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Second-Order Statistics of Maximal-Ratio and
Equal-Gain Combining in Hoyt Fading

Gustavo Fraidenraich, Ja<andido S. Santos Filho, and Michel D. Yacoub

Abstract— Exact expressions for the level crossing rate and Il. BRANCH STATISTICS
average fade duration of M-branch equal-gain and maximal-
ratio combining systems in a Hoyt fading environment are
presented. The expressions apply to unbalanced, independent
diversity channels and have been validated by specializing the =~ The Hoyt fading envelop&; and phas®, at theith branch,
general results to some particular cases whose solutions are; = 1,..., M, is modelled as
known and, more generally, by means of simulation.

, . -, R = X2 +Y2 Q)
Index Terms— Average fade duration, equal-gain combining, i i i
Hoyt fading channels, level crossing rate, maximal-ratio combi- Y;
ning. O, = arctan < (2)
i

where X; andY; are independent zero-mean Gaussian random
|. INTRODUCTION variables (RVs) with variancasX andaYZ, respectively. The

joint probability density function (JPDF;)R o,(,+)of R;and
T HE performance of wireless communication systems &, s given by

considerably affected by the multipath propagation phe-

nomena. Diversity-combining techniques are effective msea . o (r; 6;) = i exp < —bi cos220l Z2) 3)
used for mitigating the deleterious effects of fading. Tater Qimy/1—b? Qi(1-107)
of occurrence of fades, or level crossing rate (LCR), and tr\}venere 0, — B[R] and b, 2 (0% — o2)/(0%. + o2,

average fade duration (AFD) provide a dynamic characteriza
tion of the communication channel. As second-order siegist
guantities, they complement the static probabilistic dpton

—1 < b; <1 is the Hoyt fading parameter. The probablllty
density function (PDF)pg,(-) of R; is obtained as

of the fading signal (the first-order statistics), and hawentl r) = 2 I bir?
several applications in the modelling and design of prat'uch O, \/m i(1—02) 0 Q(1-0?)
systems. (4)

LCR and AFD expressions of a single channel have bewadere Iy(-) is the modified Bessel function of the first kind
derived for Rayleigh [1], Rice [2], Nakagami-[3] and, more and zeroth order.

recently, Hoyt [4] fading environments. Several works have | grder to derive the LCR and AFD of EGC and MRC, we
addressed the second-order statistics of diversity-compi shall make use of the conditional PDE (CPDR) 5, o, (1)
systems, including the following. In [5], LCR and AFD EXPTES ot the envelope time derivativé&?; at the ith t;ra;{cﬁ given
sions of selection combining (SC), maximal-ratio combgnin and ©;. From (1), RiR2; = XE( LY.V, where X; and
(MRC), and equal-gain combining (EGC) for dual-branch” denoté respectiv’elyl che tin:e lderivlatli\,/es Xt anZd Y;
diversity in correlated Rayleigh channels were presenied. ' v
K hat X; = Y, = h

case ofM independent identically distributed (iid) Nakagami- nowing that Ricos®; and Risin©;, then
m channels was solved in [6] for SC, MRC, and EGC. Some R; = X;cos©; + Y;sin ©; (5)

results involving the independent but non-identical Naimag For isotropic scatteringX; and ¥; are known to be zero-
7 7

m diversity case were presented in [7]. 5

The Hoyt (Nakagami-q) distribution spans the range of thezean G;_ussmn RVs with varlalnaeﬁh fm;’”) 7%, and
fading figure from the one-sided Gaussian to the Raylel%Y (V2mfin)?07,, respectively, wherd,, is the maximum
distributions, and has found applications in mobile sigell DOPPIer shift in Hertz [1]. Thus, from (5)f%:, given R; and
propagation channels [4]. Despite its practical interemtyy ©i 1S @ls0 zero-mean Gaussian distributed, so that
little attention has been paid to this type of fading. This 1 1/ 7 \?2
paper providegxact LCR and AFD expressions for MRC and ~ Pg,|r; .6, (7i|7i: 0i) = NoTE eXP( ( - ) > (6)
EGC in Hoyt channels. The formulas apply 6 unbalanced, MoR:
independent branches and have been validated by spewgliziith 6%, = ; (7 f,,)*(1 + b; cos 26;).
the general results to some particular cases whose saution
are known and, more generally, by means of simulation.

2

R,

The LCR and AFD of a random signal are defined, re-
spectively, as the average number of upward (or downward)

. crossings per second at a given level and as the mean time
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combiner outputR at levelr are, respectively, given by [2] written as (14), whererg, o, (,-) is given by (3). (Observe
that the inclusion of©®;s in the formulations led to a

ng(r) = / "pg g (1, 7)di (7) closed-form integration ovet in (7).) From (8), (10), and
]g ) (14), the output AFD of EGC in a multi-branch Hoyt fading
Tr(r) = r(r) (8) is obtained.
ng(r)
wherepy, (-, -) is the JPDF ofR and its time derivativeR, IV. MAXIMAL -RATIO COMBINING
and Pg(-) is the cumulative distribution function (CDF) 6. In MRC, the received signals are cophased, each signal
In the following, (7) and (8) shall be calculated fbf-branch is amplified appropriately for an optimal combining, and
EGC and MRC in a Hoyt fading environment. the resultant signals are added so that the combiner output
envelopeR is given by R = \/Zf\il R?. Thus

1. EQUAL-GAIN COMBINING
M

In EGC, the received signals are cophased and added R:Z&R
so that the combiner output envelop®, already taking '

into account the resultant output noise power, is written as
R— Z R,. Thus The MRC analysis follows exactly the same steps detailed for
- \/— i=1

EGC in the previous section, considering that, for MRC, the
hyperplane used to compufez(-) is r? = EM r? and that

M
. i=1"1
LMZRZ- ©) 6% = (mfm)2 (M RHISM ,R2(1 + by cos 26;). The
i=1 resulting Pr(-), pp (- ) andng(-) are given by (16), (17),
The CDF of R can be calculated as the integration ofind (18), respectively.
the JPDF ofR;, ¢ = 1,...,M, over theM dlmen5|onal -
volume bounded by the hyperplam@r =M r; and the / / V=i /\/’”2 HPEE /\/7"2 My
0

coordinate hyperplanes [8]

(15)

i=1

'\/M’r‘ \/MT*T]M '\/MT*Z?; . \/MT*Z?; r XpRl,...,RM (Tl,...,TM)dTldTQ ...dT‘Mf]_drM (16)
P — _
r(r) /U /o /0 /o As before,pr, ... ruy (T1,-T0) = Hij\ilpRi(ﬁ)- since the

X PRy Rong (P11 ooy Pag)drydra - - drag_1dry; (10) branches are independent. From (8), (16), and (18), theubutp
' AFD of MRC in multi-branch Hoyt fading is obtained.
wherepr, gy (11, 7ar) = [[2, pr.(r:) is the JPDF of
R;, i = 1,...,M, since the branches are independent, and V. RESULTS

Pr;(-) is given by (4). . The formulations obtained in this paper can be specialized
~ Note, from (6) and (9), thatR, given R; and ©i, g those already found in the literature. In particulas f
i=1,...,M, is a zero-mean Gaussian variate with CPDF balanced diversity channels amgd = 0, i = 1,..., M, they
, (Flr S Orr) = reduce to thelM-branch EGC and MRC of the iid Rayleigh
PRIRy .. Rar 01,00 T o0 TML 0L -, UM case, given by [6, Egs. 23 and 24] for= 1 and [6, Eqgs. 38
( 1 ( 7 )2> (11) and 39], respectively. In the same way, for balanced channel

1

V2716 R oXp 2\ sp andb, — +1,4i = 1,..., M, they reduce to the iid one-sided
Gaussian case, given by [6, Eqs. 23, 24, 36 and 37] with

and variances? = (”f’") M Qi1+ b;cos26;). Next, m = 0.5. For the more general cases, including identical

we shall exploit this fact by including the variate®;s and non-identical fading brancheshaustive simulations have

in the formulation Opr,R('a')- As shall be seen, this been carried out and compared with the analytical expressio

will greatly simplify the calculations. Derivating (10) thi obtained here. All the cases investigated revealed anlertel

respect tor to obtain pr(r) as in [6] and then using agreement between analytical and simulation results.. Higs

the Bayes’ rule,py »(-,-) can be found as (12), whereand 2 show the LCR and the AFD of EGC and MRC, re-

PRy Rar ©1nn 0.2 Uoe ooy ooy y o) IS the JPDF oOf R, spectively, forM = 1,2,4 andb; = 0,0.9,0.999, considering
@i,’i = 1,. M, and &2. Of course, identical Hoyt-fading channels. For the sake of claritye th
simulation data have been omitted in the figures. In facty the
PRy Rag 1000y 2 (T1s ooy T, 01, 00y ) = are practically coincident with the theoretical curves.
: lry, .., a0, ..., 0
PRIy o 01,0 |(1 M 91 ‘;M)) (13) VI. CONCLUSIONS
X T,y "r, 01,000, .
PRy Bar €100 0T Mo M Exact formulas for level crossing rate and average fade
where ppip  pyer.ey e .o,0) i given by duration of thel/-branch EGC and MRC techniques in a Hoyt
(11) and pg,,. Rw.61,...00m 1,7, 01,...,00) = fading environment were presented. These formulas have bee

Hf\iwm,@i (r;,0;), since the branches are independentalidated by specializing the general results to some qaati
Using (13) into (12) and (7), the output LCR of ddi-branch cases whose solutions are known and, more generally, by
EGC system in a Hoyt fading environment can be finallyneans of simulation.
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2m 2m VMr VMr—ry \/Mrfzf\i_g r;
mﬂWH:VM/ W/‘/ / '“/
0 0 0 0 0
M

X Dy oo Rong ©1 gt | | VM=) ri | o, ran, 01, O0g, 0 | drg - dryy_ydragdfy - dfy (12)
=2

21 2T v Mr VMr—r \/M'r‘fzivi:;n M
nR(T):chm/ / / / / ZQi(1+bicos20i)
0 o Jo 0 0 Py
M M
xprie, [ [ VMr=> ri| 00| [[prie.(ri,0:)dra - dragydragddl---doy  (14)
i=2 i=2

27 27 T \/ rz—r}"vj r RPN
pRvR(rJ’):/ / // /
0 0 0 0 0

r

X——p . O :

2 ZM 2 R1,R2,...,RM,01,...,.00M R
i=2"1

7T2,...,TA1,91,...,9M,7'“ dTQ"-dTMfldTMdtgl"-deM

(17)

ont) =i [ [ [ /ﬁ

M.or? \l 04 (7"2 — Z,f\iz 7“3) (1 + by cos 201) + fo\iZ 917'12(1 + b; cos 291)

M
2= i 7’1'2

M M
X DR, .6, r2=>"r2| .01 | [ pr.o.(ri,0:)dry - drag1drasd6l---dfy  (18)
] =2
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Fig. 2. LCR and AFD of MRC for identical Hoyt-fading channels
(M =1, 2,4 andb; =0, 0.9, 0.999).



