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Abstract 0 A numerical code based on the Finite Element M ethod
(FEM) was developed to solve the ridged waveguide eigenvalue
problem. In order to apply the FEM, the Galerkin Weak Formulation
was used. The solution is obtained by using the Finite Element M ethod
with quadratic triangular shape functions. The eigenvalue spectrum of
the single and double rectangular ridged waveguide is shown and it is
compared with other numerical approaches and the electrical field
distribution of lower modes is also presented. The code was developed
using C language.
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|. INTRODUCTION

Ridged waveguides have been useful for several yearsin
microwave systems requiring broadband operation and the
ridged waveguide field problem has been investigated for
many authors. In 1947 Cohn [1] obtained the ridged
waveguide eégenvalues by using the transverse resonance
technique. In 1955Hopfner [2] extended the Cohn’s work to
other asped ratios by inclusion of a first-order corredion
factor. Each of these previous investigations was primarily
aimed at the solution for the TE, eigenvalue [3]. In order to
performe a complete study of the ridged waveguide, in 1971,
Montgomery [4] formulated an integral eigenvalue problem.
In 1985Utsumi [5] presented a variational method to oltain
the approximate ait-off frequency and eedromagnetic
fields. Recantly, 1999 Wu et a [6], investigated the ridged
waveguide problem using a general spedral domain integral
equation formulation.

In this work we investigated the fidld problem of the single
and double redangular ridged waveguides [7]-[8] with
different asped ratios and ohtained the @genvalue spedrum
and the dedric fidd dstribution for arbitrary TE ,,, and
TM,,, modes by using the Finite Element Method (FEM)
with quadratic triangular shape functions. The homogeneous
Helmholtz equation is lved to yield a generalized matrix
eigenvalue problem. Then the generalized egenvalue
problem is lved by applying Galerkin weak formulation
method [9]-[10] and using Jacoh transformations method
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for evaluate the egenvalues (cutoff frequency) and
eigenvedors (fields) [13]-[14]. For numerical evaluation of
eigenvalues (TE and TM modes) we have been used a
numerical code, developed in C language, and the plots of
the dedric fields (eigenvedors) can be visualized by
Scigraphica software, in the Linux environment, or Origin
5.0 for Windows environment.

The result of the investigation is the posshility of
ohtaining of any eigenvalue, at least in principle, with its
asociated field distribution by FEM appli cation.

This paper is organized as follows: In Sedion Il, the
eedromagnetic field problem isformulated. In Sedion I, a
FEM for the guided wave propagation is outlined. In Sedion
IV, the results are shown and discussed. Conclusions are in
Sedion V.

[I. ELECTROMAGNETIC PROBLEM FORMULATION

In order to analyze the propagation characteristics of a
losdess redangular ridged waveguide we start from the
Maxwell equations, where the dedric field and magnetic

field are denoted by E and B, respedively:

E=-jouH, OCE=0 (1)
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where the harmonic variation exp(jwt) is assumed and
w = 211 is the angular frequency of the dedromagnetic
wave. In (1), (2) Yo and &, are the magnetic permeabilit y and

eledric permittivity of vacuum, respedively. From (1) and
(2), the veaor Helmholtz equation can be derived as
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where kg = w _[ugg, » is the free space wavenumber. By
asaiming that the z dependence @n be given by exp(-jB2),

where 3 is the propagation constant, and introducing the
following notations

E=E,+aE,, (4)



0=10, - jBa, ©)
that in aredangular coordinates,

+E,a,,and O :aiax+%a
where [J denotes the transverse parts of [0 operator or field,
for the transverse and parallel components of the wave
equation, and a, being a unit vedor in the z diredion, we
can rewrite the vedor Helmholtz equation as a pair of
differential equations.
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By introducing the variable transformation
ex = jBEX!
ey = BEy,
e, = E,. (8)

So, (7) and (8) can be written as

BZDD X ﬁjuez +€, ﬁx az = szgezaz (10

The coupled pair of differential equations (9) and (10)
can now be solved for the square of the propagation constant
Bz of the homogeneous ridged waveguide, subjed to the
foll owing boundary conditi on:

Aixe, =0

- 1y
e, =0
on perfed eedric surfaces and
Poe:ve h=0 (12
0, xé, =0

on pefed magnetic surfaces, where and n denotes the
normal vedor at each surface

The arresponding variational functional [18] for the (8)
can be written as
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For TM and TE modes analyses the boundary condition
reduces to n [e, = 0 for magnetic wall and e, = 0 for

eledric wall. The aosssedion shape and the parameters of
ridged waveguideis sown in Fig. 1.
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Fig. 1. Geometry of redangular ridged waveguide Crosssedion and
parameters of asinge-ridge (a) and daible-ridge (b) waveguide.

[I1. FINITE ELEMENT IMPLEMENTATION

In the finite dement method dscussd here, the
redangular guide aoss ®dion is subdivided into set of
triangular subregions and within each triangular subregion
there is a point distribution to permit a quadratic
approximation. Thisisin fact advantageous because we @n
use only a few triangles to describe the boundary shape and
consequent accuracy will result, as it compared with linear
approximation.

A. Finite Dimensiond Approximation

In the present approach, the problem domain Q is broken
into triangles and it can be shown in Fig. 2, and within each
triangle there is a point distribution with six pointsin order
to permit a quadratic approximation. The waveguide aoss
sedion was meshed applying two kinds methods: regular, by
generating a regular grid (Fig. 2, to the left), and GiD
automatic mesh generator (to the right).
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Fig. 2. A finite-dimensional discretization by seomndorder trianges of a
waveguide aoss &dion using a regular grid and by GiD automatic mesh
generator.

B. Generali zed Eigenmatrix Equation

In order to apply the FEM it is necessary to distinguish
the exact and approximated solution of eigenvalue probem,
therefore if U, is used to denotes the eact solution of

eigenvalue problem for e, or h,, satisfacting the equation

D.ﬁjue(x,y)ﬁwﬁue =0. (14)



where k2 = k2 - B? is the square of cutoff wavenumber,

being eigenvalue of the problem, and U is used to denote the
solution obtained with the FEM, so that when U is
substituted into (14), it generates aresidual R, given by:

0 [%]U(x,y)5+ k2U(x,y) = R. (19

In order to establi sh anumerical procedure, we forceR to
be zero using the foll owing condition:

J'WRdQ =0, (16)
Q

where W is a weighting function and Q represents the
domain in with the cndition is enforced. In our case, the
expressonin (16) is

J'QW ﬁ].(DU(x,y)) + kCZU(x,y)EdQ =
:fS(Q)W OU(x,y) S —J'Q OU(x,y) OW dQ

+Ich2U(x,y)dQ. (17)
Q

and S being the surfaceof Q.
Equation (17) is the weak form of the formulation and
the stiffnessmatrix is given by

L ONT ONU dxdy. (18)

The stiffnessmatrix can be obtained after applying Galerkin
method to (14), and separating from the boundary
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conditions, being u (x,y) = ZUnon(x.y): and gn(x,y)
n:

an approximation function. Therefore, the dementar matrix
system can be ohtained by
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where EAD E and %‘5 are submatrices to solve (14). Then,
the aseembly matrix can be denoted by

[SS{U} =k [R{U}. (20)

The Equation (20) denotes the generalized eigenvalue
problem for which [S] e [R] are normally real, symmetric,
and positi ve definite matrices, {U} isthefield values for the
TE and TM modes, and k. values are the engenvalues
(cutoff wavenumber), so the k. can be obtained of a system
of equations and the dgenvedors, as the @rresponding
solutions (i.e. fields).

The generalized eigenvalue problem can be reduced to a
standard eigenvalue problem[10]-[11] and for thisreason we
have been used the Jacobi method [13]-[16] to finding the
eigenvalues and eigenvedors.

V. RESULTS

In this sdion we have presented the aitoff
wavenumbers, olbtained by solving the generalized
eigenvalue probem

O
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In order to verified the acaurate of method was FEM
numerical code implementation, this first applied to
redangular waveguide.

Considering a redangular waveguide with dimensions
a/b = 2, the mmputed eigenvalues are given in Table 1 and
the @rresponding modefield dstributions (eigenvedors) are
shown in Fig. 3 for TE;g and TE;1. These @l culations were
carried out using a quadratic approximation with 64
triangular elements over the waveguide adoss ®dion. The
exact [7]-[8] elgenvalues are given by

T
ke = Im? + (2n)? (22

TEm(m#0 or nz0) and TM,,,(mz0 and nz0) modes. We @n
remark too that the accuracy of the cculated eigenvalues
deteriorates for the higher order modes snce the latter
require a finer mesh due to their more complex mode
structure like it was observed by Volakis et a [9] and shown
in the Table I, 1l and Ill. The Fig. 3 shows the fields plots
(eigenvedors) for the various modes in a redangular cross
sedion using a regular grid (manually meshed) with 64
elements.

The Figure 3 shows only the results considering a
redangular waveguide of dimensions a = 2b for testing the
of code developed. The ade permits to evaluate not only the
TE and TM modes but also for the single ridged and double
ridged waveguides. The results of visualizaion of fields
(eigenvedors) for TE and TM modes in ridged waveguides
have been presented at first time (at least knowing by the
authors) in the literature using sewmnd-order triangular
elements.

In the Tables I-IV we have presented the TE modes,
obtained using MEF, for double ridged waveguide (a/b = 2)
in comparison with analytical results[20]. The Figures6 and
7 show the lowest TM modes for single and double ridged
waveguides.

Investigating the Tables I-1V we @n observed the good
acauracy and according of results, in comparison toliterature
[9,20], using MEF code to calculate the wavenumbers cutoff
for redanguar waveguide and redangular ridged
waveguide. It was possble verified that the most acauracy



values can be @lculated using a mesh containing few
elements, not only for second-order triangular elements as
well as for first-order elements, and a good visuali zation of
TE and TM modes is related to generation mesh way. The
best cutoff values and visuali zation for bath modes (TE and
TM) was obtained using a regular grid with 64 triangular
elements over the waveguide aoss gdion.

TABLE |: CUTOFF WAVENUMBERS FOR A RETANGULAR
WAV EGUIDE: COMPARISON BETWEEN ANALITYCAL AND FEM
CALCULATIONS FOR TE AND TM MODES USING A REGULAR GRID OF
SECOND-ORDER FINITES ELEMENTS

ka (a/b=2)
Analytical[12)] FEM Calculation - regular grid

TE TM 64 triangle dements

10 3.142 3.146

20 6.283 6.267

01 6.283 6.267

11 11 7.025 7.003 7.107

12 12 12953 12.839 13414
21 21 8.886 8.847 9.008

31 31 11327 11.260 11518

TABLE II: COMPARISON BETWEEN ANALITYCAL AND FEM CALCULATIONS
USING VARIOUS MESHES ON FIRST-ORDER ELEMENTS

kea (alb=2)
Exact[12 FEM Calculations
Mode Triangle Elements - 1% order

TE TM 162 300 402 695
10 3.142 3234 3224 3.093 3122
20 6.283 6.394 5928 6.249 6.194
01 6.283 6.427 6.440 6.251 6.302
11 11 7.025 7.269 6.913 6.990 7.002
12 12 12953 13078 12892 12870 13.070
21 21 8.886 9.247 8971 8.845 8.792

TABLE IIl : COMPARISON BETWEEN ANALITYCAL AND FEM
CALCULATIONS USING VARIOUS MESHES ON SECOND-ORDER ELEMENTS

kea (alb=2)
Exact[12)] FEM Calculations
Mode Triangle Elements - 2" order

TE T™ 64 144 256 300
10 3.142 3.146 3.093 3.140 3.207
20 6.283 6.265 6.249 6.276 5.892
01 6.283 6.268 6.251 6.277 6.394
11 11 7.025 7.004 6.990 7.019 6.845
12 12 12953 12819 12870 12908 13065
21 21 8.886 8.846 8.845 8.873 8.839
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Fig. 3. Calculated mode dedric fidds in a redangular waveguide with

dimensionsalb = 2.

TABLE IV: CUTOFF WAV ELENGHT OF H1o MODE

b'/b=0.25 b'/b=0.5
Theor. [20] MEF Theor. [20] MEF
ala Aa MNJa(2mka) ala AJa AJa(2mkea)
0.20 3.349 3.059 0.25 2.604 2.569
0.50 3.609 3.471 0.50 2.666 2.606




TABLE V: CUTOFF WAV ELENGHT OF Hz9 MODE

b'/b=0.25 b'/b=0.5
Theor. [20] MEF Theor. [20] MEF
ala Aa MNJa(2mka) ala AJa AJa(2mkea)
0.20 0.884 0.883 0.25 0.942 0.943
050 1.157 1.134 0.50 1.095 1.088
TABLE VI: CUTOFF WAVELENGHT OF Hzg MODE
b'/b=0.25
Theor. [20] MEF
ala Ada Aa( 2rikea)
0.20 0.762 0.764
0.50 0.647 0.649
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Fig.6. Calculated mode eedric fields in the redangular double ridged
waveguides (a/b = 2) witha'/a=.0.2 anda'/a= 0.5 (b'/b = 0.25).

Fig.7. Calculated fields for the lowest TM modes of the redangular (a/b =
2) double ridged and sing e ridged waveguides.

V. CONCLUSION

The finiteeddlement method of solving ridged and
homogeneous waveguides problems by quadratic triangular
shape function appears to be @pable of higher accuracy and
reliably produces complete sets of propagating modes at
littl e computational cost. The new method for calculating the
TE and TM modes in the redangular ridged waveguides
have been tested and presented at first time. This method is
capable of extension to inhomogeneoudly filled guides and
cavity resonator, as well asto aher field problemsinvolving
losyy or not. Some of these posshilities are now under
examination.
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