A note on alternant and BCH codes
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Abstract - Alternant codes over arbitrary finite
commutative local rings with identity are con-
structed in terms of parity-check matrices. The
derivation is based on the factorization of 2° — 1
over the unit group of an appropriate extension
of the finite ring. An efficient decoding proce-
dure which makes use of the modified Berlekamp-
Massey algorithm to correct errors is presented.
Furtermore, we address the construction of BCH
codes over L., under Lee metric.

1 Introduction

Alternant codes form a large and powerful
family of codes. They can be obtained by a sim-
ple modification of the parity-check matrix of a
BCH code. The most famous subclasses of alter-
nant codes are BCH codes and (classical) Goppa
codes, the former for their simple and easily in-
strumented decoding algorithm, and the latter for
meeting the Gilbert-Varshamov bound. However,
most of the work regarding construction and de-
coding of alternant codes has been done consid-
ering codes over finite fields. On the other hand,
linear codes over integer rings have recently gen-
erated a great deal of interest because of their new
role in algebraic coding theory and their successful
application in combined coding and modulation.

A remarkable paper by Hammons et al. [1] has
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shown that certain binary nonlinear codes with
good error correcting capabilities can be viewed
through a Gray mapping as linear codes over Z,.
Moreover, Calderbank et al. [2] studied cyclic
codes over Z4. Viewing many BCM (block coded
modulation) schemes as group block codes over
groups, in [3] it was shown that group block codes
over abelian groups can be studied via linear codes
over finite rings. Andrade and Palazzo [4] con-
structed BCH codes over finite commutative rings
with identity. Also, Greferath and Vellbinger [5]
have investigated codes over integer residue rings
under the aspect of decoding. The Lee metric [6],
[7] was developed as an alternative to the Ham-
ming metric for transmission of nonbinary signals
over certain noisy channels. Roth and Siegel [8]
have constructed and decoded BCH codes over

GF(p) under Lee metric.

In this work we address the problems of con-
structing and decoding alternant codes over arbi-
trary finite commutative local rings with identity
and the problems of construction BCH codes for
the Lee metric. The core of the construction tech-
nique mimics that of alternant and BCH codes
over a finite field, and is based on the factorization
of 2° —1 over an appropriate extension ring. Thus,
this work is organized as follows. In Section 2, we
describe a construction of alternant codes over a
finite commutative local ring with identity, using
the Galois theory of commutative rings [10], and

using the modified Berlekamp-Massey algorithm



an efficient decoding procedure is proposed. An
example of the decoding method is given. In Sec-
tion 3, we describe a construction of BCH codes
over Zg, where g is a prime power, under Lee met-
ric. The question of the existence of a simple de-

coding algorithm for these codes remains open.

2 Alternant Code

In this section we present a construction tech-
nique of alternant codes over finite commuta-
tive local rings with identity, in terms of parity-
check matrices. First we collect basic definitions
and facts from the Galois theory of commutative
rings, those necessary to characterize such matri-
ces. Throughout this section we assume that A4 is
a finite commutative local ring with identity with
maximal ideal M and residue field K = & =
GF(p™), where m is a positive integer and p is a
prime. Let f(z) be a monic polynomial of degree
h in A[z], such that u(f(z)) is irreducible in K[z],
where p is the natural projection. Then by [10,
Theorem XII1.7(a)], we have f(z) also irreducible
in A[z]. Let R be the ring A[z]/{f(x)). Then R is
a finite commutative local ring with identity and
is called a Galois extension of A of degree h. Its
residue field is K; = R/M; = GF(p™), where
M is the maximal ideal.

Let R* denote the multiplicative group of
units of R. Tt follows that R* is an abelian group,
and therefore it can be expressed as a direct prod-
uct of cyclic groups. We are interested in the
maximal cyclic group of R*, hereafter denoted by
Gs, whose elements are the roots of z° — 1 for
some positive integer s such that ged(s,p) = 1.
From [10, Theorem XVIII.2], there is only one
maximal cyclic subgroup of R* having order rel-

atively prime to p. This cyclic group has order

s=pmh _1.

Definition 2.1 Let n = (a1,09,---,ay) be the
locator wvector, consisting of distinct elements of
Gs, and let w = (wq, we, -+, wy) be an arbitrary
vector consisting of elements of G;,. Now define

matrix H as

w w2 Wn
w101 wax2 WnOn
H = w02 w03 wnai ,
wia] ™l weah™t oo wpal!

Then H is the

parity-check matrix of a shortened alternant code

where r is a positive integer.

C(n,n,w) of length n < s over A.

It is possible to obtain an estimate of the min-
imum Hamming distance d of C(n,n,w) directly
from the parity-check matrix. The next theorem

provides such an estimate.

Lemma 2.1 Let o be an element of G of order
s. Then the difference o' — o'? is a unit in R if

0<li<lpa<s—1.

Theorem 2.1 C(n,n,w) has minimum Ham-

ming distance d > r + 1.

Example 2.1 The polynomial f(z) =23 +z +1
is irreducible over Zs, and over the commutative

local ring A = Zo[i], where i2 = —1. Thus R =
Alz]
(F(=))
of f(x). We have that « generates a cyclic group

Gs of order s = 23 — 1 = 7 in R*. Letting n =
(1,1,1,1,1,1,1), then if

r = 2, we have an alternant code C(7,n,w) over

is a Galois extension of A. Let o be a root

(1,a,---,a%) and w =

Zs[i] with minimum Hamming distance of at least
3.



2.1 Decoding Procedure

This section is devoted to developing a decod-
ing method for an alternant code as defined in the
previous section. Let C(n,n,w) be an alternant
code with minimum Hamming distance at least
r+1, i.e., this code can correct up to t = [(r+1)/2]
errors, where [n] denotes the largest integer less
than or equal to n. Then ¢t = (r + 1)/2 when r
is odd, and t = r/2 when r is even. The idea is
to extend efficient standard decoding procedures
for BCH codes which work well over fields (as de-
scribed, for example, in [11], [12], [13], and [14]) to
finite commutative local rings with identity. Note
that these afore mentioned decoding procedures
do not work over rings, in general. As an exam-
ple, the original Berlekamp-Massey algorithm [11],
[15], which is fundamental in the decoding process
of a BCH code, cannot be applied directly if the
elements of the sequence to be generated do not
lie in a field.

First, we establish some notation. Let R de-
note the ring defined in Section 2 and « be a prim-
) be the
ry) be

the received vector. The error vector is given by

itive element of G;. Let ¢ = (¢1,¢2,- -, ¢p

transmitted codeword and r = (ry,re,---,

e = (e1,e9,---,e,) = r—e. Given a locator vector
n= (a1, -,05) = (&, ---,0F) in G", we define
the syndrome values sy € G,, of an error vector
e = (e, -,en), a8 sp = > i ejwjag, £ > 0.
Suppose that v < ¢ is the number of errors which
occurred at locations 1 = @, -,y = 0,

with values y1 = e, -- Since 8 =

Yo = €4,
rHT = eH”, where s = (sg,---,87_1), the first
r syndrome values sy can be calculated from
Py ejwjag =
The elemen-
of the

the received vector r as s, =
£ _
Yimirjwiey, £ = 0,1,

tary symmetric functions

,7 — L.

01,02,°",0p

error-location numbers z1,z9,---,z, are defined
v

as the coeflicients of the polynomial H(z —xz;) =

i=1
Z g;Z i’
procedure being proposed consists of four major
steps [4]:
Step 1 - Calculation of the syndrome vector
from the received vector;

where oy = 1. Thus, the decoding

Step 2 - Calculation of the elementary symmet-

ric functions o1,09,---,0, from s;

Step 3 - Calculation of the error-location num-

bers z1,z9,---,z, from oq,09,---,0,;

Step 4 -
Yi,Y2, -

Calculation of the error magnitude
-,y from z; and s.

In Step 4, the calculation of the error mag-

nitude is based on Forney’s procedure [12]. The
error magnitude yy,y2,-- -, ¥y, are given by
v—1
g = VTl Gy ()

E Zl Lo zy~ 1-¢°
where the coefficients o, are recursively defined
=0;+%j0ji-1, 1 =0,1,---
with o0 =09 =1. The E; =w;;, j =1,2,---,v

by o ,v—1, starting
are the corresponding location of errors in the vec-
tor w. Again making use of Lemma 2.1, it can be
shown that the denominator in Eq. (1) is always

a unit in K.

Example 2.2 Let G; be the cyclic group as in

5 4

Example 2.1. Considering n = (o, a,a?,0?)

= (o, -, o), w = (o, ,0*,0) and r = 2, we
have an alternant code over Zy[i] of length 4 and
minimum Hamming distance of at least 3. Let H
be the parity-check matrix. Assume that the all-
zero codeword ¢ = (0,0,0,0) is transmitted, and
the vector » = (0,0,%,0) is received. Then the
4 i0). By the

modified Berlekamp-Massey algorithm we obtain

syndrome vector is 8 = rH = (io



0@ (z) = 1 + a*z. The root of p(z) = z + o* (the
reciprocal of 6(?(2)) is z1 = o*. Among the ele-

0 6
’---’a

ments « , we have that =1 = o? satisfies
z1 — 21 = 0 (zero divisor in R). Therefore, x;
is the correct error-location number since k3 = 4
indicates that one error has occurred in the third
coordinate of the codeword. The correct elemen-
tary symmetric function o1 = o* is obtained from
T — 1 = — oy =z — o. Finally, applying For-
ney’s method to 8 and oy, gives y; = ¢. Therefore,

the error pattern is e = (0,0, 7, 0).

3 BCH code

In this section we present a construction tech-
nique of BCH codes over commutative ring of inte-
gers modulo ¢, where ¢ is a prime power, in terms
of parity-check matrices under Lee metric. First
we collect basic definitions and facts from Lee met-
ric over Z,,, where m is a positive integer.
Definition 3.1 Let Z,, denote the commutative
ring of integers modulo m, where m is a positive

integer.

e The Lee value of an element o € Zy, is de-
fined by

a, for 0<a<[3]

o= ,
e {m—a, for [B]l<a<m-—1.

where ['F] is the greatest integer smaller than

or equal to 3.

e The Lee distance between two vectors a —
(a1,a9,...,a,) and b = (by,ba,...,by,) over
Ly, 18 defined by

n
dL(a’ b) = Z dL(aia bz)a
i=1

dr(ai b)) =
1,2,...

where min{a; — b;,b; —

a;H(mod m), i = , M.

e The Lee weight of a vector a = (a1, a2, ... ,ay)

over L, is defined by
n
wL(a) = dL(a, 0) = Z | a; | .
i=1

e The minimum Lee distance, dr(X), of a
subset X of Zi,, is the minimum Lee distance

between any pair of distinct vectors in X.

Let Zg4[z] denote the ring of polynomials in
the variable z over Z,, where ¢ is a prime power
p. Let f(z) be a monic polynomial of degree h,
irreducible over Z,. We have that f(z) is also
Znls] genote the

(F(@))
set of residue classes of polynomials in = over Zg,

irreducible over Z,. Let R =

modulo the polynomial f(z). This ring is a local
commutative with identity and is called a Galois
extension of Z, of degree h. Let G5, where s =
p" —1, be the maximal cyclic subgroup of R* such
that ged(s,p) = 1.

Definition 3.2 Let n = (a1,09,...,a,) be the
locator vector consisting of distinct elements of G;.

Now define matriz H as

1 1 1

841 (8] Qn,
H=| &8 o3 o |,

a{_l ag_l ar—t

where 1 is a positive integer. Then H is the parity-
check matriz of a shortened BCH code C(n,n) of
length n < s over Zy.

Thus, a word ¢ = (c1,¢2,---,¢n) € Zy is in
C(n,n) if and only if it satisfies the following r

parity-check equations over R:

n
Zc]aé:O, [=0,1,...,r—1.
=1



The codes C(n,n) for which n = p" — 1 will be
called primitive. In this case, n is unique, up to
permutation of coordinates.

Given a transmitted word
¢ = (c1,62,...,¢4) € C(n,n) and a received
word b € Zj, the error vector is defined by
e = b —c¢. The number of Lee errors is given
by wr(e), that is, the number of Lee errors is
the smallest number of additions of +1 to the
coordenates of the transmitted codeword ¢ which
yields the received word b. Since the Lee weight
satisfies the triangle inequality, using a code of
minimum Lee distance dj, allows one to correct
any pattern of up to (dr. — 1)/2 Lee errors.

Given a locator vector n = (a1, ag, ..., ap) of
a code C(n,n) and a word b = (b1,b2,...,b,) €
ZZ, we define the locator polynomial associated

with b as the polynomial
n
o(z) = H(l — aja:)wL(Cj).
j=1

We define the syndrome values s; of an error vector

e = (e1,e9,...,e,) by
n
8= Zejoé, [>0.
=1

The formal syndrome series S(z) is defined as

o0
s(z) = Z sz
=1

Given a codeword ¢ € C(n,n) we define the

+ ot

word ¢t = (¢ ,¢5,...,¢}) as

I if ¢;e{1,2,...,[4]}
I 0 otherwise,

and let ¢~ = ¢t —¢. That is, ¢T is equal to ¢ at
the latter’s positive entries, and is zero otherwise,

whereas the entries of ¢~ take the Lee values of the

negative entries of ¢, leaving the others locations
zero. We define the positive syndrome values sl"'
and the negative syndrome values s; of the error
vector e by

n
+_ + 1
sl—Eejaj (>0
=1

with the associated formal syndromes series

() = Z sy .
=1

o0
s"'(x):Zsl'"a:l and s~
=1
Similarly, we define the positive and negative

error-locator polynomials o (z) and o~ (z) by

and

H(l — aja:)w"(ef)

11— a9,

Now we assume that ¢ is a codeword of C(n, n)
of Lee weight < 2r. Let o7 (z) and o~ (z) denote
the locator polynomials of ¢t and ¢~ , respectively,
and let sT(z) and s~ () be the formal power-sum
series over R associated with o7 (z) and o~ (z).
Since Hc = 0, we have that Het™ = He™. The
first equation in this last equality reads wr,(ct) =
wr,(¢7)(mod q), that is, wr,(e¢*) = wg(c™)*lg, for
some integer [, whereas the other r — 1 equations
1=1,2,...,r — 1,

can be rewritten as s;” = s,
or equivalently s*(z) = s~ (z)(mod z").

Lemma 3.1 If wr(ct) # wr(c™) then wr(c) >

q.
Theorem 3.1 Let C(n,n) be the a code
with minimum Lee distance dr(C). Then
the Lee metric dp(C) satisties dp(C) >

for 1<r<[4]
for [d]<r<qg-1

2r,
q,
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