ratel/2 corvolutional encoderover GF(p).

I11. CONVOLUTIONAL SPACE-TIME CODES OVER GF(p)

LetU(D) = uo+u1 D +usyD? + - - - bethepolynomialover
GF(p), p aprime,represeting adatasequenceThissequence
encoeédby arate R = 1/n convolutionalencaler over GF(p),
whichis thedirectrealizationof the polynomial gereratorvec-
tor:

G(D) = [Gl(D)aGQ(D)J s JGTL(D)] >

producingthe encaledvector

V(D) =U(D)G(D) = [VY(D),V*(D),...,V*(D)],
whereVi(D) = v§ + viD + viD?* +--- + 0Dt + .- fori =
1,2...,n, arethen encodedsequenes. The codegeneréors
areG;(D) = go; + 91D + g2;D*--- + gk DX, for i
1,2...,n,whereK is thememay of theencaler An examge
of arate1/2 corvolutional encockr over GF(p) is shovn in Fig.
2.

At eachtime ¢, a datasymbolfrom GF(p) producesa blodk
of n symbolsfrom GF(p) dendedby (v},v?,...,v"). Regard
ing the space-timesystemmockl in Fig. 1, thesesymbds are
mapped into a p-ary signalconstellationasindicatedin Fig. 3
for the 5-PSKand7-PSKconstellatios. Then compex sym-
bols,(c},c?,...,cP), arethentransmittecoy then antenms. A
sequene of blocks(c},c2,...,ct), fort = 1,2,...,1 formsa
codavord c of thespace-timeode.

Fromnow on,we shallfocusourattentiononthecaseof n =
2 transmitantenmas. Thus, accodingto Tarokh'sdesigrcriteria,
thecodesearctshoud aim atfindingthe“full rank” codeC that
maximizes the minimum determinat

l
det (2@ e — ) el — el c%)) o

i=1

over all pairsof codevords ¢ ande, where* denotescomplex
conjugate. In the following, we explore the algebraic struc-
ture of the convolutional codesand preseh someguideliresto
guarateethefull rankcondition yielding aredicedcomgexity
codesearch.

Lemmal: ConsidelarateR = 1/2 corvolutionalspace-time
codeover GF(p), p aprime,with ageneratomatrix

g1aD+ ...+ g1 DX
G(D)=| ™ :
(D) go2+ ... +grx_1DEL ’

wheregg,1 # 0 andge 2 # 0. Then,1) all brarchesin thecode
trellis departingrom the samestatecoincidein thefirst symbol
anddiffer in the secondsymbol,and2) all transitionsarriving



atthesamestatecoincice in the secondsymbd anddiffer in the
first symbol.

Proof: We shallusethe factthat, for field elementsu, u’,
andg:
(4)

u-g=u'-9g => u=1u,

and
u-g#u -9 = u#u. (5)

To prove 1), let us corsider the curren stateasbeingo; =
[u1,...,uk]}. Whenug(f) is theinput symbd, the statetran-
sitionis s = o5 = [wo(f),u1,--.,ur—1]. Sincege,1 = 0, the
codedsymlol correspndingto the first antena will be given
by:

K-1

o' =Y w - gun Fuk gk,

p=1
whichis aconstantn GF(p) thatdoesnotdependnu(f), but
ono,. Thisshavsthatthefirst symba of all brarchesdeparting
from the samestateareequal.Now for the samestatetransition
os — oy, Sincegg,, = 0, the symbad correspndirg to the
secondantennawill begivenby:

(6)

K1
v® = uo(f) - goo + Z Uy - G2 = uo(f) - go2 + V2, (7)

p=1

whereV; is a constantin GF(p). Thus,in GF(p), v2 will be
differentfor different valuesof uq(f).

To prove 2), let us considerthe final stateasbeingo; =
[uo,u1,...,uk—1]. Then, for the state transition o;, =
[u1,...,uk—1,uk(s)] = oy, thesymbolcorresponéhg to the
firstantenmis givenby:

K-1

ol = Z Uy + Gu1 +uk(8) - gra = Vi +uk(s) - gr1, (8)
p=1

whereV; is a constantin GF(p). So,in GF(p), v! will be dif-
ferentfor different values of ux(s). For the sametransition
os —+ o¢, thesymbd corresponéhg to the secondantennawill

begivenby:

K-1

2 _
V7 = U - go,2 + E Uy " Gu,25
p=1

(9)

which is a constat in GF(p) that does not deper on u g (s),
only onoy. This comgetestheprod. |

Theoem1: Considerarate R = 1/2 corvolutional space-
time codeover GF(p), p a prime. If the generato matrix G
is in accordncewith Lemmal, thenthefull rank condtion is

guarateed. } o

_ Proof. Assumethe geneator matrix G is in accorénce
with Lemmal, and consicer an arbitrary pair of codewordsc
ande of lenght2! symbols.Then equdion (3) resultsin:

d?tédet({g |a(1)‘2}+{df* ,"”+[|b6|2 8}), (10)

INotethatherewe droptheindex ¢ usedin Fig. 2 for the sale of simplicity.

(a)

Fig. 3. Constdlations5-PSK(a)and7-PSK(b).

where

-1
a=(-c), bi=(el—d), f=) I
=2

-1 -1
h:Z|ai|Z, and d:Zaib;‘.
i=2 =2
11

FromLemma 1, we havethata; > 0 andb; > 0. By Schwarz

inequality,

2
; (12

Slail x Do 1bl 2 |3 ait;

andthusfh > |d|2. Sincef > 0 andh > 0, we musthave that:

det = |ar|?|bi|* + a1 )2 f + |bi|?h + fR—|d]” >0, (13
! ———— e e N—-—
>0 >0 >0 >0
which guaanteeghefull rankcondtion. |

IV. CODE SEARCH RESULTS

In this section,we preseh someexanples of 2-spaceime
codegyeneratetby arate R = 1/2 linearcorvolutionalencocr
over GF(5)andGF(7). Therestrictionsderived in the previous
sectionareapgied to the cornvolutional encoer (i.e.,g1,1 # 0,
go,2 7 0andge,1 = gk, = 0) to guarameethefull rankcon-
dition. Theminimum deterninantis thenmaximized We begin
with exampes of unit-menory encalers.

Examplel: Considerthe 5-PSK constellationin Fig. 3(a)
Following the restrictiors of the previous section,the convo-
lutional encoer over GF(5) has gererator matrix G(D) =
[91.1D, go2]. Thesecodes have diversity gain 2, with spectral
efficiency of 2.32b/s/Hz.In perfamingacodesearchywe made
91,1 andgg » to vary over all nonzeo elementsn GF(5),result-
ing in 16 differentcodes.The minimumdeterninantof A(c, e)
for eachcodeis listedin thematrix D(g1.1, go,2) below.

1,38 2,23 2,23 1,38
Digvgon) = | 223 138 1,38 2,23
1> 9o, 2,23 1,38 1,38 2,23
1,38 2,23 2,23 1,38

Clearly, thebestcodeis obtairedwith, for instanceg; 1 = 1
andgo,2 = 2. Thiscodehascodinggain2.23. Thetrellis of this
codeis shawvnin Fig.5.
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Fig. 4. 2-spacetime code for 7-PSK, 2.81 b/s/Hz, (corvolutiond enmder:
GF(7),R=1/2,K =1).

00 02 04 01 03 0

1012141113 1

2022242123 2

3032343133 3

40 42 44 41 43 4

Fig. 5. 2-spacetime code for 5-PSK, 2.32 b/s/Hz, (corvolutiond enmder:
GF(5),R=1/2,K =1).

In this andin the following trellises,eachpair of symbds to
theleft of thetrellis indicatesthesignaltransmittecbver thefirst
andthe secondantenms,respectrely, andthelabelto theright
of thetrellis indicateshe stateof theencode

NotethatD(g1,1, go,2) is Symmetricwhichcanbeusedto re-
duceourcodesearchlt canbeshavn thatsimilar simplification
may be obtain@ with highermemay codes.

Example2: Now consier the signalconstellation7-PSKin
Fig. 3(b). Again,we corsideraunit-memoryencodesatisfying
theconditiors of Sectionlll. We thushave diversity gain2, with
spectralefficiengy of 2.81 b/s/Hz. Similarly to Exanple 1, we
obtainedhematrix D(g1,1, go,2) @s

D(g1,1,90,2) =

Thebestcodeis obtairedwith, for instanceg;,; = 6 andgg 2> =
5. This codehascodinggain 1.35 The trellis of this coce is
shavnin Fig.4.

Example3: Here we extend ours exampges above utilizing
convolutional encocrs of memay orde K = 2 over GF(5)
andGF(7),respectiely. Thatis, the corvolutional encoer has
genertor matrix G(D) = [g1,1D + g2,1D?, go,2 + g1,2D]. For
GF(5), one bestcodeis geneatedby g11 = 2, go1 = 1,
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Fig. 6. 2-spacetime code for 5-PSK, 2.32 b/s/Hz, (corvolutiond enmder:
GF(5),R=1/2, K = 2).

go,2 = 2, andg; » = 4 (seetrellis in Fig. 6). Thecodirg gainof
this codeis 4.47. The diversity gainandthe spectralefficiency
arethe sameasthosein Examplel. For GF(7),the multipliers
setasgi;1 = 3,92, = 2, go2 = 1, andgy » = 3 produceone
bestcode Thetrellis descrigion for this codeis shavn in Fig.
7. It hasacodinggainof 3.74,while thediversitygainandthe
spectrakfficiengy arethe sameasthosein Exanple 2.

The new space-timecodespresentedn this papercould be
found with a rediced computer search,dueto the linearity of
the corvolutional codes the restrictionsderived in Sectionlll,
andthe symmetryof the matrix D. Particularly, an exhaistive
codesearchfor the caseof the previous examgeswould need
to checka huge numter ( O(p®" 27))) of codes, while herewe
only had10 candidéesfor Examplel andonly a few thousad
candicitesto searctfromin themostcomgex case.Thisadwan
tagebecones more significantasthe memoy orderincreases,
allowing goad codesto be obtainedwith relatively low com-
putereffort.

V. FINAL COMMENTS

In this paper we consideredspace-timecorvolutional codes
over GF(p) for thequasi-staticflat Rayleighchanrel. Thecodes
weredesigredto provide the bestperfamanceaccordng to the
rankandthedeterninantcriteriaderivedby Tarokhet. al.. Sim-
ple condtions on the gener¢or matricesof a rate1/2 cornvo-
lutional coce weregiventhatguaanteemaximun diversity ad-
vantag for 2 transmitantemas.
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