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On Goppa and Srivastava Codes over Finite Rings

Antonio Aparecido de Andrade and Reginaldo Palazzo Jr.

Abstract— Goppa and Srivastava have described interesting classes of I. BCH AND ALTERNANT CODES

linear noncyclic error-correcting codes over finite fields. In this work we . . . . .
present a construction technique of Goppa and Srivastava codes over local In this section we review a construction technique of BCH

finite commutative rings with identity in terms of parity-check matrix and ~ and alternant codes [2], [3] over local finite rings.

an efficient_ decoding procedure, based on the modified Berlekamp-Massey  Definition 1.1: Let n = (041, . 7Oén) be a vector Consisting
algorithm, is proposed for the Goppa codes. L.
o _ of distinct elements of,, and letw = (w1, wo, - -- ,w,) be an
Keywords—Galois ring, Goppa code, Srivastava code. . L. . .
arbitrary vector consisting of elements (not necessarily distincts)
Introduction of Gs. Then the set of all vectors
In this paper we describe a construction technique of Goppa
i inite ri i (w1 f(ar), waf(az), - wnf(an)), (1)
and Srivastava codes over local finite rings. These constructions

require working on Galois extension rings, where some prOpWheref(z) ranges over all polynomials of degree at most 1,

ties of the Galois extension fields are lost. First, we review trke€ N. with coefficients inz. defines a shortened codeof
key properties of Galois extension rings, which serve to Char‘?l'ﬁhgthr; < soverRr '

terize these codes. Remark I.1: Since f has at most: — 1 zeros, the minimum
Throughout this paped denotes a local finite commutativegistance of this code is at least— & + 1.
ring with identity, maximal idealM and residue fieldK = Definition I.2: [2, Definition 2.2] A shortenedBCH code

$x = GF(p™), for some primep, m a positive integer, and ¢(,, ) of lengthn < s over.A has parity-check matrix
Alz] denotes the ring of polynomials in the variabi®ver A.

The natural projectiond[z] — K[z] is denoted byu, where ap ay o ap
pn(a(z)) =a(x). o2 o2 - a2
Let f(x) be a monic polynomial of degréein .A[z] such that I7— b " @)

wu(f(x)) is irreducible inK[z]. Then f(x) is also irreducible
in Alz] [1, Theorem XIII.7]. LetR be the ringAlx]/(f(z)).
ThenTR is a finite commutative local ring with identity and it
is called a Galois extension of of degreeh. lts residue field )
is K, = R/M; = GF(p™*), whereM; — (M, f(x)) and for somer Z 1 wherg7 = (a1,aq, - ,a,) is the locator
M = M. /{f(z)) is the unique maximal ideal &, andK vgctor, c0n3|§tlng of distinct elements @f. _The cod.eC(n?n),
with n = s, will be called aBCH code In this casey is unique

T ‘A T
al a2 o an

is the multiplicative group oK, whose order ig"" — 1.

L . up to permutation of coordinates.
Let R* denote the multiplicative group of units &. It fol- - . .
L . b group . Theorem 1.1:[2, Theorem 2.4] The minimum Hamming dis-
lows thatR* is an abelian group, and therefore it can be ex-

ressed as a direct product of cyclic groups. We are interes%%ce of a BCH codé(n, 1) satisfies] > r + 1.
P P yclic groups. efinition 1.3: [3, Definition 2.1] A shortenedalternant

in the maximal cyclic group ofR*, hereafter denoted by, . .
. < -
whose elements are the rootsi6f— 1 for some positive integer codeC(n, n, w) of lengthn < s over.A has parity-check matrix

s such thatged(s,p) = 1. There is only one maximal cyclic Ty wy wy, ]
subgroup ofR* having order relatively prime tp [1, Theorem
XVIII.2]. This cyclic group has ordes = p™" — 1. wiag Walp - WpQy

This paper is orggmzed as follows. In Section Il we review _ | wie? wead - wpal | (3)
a construction technique of BCH and alternant codes over finite
local rings. In Section Ill, we describe a construction of Goppa
codes over finite local rings. In Section IV we describe a con- ) .
. . - . . T— r— —1
struction of Srivastava codes over finite local rings. In Section L W10y W2Qy e wpoy
V an efficient decoding procedure is proposed for Goppa codes. . L .
gp prop PP w%erer is a positive integer ang = (a1, as, - ,ay,) is the
locator vector, consisting of distinct elementsjgf and letw =
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Example I.1: The polynomialf(z) = 2® + x + 1 is irre- 3. For a code with Goppa polynomialz) = (z — 3;)", where
ducible overGF(2) and overd = GF(2)[i], wherei? = —1. 3, € G,, we have

Thus, the ringR is R = %. We have that ifx is a root of

— -r - _ -
f(z), thena generates a cyclic group, of orders = 23 — 1 = (a1 = 1) LT’ (an = B1) LT,
7. Letn = (®,a, 1,0%, a2, a®, o?) be the locator vector, and _ az(on — )™ e an(an — BT
setw = (a®,a,1,a%, a?,a5 a?). If r = 2, then the following : :
matrix o Hay =BT el oy, — BT
a® a 1 ot o of o which is row equivalent to
H =
6 5 5 4 4 5 4 1 1
(e « « « « « « W e m
a1 —B . an—0
is the parity-check matrix of an alternant ca@ld, 1, w). o= | (an=pu
Example 1.2: Another example of an alternant code is a BCH : Co
(ax=ppt (an—f)" !
code. (a1 —B)"! (an—B0)"
Il. GorPPACODES (041 — ﬂl)irl te (0471, - ﬂl)irl
—(r—1 —(r;—1
In this section we define an interesting subclass of alternat (a1 = B)~ =D (o — B) (Y
codes over local finite rings which is very similar to the one pro- : I
posed by Goppa [4] over finite fields. Just as cyclic codes are (ay — B~ v (o =Bt

specified in terms of a generator polynomial, so Goppa codes are _ L L
described in terms of a Goppa polynomidt). In constrastto Consequently, 'fg(_z) = Hl:l(’z - )" = 1z gl(z_), then
cyclic codes, where it is difficult to estimate the minimum Handhe Goppa code is the intersection of the codes with) =

ming distancel from the generator polynomial, Goppa code§? — A1), for & = 1,2,---k, and its parity-check matrix is
have the property that > deg(g(z)) + 1. given by ) )
For this, letA, R andg; as in Section I. Ley(z) = go + H,
g1z + -+ + g-2" be a polynomial with coefficients iR and H,
gr #0. LetL = {a,as, -+ ,a,} = {aF,a*2 ... aF} be o=

a subset of distinct elements@f such thay(«;) are units from
Rfori=1,2,--- n.

Definition I.1: A shortenedGoppa codeC(L, g) of length L He ]
n < s over A has parity-check matrix 4. BCH codes are a special case of Goppa codes. For this,
. ) choosey(z) = 2" andL = {a1,as, -, a,}, Wherea; € G,
g(an) g(an) foralli = 1,2,--- ,n. Then from Equation (4)
alg(a1)71 T ang(an)il _ _
H=1\. o - @ R
af glar)t o aglg(an) ! oy T
H = ,
Definition I.2: LetC(L, g) be a Goppa code.
« If g(z) is irreducible thenC(L, g) is called an irreducible L o .
Goppa code. G Qn
« Ifforall ¢ = (e, ¢z, cn) € C(L,g), itis rue thate = \yhich pecomes the parity-check matrix of a BCH code (Equa-
(enyrcn—1,--,c1) € C(L,g),thenC(L, g) is called a reversible 4, (2)) whena; ! is replaced by3;, i = 1,2, - , n.
Goppa code. 5. Goppa codes are alternant codes, where(ay, as, - - - , o)
o If g(2) = (2 — )" thenC(L, g) is called a comutative Goppagndw = (g(al)_l,g(az)_l, . ,g(ozn)_l).
code. Theorem 11.1: The code(L, g) has minimum Hamming dis-
« If g(z) has no multiple zeros thel{( L, g) is called a separable tanced > r + 1.
Goppa code. Proof: We have thatC(L, g) is an alternant cod€(n,n, w)
Remark I.1: Let C(L, g) be a Goppa code. withn = (a1, ag, - ,a,) andw = (g(a1) ™", -, g(ay) ™).
1. We have tha€(L, g) is a linear code. Therefore by Theorem 1.2 we have th&tL, g) has minimum

2. A parity check matrix with elements frop is then obtained distancel > r + 1.
by replacing each entry df by the corresponding column vec- Example Il.1: Referring to Example 1.1, lettingl. =
tor of lengthh from A. {La,a?,a}, n = (a,at,1,02), g(z) = 2% + 22 + 1 and
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w = (g(a)™tg(a®)7L g(1)7L g(a®)71) = (a?,a”,1,a%), lently that the submatrix
we have a Goppa code ov&tF'(2)[i] with parity-check matrix ) ,

[e3%

; i iz o i
given by Qi l—ﬁl Qg l—/31 i, —f1
a® a® 1 af Yy Yip .. o,
H, = aip—B2 iy —PB2 . — B2 (6)
H=|a* a2 1 « , : : : .
1 l 1
5 6 3 @i “i %
o’ o 1 « . 2 X -
i —PBr iy —Pr . —Pr
length 4 and minimum Hamming distance at least 4. is nonsingular for any subsét; , is, - - ,i,} of {1,2,--- ,n}.

Example [1.2: Let A = GF(2)[i] andR = @417% where  The determinant of this matrix can be expressed as
f(z) = 2* + x + 1 is irreducible overd. Thuss = 15 and
G15 is generated byy, wherea* = o + 1. Letg(z) = 2* + det(Hy) = (v, vy . . ., ) det(Ho), @)
2+ 1, L ={l,q,a% a3 a*a’ a’ a’,a® o’ } andw =
(1,a'2,a19 a", a3, alt, ab o o, o). The matrix given by where the matrixi, is given by

1 1 1
1 Oc12 alO Oc7 a3 all 046 049 a5 Ot14 Clq‘,ll_ﬁl 017‘,2—51 o O"'wl_ﬂl
1 o' 1 at ol a? a7 o'? 1 ab i, —B2  wi,—B2 i P2
- Hy = ) . : (8)
1 « ao® @ ot o o a2 al0 o2 . . . .
1 1 1
1 a3 al0 QI3 Q12 Q14 o9 46 o®  all iy —Br  @iy—Pr T i, —Br

Note thatdet(H,) is a Cauchy determinant of orderand there-
fore we conclude that the determinant of the makffixis given

by

[1l. SRIVASTAVA CODES det(Hy) = (o, v - . i, )'6 9)

is the parity-check matrix of a Goppa code o¢&F'(2)[i] of
length 10 and minimum Hamming distance at least 5.

In this section we define another interesting subclass of alter- Y

nant codes over local finite rings which is very similar to the onehere 5 B (1) 2 Blaiy iy, 00, )6(Br B2, Br)
proposed by J. N. Srivastava in 1967, in an unpublished work - v(ouy Jv(aiy).v(ai,)

that are defined by parity-check matrices of the form O(ai, iy, 0,) = [Li; <, (@i; — ai,) andu(z) = (z -
B1)(z — B2)---(x — B,). By [5, Theorem 7] we have that

ol det(Hy) is a unitinR and thereforel > r + 1.
H={—2— 1<i<r, 1<j<ng, Definition 111.2: Supposer = kil and letay,as, -+, ap,
1-— Oéiﬁj ..
081, -+, 0k ben + k distinct elements of s, wy, - - - ,w, be el-
where a1, as,--- ,a, are distinct elements fronGF(q™) ements ol,. A generalized Srlvastava codef lengthn < s
and 31, B2, -~ , B, are all the elements iF(¢™) except OVErA has parity-check matrix
0,a; a5t -+, a1, The quantityl can be any integer. C iy ]
Definition Ill.1: A shortenedSrivastava codeof lengthn <
s over. A has parity-check matrix Hy
H= , (10)
[ ob o _ab ol ] :
a1—p1  az—F1 an—pF1
af ah al, | Hg
a1—f2  az—fF2 an—PB2
H= . . ' ; (5)  where
. . . : B w1 w2 - Wn 7
. . . a1 —03; ax—[3; an—P0;
(31 Qo .. oy
L a1—B- az—Bs an—0Br | w; wo cee o wn
(a1=0;)? (a2—p;)? (an—0;)?
whereaq, -+, an, 51, -+, B aren + r distinct elements of; Hj= . ] _ i (1)
and! > 0. : : ’ :
Theorem Ill.1: The Srivastava code has minimum Hamming w, ws . wn
L (a1=6;)"  (a2—p;) (an—8;)" |

distancel > r + 1.
Proof: We have that the minimum Hamming distance of thitor j = 1,2,--- k.

code is at least + 1 if and only if every combination of or Theorem 111.2: The generalized Srivastava code has mini-
fewer columns off is linearly independent ovéR, or equiva- mum Hamming distanceé > kIl + 1.
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Proof: The proof of this theorem requires nothing more thaBitep 4 - Calculation of the error magnitudeg, yo, - ,y.

the application of the Remark 11.1(3) and of the Theorem IIl.Zrom x; ands.

since the matrices (4) and (10) are equivalents, whétg¢ = Now, each step of the decoding algorithm is analysed. There
le(z — )" is no need to comment on Step 1 since the calculation of the
Example I1l.1: Referring to Example 11.2, i = 5,7 = 4, syndromes is straightforward. The set of error-location numbers

k=21=2 {o,0,0304,05} = {a*,a? 0’ a,a"}, is a subset ofa®, !, -+ a*~1}. The elementary symmetric

{ﬂhﬂz} = {049,046}, {wl,wg,wg,w4,w5} = {Oé,Oé,OéQ,Oé47Oé7},

then the matrix functionso, o9, - - - , 0, (Wherer denotes the number of errors

introduced by the channel) are defined as the coefficients of the

2 2 5 .
a4fa9 asgag asa_ag afag a7a_a9 polynomlal
2 2 5
H (a4—aa9)2 (a3—aa9>2 (a5ga9)2 (a—aag)z (047%&9)2 (x_xl)(x_xQ) T ({L'—xl,) = xu+0_1xu—l+_ oy 12+0,.
- 2 2 5 . .
TTeas P P g P P g In Step 2, the calculation of the elementary symmetric func-
o o o2 o2 b tions is equivalent to finding a solutiom;, o3, - - , 0, with
(a4—a6)2 (&3_(16)2 (a5—a6)2 (Q_ae)z (a7—a6)2

minimum possiblev, to the following set of linear recurrent

is the parity-check matrix of a generalized Srivastava code wRguUations oveR

minimum distance at least 7.
Sjtv + Sjtv—101+ -+ 811001 + 850, =0, (12)

IV. DECODING PROCEDURE wherej = 01,2, ,(r — 1) — v and sg, 51, - ,5r_; are

In this section we present a decoding algorithm for Gopplae components of the syndrome vector. We make use of the
codeg’, as defined in Section Ill. This algorithm is based on theodified Berlekamp-Massey algorithm to find the solutions of
modified Berlekamp-Massey algorithm [6] which corrects all eEquation (12). This is possible since the proofs shown in [6]
rors up to the Hamming weight< r/2, i.e., whose minimum hold for commutative rings with identity as well.

Hamming distance ig + 1. The modified Berlekamp-Massey algorithm for commutative
We first establish some notation. LBtbe a local finite com- rings with identity is formulated as follows. The inputs to the
mutative ring with identity andv be a primitive element of the algorithm are the syndromes, s, - - - , s,,—1 Which belong to
cyclic groupG,, wheres = p™* — 1. Letc = (¢1,¢o,--- ,¢,) R. The output of the algorithm is a set of valugs1 < i < v,
be a transmitted codeword. L& = (by,be,---,b,) be suchthat Equation (12) holds with minimumLeto(—Y (z) =
the received vector. Thus the error vector is giveneby= 1,11 = 0,d_; = 1 ando?(z) = 1,1y = 0,dy = s, be the a
(e1,€2, - ,en) =b—c. set of initial conditions to start the algorithm. Thus, we have the
Given a locator vectornp = (aj,a9,---,a,) = following steps:
(akr ak2 ... akn)in G, we define thesyndrome valuess; 1. n « 0.
of an error vectoe = (e1, ez, ,e,) as 2. Ifd, = 0, theno"*V(2) — ¢ (x) andl, , « I, and to
go 5).

n

1
s = Zejwjozj, [>0.

j=1

3. If d, # 0, then find anm < n — 1 such thatd, —
yd, = 0 has a solution iny andm — [,, has the largest
value. Then,c"tV(z) «— o™ (z) — yz"™c(™)(z) and
Suppose that < ¢ is the number of errors which occurred at,, ,, < maz{l,,, 1, +n —m}.

locationsz; = «;,, 72 = iy, -+, 2, = oy, Withvaluesy; = 4. If [,,.; = maz{l,,n + 1 — 1,,} then go to 5), else search
iy Y2 = €iny Yy = €, for a solutionD™+1)(z) with minimum degred in the range
The firstr syndrome values; can be calculated from the re-max{l,,,n +1 — 1,} <1 < l,,41 such thatr("™) (x) defined
ceived vectob as by D+ (z) — ¢ (2) = 2" o™ (z) is a solution for the
n n first m power sumsd,, = —d,,, with crém) a zero divisor in
s1= ejwiah =Y bw;el, 1=0,1,2,-- ,r— 1L R. If such a solution is foundy **+V(z) « D"+ (z) and
j=1 j=1 lpt1 < L.

(n)

ln *

, , : . 5. 1fn<r—1,thend, = s, + sn_10\" + -+ + 8p_
The decoding algorithm being proposed consists of four ma- n(_ n: 1ifn < rL_ 189/0 tc;sé)'lglse stop e
jor steps: . The coefficientsrlr), ag"), e ,aﬁ’") satisfy Equation (12). In
Step1- Calcgla‘uon of the syndrome vector= (so, -+ -, sr—1) Step 3, the solution to Equation (12) is generally not unique and
from the received vector. _ _the reciprocal of the polynomiat(™)(z) (output by the mod-
Step 2 - Calculation of the elementary symmetric funct|onﬁied Berlekamp-Massey algorithm), namelgz), may not be

91,02, ,0v from S _ the correct error-locator polynomial
Step 3 - Calculation of the error-location numbers, - - - , z,

fromoy, 09, - ,0,. (z—x1)(z —22) -+ (2 — )
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wherex; = o/ are the correct error-location numbejsi§ an
integer in the rangé < j < n that indicates the position of the
error in the codeword), is the number of errors, and is the
generator ofj,. Thus, the procedure for the calculation of th
correct error-location numbers is the following

« Compute the roots of(z) (the reciprocal ofz(")(z)), say,
21522, 5y 2y

« Among thex; = o!,1 = 1,2--- s, select those:;’s such
thatx; — z; are zero divisors irR. The selected:;’s will be
the correct error-location numbers and eagh= o*, j =
1,2,--- ,n, indicates the positiof of the error in the codeword.

In Step 4, the calculation of the error magnitudes is based
Forney’s procedure [7]. The error magnitudesys, - - - ,y, are
given by

>0
1=0 O41Sv—1-1

v—1-1"
J

- v—1
E; Yy our

j=1,2,---

9 ) v

Yj (13)

9

where the coefficients;; are recursively defined by
i=01,---,v—1

0ji = 0i + 2j0j,i—1,

starting withog = oj0 = 1. The E; = g(o,)" ', j =

obtain the following table

n U(")(z) dn In | n—1n
-1 1 1 0 -1
0 1 al2+ialt | 0 0
1 1+ (a'? +ial?)z all +ia® 1 0
2 1+ (af? +ial?)z a’ +ia® 1 1
3 1+ (@O +ia)z+ (a2 +149)22 | a2 +ial? | 2 1
4 1+ allz + allz? - 2 2

Thuso® (2) = 1+ a''z 4+ a''22. The roots ofp(z) = 2% +
a'lz4a'! (the reciprocal ob(Y)(z)) arez; = o? andzy = o”.
Among the element$, o, o2, --- , o', we haver; = o? and
9 = o are such that; —z; = z2 — 29 = 0 are zero divisors in
R Thereforez; andz, are the correct error-location number.
We havek, = 2 andk;g = 9 indicate that two errors have
occurred, one in position 2, and the other in position 10, in the
codeword. The correct elementary symmetric functiensind
oo are obtained from(z — x1)(z — z2) = 2% + o1 + 09.
Thus,o; = 02 = o'!. Finally, Forney’'s method applied tg
o1 andog, giveSUu o1 + 1010 all + o? = o and
091 = 01 + T2099 = o'l + a” = 2. Thus, by Equation (13),
we obtainy; = 1 andys = i. Therefore, the error pattern is
given bye = (0,1,0,0,0,0,0,0,0, 7).
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