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***Un iversityof California, Irvine,USA

e-mails:smelo@eel.ufsc.br, j.bermudez@ieee.org, bershad@ece.uci.edu.

Abstract— This paper presents a statistical analysis of a Pseudo Affine
Projection (PAP) algorithm, obtained by introducing a step size control pa-
rameter in the weight update equation of the Affine Projection (AP) Algo-
rithm. An analytical model is derived for predicting the algorithm stochas-
tic behavior for any step size ����� . Deterministic recursive equations are
derived for the mean weight and for the mean square error behaviors for a
large number of adaptive taps � , as compared to the order � of the algo-
rithm. Simulations are presented which show excellent agreement between
theory and simulations in steady-state and during transient. The learning
behavior of the PAP algorithm is of special interest in applications where a
tradeoff between convergence speed and steady-state misadjustment is nec-
essary.

I . INTRODUCTION

TheAffineProjection(AP) algorithm proposedby Ozekiand
Umedain 1984[2] applies weightupdatesin directions thatare
orthogonalto thelast � input vectors.This decorrelatesthein-
putsignalandspeedsupconvergence[3], making thealgorithm
attractive for applications with highly correlatedinput signals
[4]. The price to be paid for the improved performanceis an
increasedcomputationalcomplexity anda slightly highernoise
floor, whencomparedto algorithmssuchasthenormalizedleast
meansquares (NLMS). Thecomplexity costhasbeendecreas-
ing with recent advances in the semiconductor industry. The
highernoisefloor, however, is an intrinsic property of the al-
gorithm. Oneway to reducethe steady-statemisadjustmentis
to introducea stepsizecontrol. Sucha non-unity stepsizeal-
lowsa tradeoff betweensteady-statemisadjustmentandconver-
gencespeed.Suchreduction of the maximum speedstepsize
hasalsobeentipically usedfor theNLMS algorithm in practi-
calechocancellersto preventundesirableeffectsof thesystem’s
non-idealitiesof therealworld implementation [12]. Thus,it is
of interestto studythe behavior of the AP algorithmwhenits
weight update equationis modified to incorporatea stepsize
control parameter � .

Reference[4] haspresenteda quantitative analysisof theAP
algorithm. Theanalysisis basedupon anindependent inputsig-
nalmodeloriginally proposedin [5]. However, theindependent
signalmodel cannot handlethepre-whiteningpropertiesof the
AP algorithm. Reference [6] presented a quantitative analysis
for autoregressive(AR) Gaussianinputsandunit stepsize.This
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analysisfollows the work in [3] (which wasalso restrictedto
unit stepsize)for obtaining the solutionof a recursionfor the
weight error vectorvariances. The solutionusesprevious re-
sultsfor theNLMS algorithm with white inputs.Reference[10]
presenteda new statisticalanalysis for the behavior of the AP
algorithm for GaussianAR inputsandunit stepsize. Analyt-
ical difficulties areavoided for the caseof a large number of
adaptive tapscomparedto the AP algorithmorder. More re-
cently, theresultsin [10] havebeenimprovedthroughtheuseof
new statisticalassumptions andapproximations, aswell asthe
considerationof vectorpropertiesof certainvariables [11]. The
resultsin [11] areagainfor unit stepsize.

This paperextendsthework in [11] to thestatisticalanalysis
of theAP algorithmwhentheupdateequation is modified by the
introductionof a stepsizecontrol parameter�
	�� . Theresult-
ing algorithm is no longertheAP algorithm, andis thusnamed
herethePseudoAffineProjection(PAP) algorithm. Theuseof a
non-unit stepsizerequiresnew considerations for theanalysis,
sincetheoriginal structureof theAP algorithmhasbeenmod-
ified. The analysisassumesan AR input anda large number
of adaptive taps,as comparedto the algorithm’s order. Ana-
lytical recursions arederivedwhich predict thebehavior of the
meanweight vectorandthe meansquareerror (MSE). Monte
Carlosimulationresultsshow excellent agreementwith theoret-
ical predictionsduringtheadaptation phaseandin steady-state.

I I . THE INPUT SIGNAL MODEL

The adaptive systemattemptsto estimatea desiredsignal������
thatcanbemodeledby����������������������� "!#�����

where
� � �%$ &(') &('*�+,+-+ &('.0/ )2143 is the vectorof the model

parametersand
!5�����

is a white noisewith variance 6 *7 , which
accounts for measurementnoiseandmodelingerrors.

Theinput signal 8 ����� is assumedto bea stationaryAR pro-
cess,modelinginput signalsfor many practical applications.Let
u
�����

be a vector of 9 samplesof an AR processof order � .
Thus, �:�������<;= > ? )A@ > �����CBEDF�� 
GH��������IE�����FJK "GL����� (1)

wherethematrix
IM�������N$

u
���OB � � +,+-+ u ���OB � � 1 is acollection

of � pastinput vectorsu
���PB
QR�0�S$ 8 ���TB
QH� +-+,+ 8 ���PB
QUB9  � � 143 andz

�����V�W$ XL����� +-+,+ X����YB 9  � � 1�3 is avectorwith
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samplesfrom astationarywhiteGaussianprocesswith variance6 *Z .
Theleastsquares estimateof theparametervector

J
is given

by: [JA�������N$ I 3 �����\IM����� 1 / ) I 3 ����� u ����� (2)

where
I 3 �����\IM����� is assumedof rank � .

I I I . THE WEIGHT UPDATE EQUATION

The weight updateequation of the PAP algorithm, obtained
from theAP algorithmrecursion[3] by the inclusionof a step
sizeparameter � is givenby:�P���� � �V�]�P������ � ^ �����^ 3 ����� ^ �����`_ ����� (3)

wheretheerrorsignal _ ����� is givenby_ �����V� w
'ba

u
������ "!5�����VBM� 3 ����� u ����� (4)

and
�P�����c�d$ &feg�����:& ) ����� +,+-+ & .(/ ) ����� 143 is the adaptive

weightvector.
Notethattheoriginal APalgorithm[2] with non-unit stepsize

would leadto a vectorerror signal, insteadof the scalarerror
in (3). Recursion(3), however, coincideswith the AP update
equationwhen � � � .

Thevector ^ ����� definesthedirectionof update,andis given
by: ^ ������� u

�����hBEIE����� [Ji�����
(5)

Theorder of theAP algorithmis definedby thenumber( �  � )
of inputvectors usedto determine ^ ����� .

IV. VECTOR AND STATISTICAL PROPERTIES OF ^
Thefollowing analysisinvokesassumptionssimilar to thein-

dependenceassumptionusedto analyzemany stochasticalgo-
rithms[1].

Assumption A1: The statisticaldependencebetween
GH�����

and
IE�����

canbeneglected. This assumptionis justifiedasfol-
low andis morerealisticfor 9kj%� .

Equation (1) shows an algebraicdependencebetween
GL�����

andvectors
�:����B � � , +-+,+ , �:����B � � . Also,

GH�����
is of dimen-

sion 9 . Considerlnm �����o�pIM�����q$ I 3 �����\IM����� 1 / ) I 3 ����� , the
projection matrix ontothesubspacespannedby thecolumns ofIE�����

, and l ' �����r�tsnB l m ����� , the projection matrix onto
the orthogonal complementsubspace.Then,

GH�����
canbe de-

composedas
G m �����h �Gvuf����� , where

G m �����w� lom �����FGH����� andGgu0������� l ' �����\GH����� . Only
G m ����� is algebraically dependent

upon
IM�����

. Moreover, since
X������

is white, theaverage energy
of
GL�����

is equally distributedamong its 9 dimensions. Thus,
only the energy in

G m ����� createsa dependencebetween
GH�����

and
IM�����

. This dependencecanbeneglectedif 9xjy� .
Assumption A2: ^ ����� andtheweightvector

�P�����
aresta-

tistically independent.
This assumptionis similar to the independenceassumption

applied to delay line adaptive filters with white inputs since^ ����� is avector whoseelementsareestimatesof thewhitenoise
sequence

X������
[3].

Substituting(1) in (5) yields^ ��������szB l m ����� 1 z �����V� l ' �����\GH��������G u ����� (6)

Eq. (6) shows that ^ ����� is orthogonalto thecolumns of
IE�����

.
Thestructureandthepropertiesof thecorrelationmatrix {]|}|

require consideration of the vector andstatisticalproperties of^ ����� .First,
G u �����

is a vectorwith power only in
� 9 B � � dimen-

sionsof the 9 -dimensionalspace.Thevector
G m ����� contributes

thepower in theremaining � dimensions.Considera givenit-
eration(a fixedvaluefor

�
). In general,thedimensions excited

by
Gvu0�����

aredifferentfor eachsamplefunction of theadaptive
processbecauseof therandomnessof 8 ����� . On average, this is
equivalentto all dimensions excitedat eachrun (for any given�

) with
� 9 B � �2~ 9 of the power in

GL�����
. This reasoning is

detailedin thefollowing calculations.
From(6), thecorrelation matrixof ^ ����� canbewrittenas:{�|}| ���U� ^ ����� ^ 3 �������Y������Gguf�����FG 3u ������� (7)

Using
GH��������G u �����b YG m ����� andnoting that

����G u �����FG 3m �������Y��
and

�U��G m �����\G 3u �������Y� � , sincefor eachrun
G u �����

and
G m �����

alwayshavepowersin differentdirections,it is easyto show that{ |}| ������GH�����FG 3 �������0Br�U��G m �����FG 3m ������� (8)

An expressionfor { |}| is now derivedbasedonaequaldistri-
butionof theaveragepower in eachdimension.Thetotalpower
contributedby eachtermon ther.h.s.of (8) is givenby� !5$ �U��GH�����FG 3 ������� 1 � 9��,6 *Z (9)

and � !#$ �U��G m �����\G 3m ������� 1 � ����6 *Z (10)

Distributing thepower equallyin all dimensions resultsin{ |}| �����}�Y�����2� 3 �������Y� 6 *| ��� �E� 9 B �9 � ��6 *Z �,� (11)

Assumption A3: ^ ����� is azeromeanGaussianrandomvec-
tor.

Eq. (6) shows thateachcomponent � ���MB"DF� of ^ ����� is de-
terminedby � .� ? ) � '\��� XL���CBT�oB � � . Fromassumption A1 andX������

white, the random variables in this sumareindependent.
Thus,by the CentralLimit Theorem, the distribution of ^ �����tendsto a Gaussianfor large 9 .

V. MEAN WEIGHT BEHAVIOR

Definingtheweighterrorvector, v
�����V�

w
'vB

w
�����

andusing
(3), (4) leadsto

v
���� � �V� v

������B ��^ �����F� 3 �����^ 3 ����� ^ ������� �����B � ^ �����^ 3 ����� ^ ����� !5����� (12)

Definingthetheinstantaneous error _R� ��������� 3 ����� � ����� , such
that _ �����V� _`� ������ "!5����� , (12)canbewrittenas� ���� � �V� � ������B � ^ �����^ 3 ����� ^ ����� _ � �����iB � ^ �����^ 3 ����� ^ ����� !5�����(13)
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Pre-multiplying (12) by u 3 ����� and U 3 ����� , using (5) as� 3 ������� ^ 3 �����( ��J 3 �����FI 3 ����� , and noting from (6) thatI 3 ����� ^ ������� � yields[3]

u 3 ����� v ���� � �V� � � B � �\� 3 ����� � �����hB � !5����� (14)

U 3 ����� v ���� � �V� U 3 ����� v ����� (15)

Eqs. (14) and (15) yield U 3 ����� v ���� � � � � � B� �FI 3 ����� � ������B ��¡ ��� B � � , where r
���WB � �x� $ !5���pB� � +-+,+ !5���¢B � � 143 . Usingtheseproperties,_v� ����� resultsin_}� �����V��� 3 ����� � �����:� ^ 3 ����� � ������ ��J 3 �����FI 3 ����� � ������ ^ 3 ����� � �����i ��J 3 �����q$£� � B � �\I 3 ����� � �����B ��¡ ���TB � � 1

(16)

Defining ¤ �����0� I 3 ����� � ����� andassumingthat
�J������f¥WJ

[6],
(16)canbewrittenas_}� �����V� ^ 3 ����� � �����i �� � B � �FJ 3 ¤ �����iB � J 3 ¡ ���¢B � � (17)

Now, J 3 ¤ �����V�<;= > ? )�@ > .(/ )=¦ ? e 8 ����B"Q§BEDF�©¨ ¦ ����� (18)

canbeapproximatedbyJ 3 ¤ �����V¥<;= > ? )�@ > .(/ )=¦ ? e 8 ���¢BªQR�©¨ ¦ �������«�;= > ? ) @ >¬ _�� ����� (19)

if it is assumedthat 8 ���PBr®-�f¥ 8 ���TBª®fB � �(¥ �-�,� ¥ 8 ���PB®fB � � , i.e., thatthesequence
� 8 ������� presents smallvariations

in � consecutive samples. This assumption is reasonable for
highly correlatedinput signalsandsmall � . Both conditions
areusuallysatisfiedin applications wherethe AP algorithm is
employed.

Using(19),(17)canberewrittenas_}� �����V� �� B¯� � B � � � ;> ? ) @ >h° ^ 3 ����� � �����hB � ;= > ? ) @ > !5���¢BEDF�²±
(20)

Substituting(20) into (13),resultsin

v
���� � �V� v

������Bk³ �� B]� � B � � � ;> ? ) @ >�´ ^ ����� ^ 3 �����^ 3 ����� ^ ����� v ����� � ^ �����^ 3 ����� ^ ����� ! � ����� (21)

where
! � ����� is thefilterednoisesequence[3]! � �������]!5�����hB � � ;> ? ) @ > !#���¢BMDF�� B]� � B � � � ;> ? ) @ > (22)

UnderassumptionA2 andnotingthat
�U� ^ �����F! � ��������� � be-

cause
!#�����

is zeromeanandindependent of any othersignal,the
expectedvalue of (21)yields�U�

v
���� � ���0�¶µ � B�³ �� B¯� � B � � � ;> ? ) @ > ´· �T¸ ^ ����� ^ 3 �����^ 3 ����� ^ �����º¹ � �U� v ������� (23)

Eachelementof the expectation in the r.h.s. of (23) hasa nu-
meratorgiven by � ���ªB�DF� � ���"B"�#� anda denominator given
by � .0/ )¦ ? e � * ���
B�QR� . Sincethe componentsof ^ ����� in the
numerator affect only two out of 9 termsin the denominator,
numeratoranddenominatorcanbe assumedweaklycorrelated
for largevaluesof 9 . For ergodic inputs,this approximationis
equivalentto apply theaveragingprinciple [7], as ^ 3 ����� ^ �����tendsto beslowly varying whencomparedto � ����B�D©� � ����B��v�
for large values of 9 . Hence,the following approximation is
used: �U�#$ ^ 3 ����� ^ ����� 1 / ) ^ ����� ^ 3 �������¥��U�#$ ^ 3 ����� ^ ����� 1 / ) � R |}| (24)

whereR |}| is givenby (11).
Theexpected valueof

�U�#$ ^ 3 ����� ^ ����� 1 / ) � is determinedus-
ing the assumptionthat ^ ����� is Gaussiandistributedandne-
glectingthestatisticaldependencebetweenits components(re-
call that they areestimatesof a white sequence). Thus, » �^ 3 ����� ^ ����� hasa chi-square distribution with ¼ � 9 B �
degreesof freedom. The valueof ¼ arisesfrom the statistical
propertiesof ^ ����� determinedin theprevioussection.Thus,[8]½}¾ � » �V� �¿`ÀiÁ * 6 À|:Â � À * � »LÃ À�Á *bÄ / ) _ / ¾ Á *bÅ}ÆÇ 8 � » � (25)

Determining the expected value in (24) through integration
yields �U�#$ ^ 3 ����� ^ ����� 1 / ) 1 �(� �6 *| � ¼ B ¿ � (26)

where6 *| � 6 *Z � 9 B � �b~ 9 . Using(26) in (23) leadsto:���
v
���� � ���(� � � B �6 *| � ¼ B ¿ �q$ � B¯� � B � � � ;> ? ) @ > 1�� {�|}|· �U� � �������

(27)

which is therecursion for themeanweighterror vector.

VI . MEAN SQUARE ERROR BEHAVIOR

This sectionpresentsthe main stepsin the determination of
themeansquareerror behavior. Detailsof someevaluationsare
supresseddueto spacelimitations.

Squaring (4) andtakingtheexpectedvalueyields�U� _ * �������Y� 6 *7 ° �  � *$ � B¯� � B � � � ;> ? ) @ > 1 *· � J 3 J§ 6 *Z � !5$ �U�v$ I 3 �����\IM����� 1 / ) � 1 � ± � !5$
R ÈHÈ�É ����� 1 (28)



XX SimpósioBrasileirodeTelecomunicaç̃oes,SBT’03

whereÉ ���������U� v ���� � � v 3 ���� � ��� is theweight-error cor-
relationmatrix.

Postmultiplying (21)by its transposeandtakingtheexpected
value,yields:�U�

v
���� � � v 3 ���� � ���Y���U� v ����� v 3 �������B �� B¯� � B � � � ;> ? ) @ > �¢¸ � ����� � 3 ����� ^ ����� ^ 3 �����^ 3 ����� ^ �����º¹B � � ¸ � ����� ! � ����� ^ 3 �����^ 3 ����� ^ ����� ¹B �� B¯� � B � � � ;> ? ) @ > �¢¸ ^ ����� ^ 3 �����^ 3 ����� ^ ����� � ����� � 3 ����� ¹ � *$ � B]� � B � � � ;> ? ) @ > 1 *· �¢¸ ^ ����� ^ 3 �����^ 3 ����� ^ ����� � ����� � 3 ����� ^ ����� ^ 3 �����^ 3 ����� ^ �����º¹ � *� B¯� � B � � � ;> ? ) @ > � ¸ ^ ����� ^ 3 �����^ 3 ����� ^ �����}� ����� ! � ����� ^ 3 �����^ 3 ����� ^ ������¹B � �¢¸ ^ �����F! � �����^ 3 ����� ^ ����� � 3 ����� ¹ � *� B¯� � B � � � ;> ? ) @ > � ¸ ^ �����F! � �����^ 3 ����� ^ �����}� 3 ����� ^ ����� ^ 3 �����^ 3 ����� ^ �����A¹ � * � ¸ ^ �����©! � �����^ 3 ����� ^ ����� ! � ����� ^ 3 �����^ 3 ����� ^ �����h¹ (29)

Theexpectedvaluesin (29) areevaluatedusingassumptions
A1 andA2, and the sameconsiderationsusedto evaluate the
expected valuesin (23). Neglectingthe statisticaldependence
of ^ ����� andv

�����
andassuming^ ����� and � �����©! � ����� uncorre-

lated,the third andseventhtermsin ther.h.s. of (29) areequal
to zero.Thesixth andeighthtermsleadto third ordermoments
of zero-meanGaussianvariates(componentsof ^ ����� ). Using
thepropertiesof cumulantsof orderthreefor Gaussianvariables
[9], it is easyto show thatthesetermsarealsoequal to zero.

Thefifth termin (29) is approximatedby�¢¸ ^ ����� ^ 3 �����^ 3 ����� ^ ����� v ����� v 3 ����� ^ ����� ^ 3 �����^ 3 ����� ^ �����º¹��� ¸ �$ ^ 3 ����� ^ ����� 1 * ¹· �U� ^ ����� ^ 3 ����� v ����� v 3 ����� ^ ����� ^ 3 �������
(30)

The first expectationin (30) is evaluatedby integration using
(25), where» � ^ 3 ����� ^ ����� . Thus,����v$ ^ 3 ����� ^ ����� 1 * � � �6ËÊ| � ¼ *  ¿ ¼ � (31)

Toevaluatethesecondexpectation,notethatits
��D2Ì²�#�

-thelement
canbewrittenas:� !5$ ^ ����� ^ 3 ����� � ����� � 3 ����� 1 ��� > � � � .0/ )= Í ? e .(/ )=¦ ? e � Í � ¦ ¨ ¦ ¨ Í � > � �

(32)

Assuming,asdonebefore,that � > � � is weaklycorrelatedwith
the tracein (32), which is a function of all � ¦ , andnoting that�U� �RÎ�� ¦ �Y� � for

®nÏ�cQ
, (32)simplifiesto��� ^ ����� ^ 3 ����� � ����� � 3 ����� ^ ����� ^ 3 �������Y��T¸ .(/ )=¦ ? e ° � * ¦ � ���-¨ *¦ �-± ¹ � �U� � > � � � (33)�U��¨ *¦ � is then determined by expanding 6 *Ð2Ñ � �U�v��¨ ¦ B�U��¨ ¦ ��� * �Ò�Ó�U��¨ *¦ �PBÔ� * ��¨ ¦ � . Then, assumingthat all¨ ¦ have equal variances 6 *Ð Ñ � � !#$ÖÕC����� 1 ~ 9 where

ÕC�����E�É ������B"�U� � ���������U� � 3 ������� is thecovariancematrix of � ����� ,
yields:�U��¨ *¦ �(� �9 ° � !5$ É ����� 1 Bf�U� � 3 ���������U� � ������� ±  Y� * �-¨ ¦ �vÌØ×ºQ

(34)
Inserting(34) into (33) andnoting that ^ ����� is zero-mean,

whiteandindependentof � ����� , yields:� ¸ .(/ )=¦ ? e ° � * ¦ � �U�-¨ *¦ � ± ¹ � �U� � > � � �(�6 *| � ° ¼9 � � !5$ É ����� 1  E� � B ¼9�� � �U� � 3 ������� � �U� � �������,± { |}|
(35)

Thelastexpectation in (29) is determinedusingtheuncorre-
latednessof ^ ����� and

! � ����� :�U�-! *� ������� � � ¸ ^ ����� ^ 3 �����$ ^ 3 ����� ^ ����� 1 * ¹ �6 *76 Ê| � ¼ B ¿ �q� ¼ BMÙ#� ° �  � *$ � B¯� � B � � � ;> ? ) @ > 1 *· �5J 3 J§ 6 *Z � !5$ �U�v$ I 3 �����FIE����� 1 / ) � 1 � ± { |}|
(36)

Finally, the secondand fourth terms are approximatedby
K
�����

R |}| andR |}| K ����� , respectively.
Putingall theaboveresultstogetherin (29)yieldsarecursion

for Ú ����� :É ���� � �V� É �����B �6 *| $ � B]� � B � � � ;> ? ) @ > 1 � ¼ B ¿ � $ É ����� { |}|  { |}| É ����� 1 � *6 *| $ � B]� � B � � � ;> ? ) @ > 1 * � ¼ *  ¿ ¼ �· ° ¼9 � !5$ É ����� 1  E� � B ¼9�� �U� � 3 ���������U� � �������-± { |}| � * 6 *76ËÊ| � ¼ B ¿ �q� ¼ BEÙv� ° �  � *$ � B¯� � B � � � ;> ? ) @ > 1 *· � J 3 J§ 6 *Z � !5$ �U�v$ I 3 �����\IM����� 1 / ) � 1 � ± { |}|
(37)

The matrix
�U�#$ I 3 �����\IM����� 1 / ) � must be numerically esti-

matedfrom the input signal 8 ����� . For adaptive filters of suffi-
cientorder, however, it is reasonableto assume

�J������(¥pJ
, and
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the term 6 *Z tr
° �U�v$ I 3 �����\IM����� 1 / ) �,± canbeneglectedin both

(28) and(37), whencompared with
J 3 J . The resultingmodel

doesnot requireany matrix estimationandis asaccurateasthe
completemodel for mostpracticalpurposes.Also, noticethat
the new model coincides with the model derived in [11] when� � � .

VI I . SIMULATIONS

Thissectionpresentssimulationsto verify theaccuracy of the
analyticalmodelsgivenby equations (27), (28) and(37). Sev-
eral simulationshave beenrealizedusing the derived models.
The examples presentedhereare representative of the results

obtained. In all cases,theterm 6 *Z tr
° ���v$ I 3 �����FIE����� 1 / ) �,± has

beenneglectedin both(28) and(37). In theexamples,AR( � )
meansan autoregressive processof order � , and AP(�  � )
meanstheAP algorithm of order �  � (using � input vectors
in
IE�����

). Thesignal-to-noiseratioof theadaptivesystemis de-
finedas Ûh9PÜ � � �VÝßÞgà � 6 *m ~ 6 *7 � dB. Thesystemto beidentified
hasimpulseresponserepresentedby thevector

�ª'
andnormal-

izedsothat
��'ba���'f� � .

Figs.1 and2 show themeanweightbehavior for someof the
weights.Theremaining weightshave similar behavior. A very
goodmatchbetweensimulationandtheoreticalpredictionscan
beverifiedfrom theseplots.
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Fig.1. Meanweight behavior for someof theweights.MonteCarlosimulations
(400runs)(black); theanalytical modelproposed (red). �Ká¢â�ã ä , � á¢å�æ and� á�æ .

Figs.3 and4 show that thesteady-stateerror increaseswith
thestepsize � . Comparing Figs.3 and5,whosesimulationsdif-
fer only by thevalueof � , thesteady-stateerrordoesnot show
noticeable improvement by increasing� from 4 to 8. Theresults
in Figs.6 and7 highlight theeffectof � onthetradeoff between
convergencespeedandsteady-statemisadjustment. Noticethat
thereis excellent agreement betweensimulationsandanalytical
predictionsin all cases,bothduring theadaptationphaseandin
steady-state.

Iterations

w(n)

0 1e3 2e3 3e3 4e3 5e3

0

0.02

0.04

0.06

0.08

0.10

0.12

0.14

0.16

0.18

Fig.2. Meanweightbehavior for someof theweights. MonteCarlo simulations
(400runs)(black); theanalytical modelproposed(red). �náTâ�ã ç , � áTå�æ and� á�æ .
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Fig. 3. MSE: Comparisonsbetween (black) Monte Carlo simulations (400
runs);(red)theanalytical modelproposed. �wá¢â�ã ä , � á�å�æ and � áCæ .
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Fig. 4. MSE: Comparisonsbetween (black) Monte Carlo simulations (400
runs);(red)theanalytical modelproposed. �wá¢â�ã ç , � á�å�æ and � áCæ .
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Iterations

dB

0 1e3 2e3 3e3 4e3 5e3

−70

−60

−50

−40

−30

−20

−10

0

Fig. 5. MSE: Comparisonsbetween (black) Monte Carlo simulations (400
runs);(red)theanalytical modelproposed.�wá¢â�ã ä , � á�å�æ and � á¢ç .
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Fig. 6. MSE: Comparisonsbetween (black) Monte Carlo simulations (200
runs);(red)theanalytical modelproposed.�wá¢â�ã ä , � á��\è�ç and � áM�\å .
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Fig. 7. MSE: Comparisonsbetween (black) Monte Carlo simulations (200
runs);(red)theanalytical modelproposed.�wá¢â�ãÖ� , � á��\è�ç and � áM�\å .

VII I . SUMMARY

Thispaperhaspresentedaanalytical model for predictingthe
behavior of AP algorithm for stepsize �S	y� . Deterministic

recursive equations werederived for the meanweight andthe
meansquareerror behaviors for a largenumberof adaptive taps9 , ascomparedto theorder � of thealgorithm. Simulationre-
sultshaveshown excellentagreementwith theoricalpredictions
during theadaptationphaseandin steady-state.
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