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Abstract— This paper presents a statistical analysis of a Pseudo Affine
Projection (PAP) algorithm, obtained by introducing a step size control pa-
rameter in the weight update equation of the Affine Projection (AP) Algo-
rithm. An analytical model is derived for predicting the algorithm stochas-
tic behavior for any step size o < 1. Deterministic recursive equations are
derived for the mean weight and for the mean square error behaviors for a
large number of adaptive taps N, as compared to the order P of the algo-
rithm. Simulations are presented which show excellent agreement between
theory and simulations in steady-state and during transient. The learning
behavior of the PAP algorithm is of special interest in applications where a
tradeoff between convergence speed and steady-state misadjustment is nec-
essary.

I. INTRODUCTION

The Affine Projection(AP) algotithm proposedby Ozekiand
Umedain 1984[2] apgies weightupdatesn directiors thatare
orthagonalto thelast P inputvectors.This decorelatesthein-
putsignalandspeedsip corvergence[3], making thealgorithm
attractve for applicatiors with highly correlatedinput signals
[4]. The price to be paid for the improved perfamanceis an
increaseccompuationalcomplity anda slightly highernoise
floor, whencomparedto algorittmssuchasthenormdizedleast
meansquars (NLMS). The comgexity costhasbeendeceas-
ing with recen advance in the semicomluctorindustry The
highernoisefloor, however, is anintrinsic property of the al-
gorithm. Oneway to reducethe steady-statenisadjustmenis
to introduce a stepsize cortrol. Sucha nontunity stepsizeal-
lows atradedf betweersteady-statenisadjustmenandcorver
gencespeed. Suchrediction of the maxinum speedstepsize
hasalsobeentipically usedfor the NLMS algorithm in practi-
calechocancellergo preventundssirableeffectsof thesystems
nonidealitiesof therealworld implement#ion [12]. Thus,it is
of interestto studythe behaior of the AP algorithmwhenits
weight updde equationis modifiedto incomporatea stepsize
contrd paraméer a.

Referencd4] haspresented quantitatve analysisof the AP
algoritm. Theanalysids basedupan anindependeninput sig-
nal modeloriginally proposedin [5]. However, theindepemlent
signalmockl canrot handlethe prewhiteningpropertiesof the
AP algoithm. Referene [6] presentd a quantitative analysis
for autoegressie (AR) Gaussiannputs andunit stepsize. This
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analysisfollows the work in [3] (which was also restrictedto
unit stepsize)for obtairing the solutionof a recursionfor the
weight errar vectorvariarces. The solutionusesprevious re-
sultsfor the NLMS algoiithm with white inputs. Referencg10]
presentech new statisticalanalysis for the behaior of the AP
algorithm for GaussiarAR inputsandunit stepsize. Analyt-
ical difficulties are avoided for the caseof a large nurmber of
adaptve tapscomparedto the AP algorithmorder More re-
cently, theresultsin [10] have beenimprovedthrowghtheuseof
new statisticalassumptios andappoximatiors, aswell asthe
consideationof vectorpropertiesof certainvariables [11]. The
resultsin [11] areagainfor unit stepsize.

This paperexterdsthework in [11] to the statisticalanalysis
of the AP algorithmwhentheupdatesquatia is modfied by the
introductionof a stepsizecortrol parametetr < 1. Theresult-
ing algoithm is no longerthe AP algorithm, andis thusnamel
herethe Pseuddffine Projection(PAP) algorithm Theuseof a
non-unit stepsizerequres new consideréions for the analysis,
sincethe original structureof the AP algorithmhasbeenmod
ified. The analysisassumesn AR input and a large numker
of adapive taps,as commredto the algoithm’s order. Ana-
lytical recursioms arederivedwhich predct the behaior of the
meanweight vectorandthe meansquareerra (MSE). Monte
Carlosimulationresultsshav excellent agreenentwith theoet-
ical predctionsduringtheadaptatio phaseandin steady-state.

Il. THEINPUT SIGNAL MODEL

The adaptie systemattemptsto estimatea desiredsignal
d(n) thatcanbemockledby

d(n) = w° u(n) + r(n)

wherew® = [w{ w$ ... w%_,]7 is the vectorof the model
paranetersandr(n) is a white noisewith variarce o2, which
accouts for measurmentnoiseandmodeling errors.

Theinputsignalu(n) is assumedo be a stationaryAR pro-
cessmodelinginput signalsfor mary practica applicatias. Let
u(n) be avecta of N samplesof an AR processof order P.
Thus,

P
u(n) = Z a;u(n —i) +z(n) =Um)a+z(n) (1)

wherethematrixU(n) = [u(n—1)...u(n— P)] isacollectin
of P pastinputvectorsu(n — k) = [u(n — k) ... u(n — k —
N+1)]T andz(n) = [2(n) ... 2(n—N+1)]T isavectorwith
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sampledrom astationarywhite Gaussiarprocesswith variarce
2
o;.
Theleastsquars estimateof the paranetervecta a is given
by:
a(n) = [UT (n)U(n)]~1UT (n)u(n)

whereU7 (n)U(n) is assumeaf rank P.

(@)

The weight update equation of the PAP algorithm obtained
from the AP algorithmrecursion[3] by theinclusionof a step
sizeparaneterq is givenby:

THE WEIGHT UPDATE EQUATION

P(n

wn+1)=w(n)+a W@(n) (3)
wheretheerrorsignale(n) is givenby
e(n) =w*" u(n) + r(n) — w” (n)u(n) @

andw(n) = [wo(n) wi(n) ... wy_1(n)]T is the adaptve
weightvecta.

Notethattheoriginal AP algorithm[2] with nortunit stepsize
would leadto a vectorerror signal, insteadof the scalarerror
in (3). Recursion(3), hawever, coincideswith the AP update
equationvhena = 1.

Thevector®(n) definesthedirectionof updae, andis given
by:

®(n) = u(n) — U(n)a(n) (5)
Theorde of the AP algorithmis definedby thenumber (P + 1)
of inputvectas usedto determire ®(n).

IV. VECTOR AND STATISTICAL PROPERTIES OF &

Thefollowing analysisnvokesassumptionsimilarto thein-
depenlenceassumptiorusedto analyzemary stochasticalgo-
rithms[1].

Assumption Al: The statisticaldepenlencebetweenz(n)
andU(n) canbenegglected This assumptions justified asfol-
low andis morerealisticfor N > P.

Equation (1) shows an algebraicdepenlencebetweenz(n)
andvectos u(n — 1), ..., u(n — P). Also, z(n) is of dimen-
sion N. ConsideP,(n) = U(n)[UT (n)U(n)]71UT (n), the
projectiacn matrix ontothe subspacepanedby the columrs of
U(n), andP,(n) = I — P,(n), the projection matrix onto
the orthogonal compgementsubspace.Then, z(n) canbe de-
compsedasz,(n) + z, (n), wherez,(n) = P,(n)z(n) and
z, (n) = P,(n)z(n). Only z,(n) is algebraically depenent
uponU(n). Moreover, sincez(n) is white, the averag enegy
of z(n) is equally distributedamorg its N dimersions. Thus,
only the enegy in z,(n) createsa depemlencebetweenz(n)
andU(n). This dependenceanbenegglectedif N > P.

Assumption A2: ®(n) andtheweightvectorw(n) aresta-
tistically indegendent.

This assumptionis similar to the indepenlenceassumption
appliedto delay line adaptie filters with white inputs since
®(n) isavecta whoseelementsreestimate®f thewhite noise
sequence(n) [3].

Substituting(1) in (5) yields

®(n) =1-Pu(n)]z(n) =P,(n)z(n) =z.(n) (6)

Eq. (6) shavsthat®(n) is orthagonalto thecolumrs of U(n).

Thestructureandthepropertiesof thecorrelationmatrixR 4
requie consideratia of the vecta and statisticalpropeaties of
P(n).

First,z, (n) is avectorwith powveronly in (N — P) dimen
sionsof the N-dimensionakpace Thevectorz , (n) contibutes
the powerin theremairing P dimersions. Considera givenit-
eration(afixedvaluefor n). In generalthedimensios excited
by z, (n) aredifferentfor eachsamplefunction of the adaptve
processbecausef therandbmnesof u(n). Onaverag, thisis
equialentto all dimensios excited at eachrun (for ary given
n) with (N — P)/N of the power in z(n). This reasoing is
detailedin thefollowing calculatians.

From(6), thecorrelation matrix of ®(n) canbewritten as:

(7)

Usingz(n) = z (n)+2,(n) andnotingthatE{z | (n)zI (n)}

0 andE{z,(n)zl (n)} = 0, sincefor eachrunz (n) andz, (n)
alwayshave powersin differentdirectiors, it is easyto show that

Ry = E{z(n)z" (n)} — E{zu(n)z, (n)} (8)

An expressiorfor R 44 is now derivedbasednaequaldistri-
bution of theaveragepowerin eachdimersion. Thetotal power
contritutedby eachtermonther.h.s.of (8) is givenby

Ry = E{®(n)®" (n)} = E{z, (n)z] (n)}

tr{E{z(n)z" (n)}] = N - o2 (9)

and
tr[E{zu(n)zT(n)}] =P-o?

u

(19

Distributing the power equallyin all dimensiois resultsin
N-P

Assumption A3: ®(n) is azeromeanGaussiamandmyvec-
tor.

Eq. (6) shavs thateachcommnentg(n — i) of ®(n) is de-
terminedby Z;.V:l P,,;z(n — j —1). Fromassumptia Al and
z(n) white, the rancbm variables in this sumareindepemlent.
Thus, by the CentralLimit Theaem, the distribution of ®(n)
tendsto a Gaussiarfor large N.

Ry = E{®(n)®" (n)} = o}

V. MEAN WEIGHT BEHAVIOR

Definingtheweighterrorvector v(n) = w°—w(n) andusing
(3), (4) leadsto

vin+1)=v(n) —«a

S(n (12)

“C e "
Definingthetheinstantaneasierrore,(n) = u’'(n)v(n), such
thate(n) = e, (n) + r(n), (12) canbewrittenas

®(n) ®(n)

vint 1) =v(n) — e grmgm ™ T ST am)
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Pre-multigying (12) by u”(n) and U7 (n), using (5) as
uf(n) = ®T(n) + aT(n)UT(n), and noting from (6) that
U?(n)®(n) = 0 yields[3]

ul(n)v(n +1) = (1 — a)u’ (n)v(n) — ar(n) (14)
UT(n)v(n +1) = UT(n)v(n) (15)
Egs. (14) and (15 yield UT(n)v(n + 1) 1 -

0)UT (n)v(n) — ar(n — 1), wherer(n — 1) = [r(n —
1) ... r(n — P)]T. Usingtheseproperties e, (n) resultsin
ea(n) = ul' (n)v(n) = ®L(n)v(n) + af' (n)UT (n)v(n)
=& (n)v(n) + a7 (n)[(1 — @)UT (n)v(n)
—ar(n —1)]
(16)

Defininge(n) = UT (n)v(n) andassuminghata(n) ~ a [6],
(16) canbewrittenas

ea(n) = ®T(n)v(n) + (1 — a)a’e(n) —aa’r(n — 1) (17)

Now,
1
aTe(n) = Z a; Z u(n — k —i)vg(n) (18)
i=1 k=0
canbeapprximatedby
P N-1
ale(n) ~ Zai Z u(n — k)vg(n)
i=1 k=0
; (19)
= Zai ea(n)
()
if it is assumedhatu(n —€) ~ u(n —£€—-1) = --- =~ u(n —

£ — P),i.e.,thatthesequencdu(n)} presets smallvariatins
in P consective samples. This assumptia is reasonale for
highly correlatedinput signalsand small P. Both conditions
areusually satisfiedin applicatiors wherethe AP algoiithm is
employed.

Using(19),(17) canberewrittenas

1 - .
eq(n) = T 1—a) Ele . [@T(n)v(n) - aizzl a;r(n — z)]
(20)
Substituting(20) into (13), resultsin
. B a ®(n)®7(n)
v(in+1) =v(n) —0—a) Zf:l o @T(n)‘ﬁ(n)v(n)
®(n)
+ a<I>T(n)'1>(n) rqo(n)
(21)
wherer,(n) is thefilterednoisesequene|[3]
P .
rqo(n) =r(n) —a 2z @r(n —1) (22)

1-(1-a) X5, a

UnderassumptiorA2 andnotingthat E{®(n)r,(n)} = 0 be-
causer(n) is zeromeanandindependen of ary othersignal the
expededvalue of (21)yields

a

E{v(n+1)} = <1 1 (1—a) Ef:l ai] (23

“{&mat ) o)

Eachelementof the expectatia in ther.h.s. of (23) hasa nu-
meratorgivenby ¢(n — i)¢(n — j) anda denoninator given
by Yoo ¢*(n — k). Sincethe compaentsof ®(n) in the
numeator affect only two out of N termsin the denaninatot
numeator anddenaninatorcanbe assumedveakly correlatel
for largevaluesof N. For ergodic inputs,this apprximationis
equivalentto apply the averagingprinciple [7], as® ' (n)®(n)
tendsto beslowly varying whencompaedto ¢(n — i) ¢(n — j)
for large values of N. Hence,the following appoximatian is
used:

E{[®" (n)®(n)] " ®(n)®" (n)}
~ E{[®" (n)®(n)] " }Rys

whereR 4 is givenby (11).

Theexpecte valueof E{[®T (n)®(n)]~'} is determiredus-
ing the assumptiorthat ®(n) is Gaussiardistributed and ne-
glectingthe statisticaldepenlencebetweerits compnents(re-
call thatthey are estimatesof a white sequene). Thus, y =
&7 (n)®(n) hasa chi-squae distribution with G = N — P
degreesof freedan. Thevalueof G arisesfrom the statistical
propertiesof ®(n) determiredin theprevioussection.Thus,[8]

1
fy(y) = W,?F(%) (25

(24)

y(G/z)—1e—y/2a§u(y)

Determinirg the expeded value in (24) throudh integration
yields

L
03(G —2)
wheres} = o2(N — P)/N. Using(26)in (23) leadsto:

E{[@"(n)®(n)]™']} = (26)

E{vin + 1)} =(1-— < - R
( a¢<G—2>[1—<1—a>z“ai]) *?
x E{v(n)}

(27)

whichis therecursim for the meanweighterra vecta.

VI. MEAN SQUARE ERROR BEHAVIOR

This sectionpresentghe main stepsin the determingon of
themeansquareerra behaior. Detailsof someevaluationsare
supressedueto spacdimitations.

Squarimy (4) andtakingthe expectedvalueyields

a2

1-(1-a)Xl, al
X (aTa + agtT[E{[UT(”)U(”)]l}D]
+ tr[Res K(n)]

E{e*(n)} = o? [1 +

(29
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whereK (n) = E{v(n + 1)v(n + 1)} is theweight-eror cor-
relationmatrix

Postmultiplyirg (21) by its transpos@ndtakingthe expected
value,yields:
E{v(n +1)vI(n+ 1)} = E{v(n)v! (n)}

a ®(n)d7(n) }

— ESv(n)vT (n) ——rs

TR (v o0 Gt

T PR LGRS G
of { QF FIE }

a $
1-(1-a)XF, a,-E{ @7 (n)®(n)

(12

+ P
[1-(1-0a)} i al®

<2{ S0 O 3 roast
e e e s )
(W)ra(n)
_QE{QT() o) B)ra(n) _p,  B(m)ET(n)
+1_(1_a 7 A\ ()2 QEo
| fﬁiﬁﬁ% arost |

(29)

The expectedvaluesin (29) areevaluatedusingassumptios
Al and A2, andthe sameconsideationsusedto evaluate the
expecta valuesin (23). Neglectingthe statisticaldepenénce
of ®(n) andv(n) andassuming®(n) andv(n)r,(n) uncare-
lated, the third andseventhtermsin ther.h.s. of (29) areequal
to zero. Thesixth andeighthtermsleadto third ordermoments
of zero-neanGaussianvariates(compmentsof ®(n)). Using
thepropetiesof cumularns of orderthreefor Gaussiarvariables
[9], it is easyto show thatthesetermsarealsoequal to zera

Thefifth termin (29)is appoximatedby

T T

(S )
1
- 5| ey
x E{®(n)@" (n)v(n)v" (n)@(n)@" (n)}
The first expectationin (30) is evaluated by integration using
(25), wherey = ®T(n)®(n). Thus,
1 1
E{[@"m)@(m)P} 04 (G? +2G)

To evaluatethesecondexpectation notethatits (4, j)-th element
canbewrittenas:

(30)

(1)

N—-1N-1

()] - pidj = D > didpvrvidio;
=0 k=0 (32)

tr[®(n)®T (n)v(n)vT

Assumingasdonebefae,thate;¢; is weaklycorrelatedvith
the tracein (32), whichis a function of all ¢, andnoting that
E{¢epr} = 0forf # k, (32) simplifiesto

E{®(n)@" (n)v(n)v"' (n)®(n)@" (n)} =
N—-1 33
B{ X [61- )|} Bto) =
k=0
E{v}} is then deternined by expandingo? = E{(v; —

E{v;})?} = E{vi} — E*{v}. Then assumingthat all
v have equal varianceso?, = tr[C(n)]/N whereC(n) =
K(n) — E{v(n)}E{vT (n)} is the covariancematrix of v(n),
yields:

1
E{vi} = [tT[K( N=E{vT ()} E{v(n)} |+ E*{vc}, VEk
(39
Inserting(34) into (33) and noting that ®(n) is zeromean,
white andindefendeniof v(n), yields:

2 Ng B} Blo) -
o3 i+ (1- 2 ) B () Bv) | R
(39

Thelastexpedationin (29) is determired usingthe uncare-
latednes®f ®(n) andr,(n):

) B(n)BT(n) | _
Etram}- E{ &7 () () } =

2
Oy

oi(G-2)(G -9

a2

i - (-0, af
x(a7a + o2 [B(UT (U] ) | R

Finally, the secondand fourth terms are apgoximated by
K(n)Rge andRy4K(n), respectiely.

Putingall theabove resultstogetheiin (29)yieldsarecursiom
for K (n):
K(n+1)=K(n)

o
- K(n)Ryse + Ry K(n
A (- r L alG 2 e e

o

o3l - (1—a) Y, ail2(G? +2G)
X [%tr[K(n)H (1 - %) E{vT(n)}E{v(n)}] Ry

b [1+ L
03(G—2)(G-4) N-01-a)d>;,—;al?

X (aTa + agtr[E{[UT(n)U(n)]—l}])] Ry

(36)

37

The matrix E{[U7(n)U(n)]~!} mustbe numerially esti-
matedfrom theinputsignalu(n). For adaptve filters of suffi-
cientorde, however, it is reasonbleto assumeéi(n) =~ a, and
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thetermo? tr [E{[UT(n)U(n)]l }] canbe neglectedin both

(28) and(37), whencompaed with a”a. The resultingmockl
doesnotrequireary matrix estimationandis asaccurateasthe
completemodel for mostpracticalpumposes.Also, noticethat
the new mocel coincides with the model derived in [11] when
a=1.

VIl. SIMULATIONS

This sectionpresets simulationgo verify theaccurag of the
analyticalmodelsgivenby equdions (27), (28) and(37). Sev-
eral simulationshave beenrealizedusingthe derived models.
The exanples presentechere are represetative of the results

obtained In all casesthetermo? tr | E{[U% (n)U(n)]~'}| has

beenngglectedin both (28) and(37). In the examges, AR(P)
meansan autorgressve proessof orde P, and AP(P + 1)
meanghe AP algoithm of order P + 1 (using P input vecta's
in U(n)). Thesignal-to-miseratio of theadaptve systems de-
finedasSNR = 10log(o2 /o?)dB. The systento beidentified
hasimpulseresposerepresetedby thevectorw ° andnormad-
izedsothatw®” w° = 1.

Figs.1 and2 shov the meanweightbehaior for someof the
weights. The remaning weightshave similar behaior. A very
goodmatchbetweensimulationandtheoreticalpredctionscan
beverifiedfrom theseplots.

Iterations

Fig. 1. Meanweight behaior for someof theweights.Monte Carlosimulations
(400runs)(blac); the analyical modelproposel (red). « = 0.5, N = 64 and
P =4.

Figs. 3 and4 shav thatthe steady-staterrorincreasesith
thestepsizea. Comparimg Figs.3 and5, whosesimulationgdif-
fer only by thevalueof P, the steadystateerrordoesnot shov
noticealte improvemert by increasingP from 4to 8. Theresults
in Figs.6 and7 highlight the effectof a onthetradedf between
convergence speedandsteadystatemisadjustnent. Notice that
thereis excellert agreemat betweersimulationsandanalytical
predicticsin all casesbothduring the adaptatiorphaseandin
steady-state.

Iterations

Fig.2. Meanweightbehaior for someof theweights. Monte Carlo simulations
(400runs)(bladk); theandytical modelproposedred). « = 0.8, N = 64 and
P =4
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Fig. 3. MSE: Comparsonsbetwee (bladk) Monte Carlo simulaions (400
runs);(red)the analtical modelpropose. @ = 0.5, N = 64 andP = 4.
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Fig. 4. MSE: Comparsonsbetwee (bladk) Monte Carlo simulaions (400
runs);(red)the analtical modelpropose. @« = 0.8, N = 64 and P = 4.
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A

Iterations

Fig. 5. MSE: Comparisonshetween (black) Monte Carlo simulaions (400
runs);(red)theanaytical modelproposeda = 0.5, N = 64 and P = 8.

A

0 1e3 2e3 3e3 4e3 5e3 6e3 7e3 8e3

Iterations

Fig. 6. MSE: Comparisonshetween (black) Monte Carlo simulaions (200
runs);(red)theanaytical modelproposeda = 0.5, N = 128 andP = 16.

) \
-40

0 4e3 8e3 12e3 16e3 20e3 24e3 28e3

Iterations

Fig. 7. MSE: Comparisonshetween (black) Monte Carlo simulaions (200
runs);(red)theanaytical modelproposeda = 0.1, N = 128 andP = 16.

VIII. SUMMARY

This papetaspresetedaanalytical mode for predictingthe
behaior of AP algorithm for stepsizea < 1. Deterministic

recursve equatims were derived for the meanweigh andthe
meansquaresrra behaiors for alargenumker of adaptie taps
N, ascomparedto theorder P of thealgorithm Simulationre-
sultshave shavn excellentagreerentwith theoricalpredictions
during theadapation phaseandin steady-state.
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