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Closed-form Generalized Power Correlation
Coefficient of Ricean Channels
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Resume— Expresesexatas fechadas e geraisdos momentos provide the space-frequency correlation coefficient of two
conjunto e marginal e do coeficiente de correlsio das poéncias generalizednstantaneous powers of narrow-band signals. We
instantaneas de dois sinais Ricianosas deduzidas. Todas as cqngider both stationatyand nonstationary environments. As
estatisticas 80 expressas como somdm!tas Qe fungoessmples int diate st inal and ioint ts of it
dos parametros do modelo. O modelo inclui ambientes onde o &1 IN'€rMediate stép, marginal-and joint moments O_a'ﬂy' ra
fator de Rice e a poéncia média do sinal $io diferentes de POSitive integer orders of the instantaneous powers areeder
suas contrapartidas do outro sinal. Alguns gaficos ilustram o As is widely known, the envelope correlation coefficient
coeficiente de correla@o de po'éncia fornecido neste trabalho. plays a crucial role in attaining the coherence distance (or
Parametros de coeéncia 0 deduzidos, e valores [ticos para  (ime) and the coherence bandwidth of the signal envelope.
projetos de sistemas & sugeridos. These coherence parameters are used as reference, respecti

Palavras-Chave-Canal de desvanescimento, coeficiente deyely, for the space (or time) separation and for the frequenc
correlagdo, distribuigao de Rice, poéncia do sinal, ) separation in diversity systems. For Ricean signals, these

Abstract—Exact, closed-form and general expressions of the arameters will be evaluated through the power correlation

marginal and joint moments as well as of the correlation codfci- fficient. which titut ¢ - St
ent of the instantaneous powers of two Ricean signals are deed. coefficient, which constitutes an accurate approximatotn

Al statistics are expressed adinite sums of simple functions of ~€nvelope correlation coefficient [3].

the model parameters. The model includes environments wher  This work is structured as follows. In Section Il, the Ricean

the Ricean factor and the signal mean power of one signal are model is introduced. In Section llI, the generalized power

different from their counterparts of the other signal. Someplots  giatigtics of two signals are derived. In Section IV, some

illustrate the generalized power correlation coefficient povided o . - . .

in this work. Coherence parameters are derived, and practial appllcatlons. of the result; prOV'deo! in this work arg cafrie

values for system design are suggested. out. In Section V, the main conclusions are summarized.
Keywords— Correlation coefficient, fading channel, Rice dis-

tribution, signal power. Il. SIGNAL MODEL

Consider two narrow-band signalS; and .S,, transmitted
. INTRODUCTION at different frequencies and detected at distinct pointse T
In wireless communications, the signal envelope fluctuatesmplex representation of each sigisalis
randomly throughout the propagation environment in a fast )
fading condition. This fluctuation is caused essentially by Zi = Riexp (IV;) = X; + IY; i=1,2 @)

the r_’nultipath phenomenon, in which the signal reaching tk}\ﬂwere] is the imaginary unitR; is the signal envelopel,
receiver is composed of a large number of scattered WavRSiha signal phase, an8l; andY; are, respectively, the in-

The classical distribution used to describe the envelogbef | o0 quadrature signal components. In the Ricean model
multipath signal is the Rayleigh one [1]. For some physicgh andY;, « = 1,2, are uncorrelated variates with identical

configurations, besides the scattered waves, the signelagre/ variances ¢2), X, Y1, Xo, andY; are jointly Gaussian, and
is also influenced by a line-of-sight (or direct) wave. Inghe the mean ole- is

cases, the Rice distribution [2] constitutes the apprégria

model [1]. my, =miexp (Ip;) =mx, +Imy, i=1,2 (2)
Different statistics concerning the Ricean model have al- )

ready been reported in the literature. In particular, [3§ anThe parametew? stem from the multipath waves of;,

[4] present the correlation coefficient of two instantareolVhereasnz;, from the direct wave ob;. Finally, we define

powers (or squared envelopes). In [4], both wide-band and Cov{X1,Xs} Cov{Yy,Ys}

narrow-band signals are analyzed, and it is observed that H1 = o100 = o109 (3a)

the narrow-band model is sufficient for computing the space Cov{X:. Y. CovlY:. X

correlation coefficient within the range ab% of the carrier o = Ovi 01, 2} = — Ovi ;’ 2} (3b)
102 102

frequency. We note that this is the most common situation
found in wireless communication scenario. In this work, wehereCouv{-, -} is the covariance operator. The coefficients
and u» usually depend on the distance between the reception
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signals, and on the statistical behavior of the angles dfarr normalized instantaneous powdi§ (or normalized squared

and the times of arrival of the scattered waves [5]-[7]. envelopesl??), which are given by
In the present modelX; andY;, i = 1,2, have arbitrary R X242
means, namely x, andmy,. However, in calculating the joint W, = R2 i At i=1,2 (7)

2 2 2
moment of the instantaneous powers, it is more appropoatet E{R}}  mi+20;
define new Gaussian random variables, namlélyand Y;,

i = 1,2, such thatY; has zero mean. To this end, we defin@. Marginal Power Moment

X; andY as The marginal momen#&{W*} of the Ricean model, as
Xi = X cos (p;) + Yisin (¢;) i=1,2 (4a) Well-known in the literature, is given by
Y; =Y, cos (p;) — X;sin (o) 1=1,2 (4b) exp (=k)L(v 4+ 1)1 F1(v + 1,1, k)

(8)

EAWEY = (1+ki)”

wherep; is the phase of the direct wave §f (equation (2)). ¢
BecauseX; andY; are linear combinations ak; andY;, whereT'(-) is the gamma function [8, Eq. 8.310.3)F} (")

also the variates\;, Y7, X5, and Y, are jointly Gaussian. is the Kummer confluent hypergeometric function [8, Eq.

Moreover, using (4) and the statistics of the original Gawss  9.14.1], andk; = - is the Ricean factor.

the means, variances, and covariances of the new Gaussiang this work, as ‘our interest are the cases in whicls

are an integern, we provide an alternative expression for that
E{X} — m i=1,2 (5a) statistic, such that
E{Y;} =0 i=1,2 (5b) .  Z I+ )

: S | E{W]'} = HEZZX———J——lM (9)

Var{X;} = Var{¥;} = o; i=1,2 (5c) (14 k; e (=0
COU{{Q’ Y}} =0 o i=12 (5d) The main advantage of (9) with respect to (8) is the absence
Cov{X1,Xs} = Cov{Y1, Yo} = peoi09 (5€) of the hypergeometric function, which is generically exgsed
Cov{X1,Ys} = —Cov{¥1, Xo} = psor09 (5f) as an infinite sum of terms. Indeed, (9) is computationally

more efficient.
whereE{-} is the expectation operatdrar{-} is the variance

operator, antl .
B. Joint Power Moment

He = pC.OS (¢+¢1 =) (59) Using (7), the joint moment of the instantaneous powers
ps = psin (¢ + o1 — p2) (M)  can be expressed as
p= /12 + 112 (5i) - 1
1 2 ) E{Wl W2 } :2n1+n2(1 Tk )n1 (1 Tk )n2
¢ =arg{m + Tpa} (51) ! 2
_ Thus, the joint probability density function (JPDF) af, Z Z [( ) ( . ) CR} (10a)
Y1, Xo, andYs is Jj1=03j2=0
A s AN 1 wheren; andny are positive integers, and the coefficiérn
Tt (8190, 22, 52) = Ar2(1 — p?)o202 is conveniently defined as
1 (@1 —m1)? + 97 | (82— m2)* +93 21201~ 21 {252 Yr2na—2ja
. - E{X{Y] X57°Y,
exp{ 2(1 —pP ) |: 0’% * U% CR = { : 0'2n1 219 2 } (10b)
9 (&1 —m1) (2 — ma) + 9192 L7
T “He 0109 From (10b) and the definition of joint moment
(&1 — m1)g2 — 91 (T2 — ma) 1 oo oo poo poo L
_QIU/é 0102 (6) CR = 2n1 2712 [ [ /; /7 x?‘hyf L

The present model is general and encompasses as specigj2iz ;2 A2nz thf(l o1 2 (81, G182, ) din djndiadgs (1)
cases: stationary environments, for whieh = ms ando; =
o2; and the Rayleigh distribution, for which; = 0,47 =1, 2. The JPDFf% ., (xl,gjl,:%g,gjg) is given in (6) and can
be substituted into (11) For, no, j1 andjs positive integers
I1l. GENERALIZED POWER STATISTICS satisfyingj; < n;, i = 1,2, the authors have solved such an

In this section, the marginal and joint moments of arb‘_ntegral in an exact manner, so that

trary positive integer orders of the instantaneous powegs a 2j1 22 9 9
provided. With the purpose of expressing these statistics i Cr=2""2k'k Y > [( 31) ( 32)
more compact forms, we shall present them in terms of the j3=0 j4=0 Ja
o —1)2
2|n this work,arg{-} denotes the argument of the complex number enclosed (2]3 g k%“) CG} (12a)
within.
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wheré that designate, respectively, the angles of arrival and the
14 (—1)f3tda propagation delay times of the multipath waves. For a mobile
Ce = 5 receiver,d = vr, wherewv is the mobile velocity, and is the
[J3/2] js—2l1 n1—j1 n1—j1—ls+[(Ja+l2)/2] . time. )
) Z Z Z Z {<J3> In the Jakes’ model [5], the variat8d cos (0) — AwT
=0 12=0 I5=0 la=[(ja+12)/2] 2l represents the phase difference between each multipath wav

. ) . of S and its counterpart ofs. Similarly, we express the phase
— 2l 2ng — 2 2n1 — 251 — 21 . .
(T A T A A difference between the direct waves f and S, as

Iy 213 20y — Ja — lo

'[2(%1 +n2—j1—j2—ll—l3—l4)—|—j3 +j4—1]” P2 — P1 :ﬂdCOS(9d>watd (16)
(=1) (20 — D)N(205 — 1)N(20 — DI (1 — p2)l1+l3 whered, is the angle of arrival of the direct wave, angdis

o1 i1 Dyl o L the propagation delay time of the direct wave. Béghandt,
T ZQ)} (12D) * are assumed deterministic.
From (59)-(5j), (15), and (16)
C. Power Correlation Coefficient ) ) B E{D(6) cos [3d (cos (0) — cos (04)) — AwT]} 7
By definition, the correlation coefficient a¥/]"* andWy>  He = E{D(©)} (17a)
IS _ E{D(©)sin[f3d (cos (©) — cos (04)) — AwT]} (17b)
5, - BOVIOE) - BOWREQV) e E{D(6)}
o \/Var{W{“}Var{Wg”} where T= T — t,4. Taking the instant of arrival of the direct
wave as time reference, T is the time of arrival of the scatter
where waves. As the direct wave travels through the shortest path

Var{W"} = E{W2"} - B2 (W™} i=1,2 (13b) between the transmitter and the receivBr> t;, and hence
’ ’ ! ’ T > 0. The expressions in (17) can be applied to dnf)
In (13), the joint moment {1/ W3} is found through and any JPDF oP and T.
(10) and (12), whereas the marginal moments are obtained
directly from (9). Sincen; and n, are arbitrary positive B. Numerical Results

integers, the power correlation coefficient provided heye | ) ) . ) .

rather general. For the particular case in whigh= ns = 1 In this subsection, we shall investigate the space coivelat

(13) simplifies to coefficientd,, ,,(d) and the frequency correlation coefficient
dn,n(Aw) for stationary environmenté{ = ko = k). With the

14 = p° + 2pcN k1 ko (14) intention of maintaining compatibility with the results@hdy
' V(1 + 2k1) (1 + 2k2) available for the Rayleigh case [5], we shall consider
IV. APPLICATIONS D) =1 (18a)
In this section, we first provide expressions forand . pe.r(0,1) =pe(@)pr(V (18b)
Next, we investigate, in both space domain and frequency ;g (9) = 1 0<6<2r (18c)
domain, the power correlation coefficient of the Ricean nhode 127T )
for ky = ko = k (stationary environments) and, = n, = n. . pr(t) = Zexp <:) t>0 (18d)
Then, we analyze the coherence parameters of the Ricean T T
model. Finally, we propose approximations for the corfefat \ynereT is the time delay spread.
coefficient of two power signals with non-integer orders. Replacing (18) into (17) yields

~ Jo(Bd) [cos [Bd cos (04)] — AwT sin [Bd cos (64)]]
B 14 (AwT)?

A. Correlation Parameters,. and fi

(&

For the multipath phenomenon, we shall assume the physi- (19a)
cal model described by Jakes [5], which provides - )
Jo(Bd) [AwT cos [Bd cos (64)] + sin [3d cos (64)]]
E{D(©) cos (Bdcos (©) — AwT)} Hs = — =
= (15a) 1+ (AwT)?
E{D(©)} (19b)
E{D(O)si d 0) — AwT
po = {D( )Sméi;(og)(} ) Wi} (15b) Throughout the following analysis, we shall denote

e dnn(d) (Aw = 0): generalized space correlation coeffi-

whereD(-) is the horizontal directivity pattern of the receiving  cjent of the instantaneous powers (or squared envelopes);
antenna,3 is the phase constand, is the distance between Snn(Aw) (d = 0): generalized frequency correlation

the reception pointsw is the frequency difference between  coefficient of the instantaneous powers (or squared en-
the transmitted signals, ané and 7" are random variables velopes).

3In this work, |v] is the greatest integer less than or equak t@nd [v/] Fig. 1 illustrates the !nﬂuence a@fon 61,1(d) for 64 = 90°.
is the smallest integer greater than or equal to It can be noted that, in general, the values of the modulus
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Fig. 1. Influence ofk on the space correlation coefficient far= 1 and Fig. 3. Influence ofn. on the space correlation coefficient for= 1 and
04 = 90°. 04 = 90°.
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Fig. 2. Influence ofd, on the space correlation coefficient for= 1 and Fig. 4. Influence ofn on the frequency correlation coefficient for= 1.

k=1.

C. Coherence Parameters

of 01,1(d) increases withk. This shows that the line-of-sight |t has peen shown in [3] that, for the Ricean model, the
wave strengthens the space dependency of the two signgl§yer correlation coefficien; ; is an accurate approximation
Fig. 2 presents the influence @ on 4,,1(d) for k = 1. o the envelope correlation coefficied s o5, statistic from
As it can be seerf; affects significantly the behavior of theyhich the coherence distance (or time) and the coherence
space correlation coefficient. In both Fig. 1 and Figd2s(d)  pandwidth of the signal envelope are extracted. Based en thi
assumes null values at the same points. the coherence parameters of the Ricean model can be well-
Concerning the frequency correlation coefficient, frars  evaluated directly frond; ;.
0, (5i), and (19), it follows thag,. = p*. In this case, subs- 1) Coherence Distance (or TimeJhe coherence distance
tituting this relation andi; = k2 = k into (14),01,1(Aw) = 4, (or time 7.) is defined as the space (or time) separation
p*. Therefore, the frequency correlation coefficiént (Aw) apove which the envelope correlation coefficient is below a
is independent ofc. Furthermore, sincé; appears in the certain value. For the Rayleigh model, a safe choice for the
coefficientsy.. and pu; only when there is a space separatiogoherence distance i&. = 0.5\ (\ is the wavelength) [5],
(d # 0), 04 has no effect o, ,,(Aw) Vn. sinceVd > 0.5), 60.5.0.5(d) < 0.2. Now, turning our attention
For different values of:, Fig. 3 and Fig. 4 show,, ,(d) to Fig. 1, it can be seen that, for the Ricean case With 1,
(k =1 andf; = 90°) andd, »,(Aw) (k = 1), respectively. such a property no longer holds: above= 0.5\ (8d = =),
Clearly, the correlation coefficients increases with dasirgy the correlation coefficient still assumes significant valulé
the integem. the 0.2 threshold is used, then the safest assumption is to have
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(Bd. greater than several units af say3d. = 67. This is a
very interesting result, which shows that, in order to easur
a reasonable decorrelation between two Ricean signals, the
distance between their reception points must exde¢and
not 0.5\ as for the Rayleigh case).

2) Coherence BandwidthThe coherence bandwidthw,
is defined as the frequency separation above which the en-
velope correlation coefficient is below a certain value. For
the Rayleigh caseAw. is chosen so thaVAw > Auw,
50,5,0,5(Aw) < 0.5 [5] Since 5171(Aw) = 60_570_5(Aw) is
independent ofk, the coherence bandwidth of the Ricean
signal is identical to the coherence bandwidth of the Rgylei
signal.

D. Non-integer Orders of the Instantaneous Powers

Next, we propose an approximation to the correlation co-
efficient of non-integer orders of the instantaneous power (
squared envelope).

From Fig. 3 and Fig. 4, it can be seen that, is close to
On+1.n+1- Thus, for a non-integer satisfyingn < v < n+1
(n > 1 integer), the correlation coefficient 6¥7 and Wy,
namelyé, ., can be well-approximated by the interpolation

61/,1/ = (V - n)(6n+1,n+1 - 671,71) + 5n,n v>1 (20)

V. CONCLUSION

In this work, we have derive@éxactand closed-formex-
pressions for the marginal and joint moments and for the
correlation coefficient of arbitrary positive integer orslef
the instantaneous powers (or squared envelopes) of twaRice
signals. All provided statistics have been expressefirie
sums ofsimplefunctions of the model parameters.

For fading environments, the correlation parameters of the
Ricean model have been expressed in terms of the distance
between the receptions points and of the frequency difteren
between the transmitted signals. Then, the generalizegmpow
correlation coefficient, as well as the coherence parameter
has been investigated in both space domain and frequency
domain. It has been observed that the coherence distance
(or time) increases witlk, and the coherence bandwidth is
independent ofc. Finally, approximations to the correlation
coefficient for non-integer orders of the instantaneousquew
have been proposed.

REFERENCES

[1] R. H. Clarke, “A statistical theory of mobile-radio rezte®n,” Bell Systems
Technical Journalvol. 47, pp. 957-1000, July—Aug. 1968.

[2] S. O. Rice, “Statistical properties of a sine wave plusd@n noise,Bell
Systems Technical Journalol. 27, no. 1, pp. 109-157, Jan. 1948.

[3] Y. Karasawa and H. Iwai, “Modeling of signal envelope radation of
line-of-sight fading with applications to frequecy coatbn analysis,”
IEEE Transactions on Communicationsol. 42, no. 6, June 1994.

[4] ——, “Formulation of spatial correlation statistics inakagami-rice
fading environments,IEEE Transactions on Antennas and Propagation
vol. 48, no. 1, Jan. 2000.

[5] W. C. Jakes Microwave Mobile Communications New York: Willey,
1997

[6] W.C.Y. Lee,Mobile Communications EngineeringicGraw-Hill, 1997.

[7] M. D. Yacoub, Foundations of Mobile Radio Engineeringst ed. CRC
Press, 1993.

[8] I.S. Gradshteyn and I. M. RyzhiKable of Integrals, Series and Products
6th ed. Academic Press, 2000.

1054



