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Resumo— Esse artigo fornece uma expres® generalizada e as the phase crossing rate conditioned on the envelope lying
em forma fechada para a taxa de cruzamento de fase em canaisyithin an arbitrary range.
de desvanecimento Nakagamin condicionada ao fato que a This Letter providessimple, exact, new closed-form ex-
envoltoria de desvanecimento eét dentro de um intervalo ar- . for the GPCR f Nak ’ ifadi h |
bitr ario. A taxa de cruzamento de fase usual @o-condicionada) pressions . for ef 0, akagami- a' Ing channels. .
é enfio obtida como um caso especial da expréss geral. E  Clearly, the PCR is also attained as a special case. Extausti
verificado que, exceto param = 1, que reduz para o caso simulations fully validate the formulation proposed heDewr
Rayleigh, a taxa de cruzamento de fase&v e uniforme. Curvas  formulation makes use of the fading model recently presente
de simulagio e brmulas exatas 8o comparadas umas as outras i, 6], in which a phase-envelope joint probability distriton
e uma perfeita concordncia entre elasé atingida. for th,e Nakagamin fading has been proposed
Palavras-Chave—Taxa de cruzamento de fase, distribuigo  This paper is organized as follows. Section Il revisits the
Nakagami-m, canais de desvanecimento _ phase-envelope joint fading model of [6]. Section Il degv
Abstract—This paper provides a closed-form generalized ex- the joint statistics of the envelope, phase, and their time

pression for the phase crossing rate of Nakagami fading L . . .
channels conditioned on the fact that the fading envelope is within derivatives. Section IV derives the GPCR. Section V present

an arbitrary range. The usual (unconditioned) phase crossing e~ Sample numerical results. Finally, Section VI draws some
is then obtained as a special case of the general expression. It isconclusions.

verified that, except for m = 1, which specialize to the Rayleigh
case, the phase crossing rate is not uniform. Simulation curves

. Il. THE NAKAGAMI -m PHASE-ENVELOPE JOINT MODEL
and the exact formulas are checked against each other and a

very good agreement between them is attained. REVISITED
Keywords— Phase crossing rate, Nakagamin distribution, fad- Let R and® be random variables representmg, respectively,
ing channels the envelope and phase of the Nakagamisignal. The

Nakagamim phase-envelope joint probability density function
(JPDF) fr.e(r,0) is given by [6]

m| o} m—1 ,.2m—1 2
In wireless communications, envelope and phase of a re-fp o (r,0) = — |:I_1§297)n‘ . - exp (_ﬂ) 1)
ceived signal vary in a random manner because of multipath 2m=tQm I2() Q

fading. The behavior of the envelope in a fading channg@here O = E[R?, m = E*[R?|/(E[R'] — E*[R?]), I'()

has been extensively explored in the literature. On therothg the Gamma function [7, Eq. 6.1.1], and-|Edenotes the
hand, although the knowledge of the phase variation of tRgpectation operator. According to this model [6], assgnmin
received signal plays an important role in the design of any and Y as, respectively, the independent in-phase and

communication technique, little attention has been paiisto quadrature components of the Nakagamsignal, their PDF
characterization. The characterization of the phase may }3;(2), Z =X orZ=Y,is given by

useful, for instance, in the design of optimal carrier rezgv w1 )
schemes needed in the synchronization subsystem of caheren 2(2) = m?2 |z| ( mz ) o <z<oo (2)

I. INTRODUCTION

m -

receivers [1]. A pioneering work in this matter was carried Q= I'(3) Q

out by Rice in his clas_sicgl paper [2], in which the_ aim was %©rom [6], Z = S | Z|, wheresS stands forsgn (Z) (sign of Z)
evaluate the click noise in FM systems, assuming the noiggy |Z| is Nakagamim distributed. Then, for mathematical

spectrum to be symmetric about the sine wave frequengymp“dty’ we write Z — SN, whereN denotes a Nakagami-
In this sense, Rice obtained the phase crossing rate at mg

particular phase level8 = 0 and §# = = for the envelope

lying within an arbitrary range. In [3], the work by Rice was .
extended to consider asymmetrical noise spectrum as well as THEIR DERIVATIVES
arbitrary phase levels, i.e;m < 8 < 7. More recently, [4] and . ) o .

[5] investigated the phase crossing statistics, respeigtifor . €t Z be the time derivative o/. From the aboveZ =
the Hoyt (Nakagami-g) and Weibull processes. In this work Y +-5V. Becauses assumes the constant valugs, except

we define PCR as the usual phase crossing rate and GPERNE transition instants{1 — +1 and +1 — —1), its time
derivative S is nil. In addition, becaus& is continuous, the
The authors are with the Wireless Technology Laboratorysélék), transition instants occur exactly and only at the zero éngss

Deparmentof Communicaons School of Electical and Commtien.  instants of 7, when N = |7] is nil. Therefore, SN =0
i ing, iversity inas, inas, SP, ils: : . . -
[daniel,michel,gf ricardo,candido]@wisstek.org. Thisriv was partly sup- always andZ = SN. It has been shown in [8] thaV is

ported by FAPESP (04/12733-3). independent ofNV and Gaussian distributed with zero mean

ariate.

JOINT STATISTICS OF THEENVELOPE, PHASE, AND
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and standard deviatio = m fq1/€2/m (fs is the maximum IV. GENERALIZED PCR

Doppler shift in Hz). Knowing thatZ = SN, Z is also  The PCR, denoted byg(6), is defined as the average
GaUSSIan dIStI’Ibuted Cond|t|oned an= SN haV|ng the same number of upward (Or downward) Cross|ngs per Second at a
distribution parameters a¥. Consequently/ is independent specific phase levef. This definition can be extended to a
of Z. More specifically, X is independent of{, and Y is general case (GPCR), in which the crossing rate of the phase
independent ofy”. From the proposed model [6) andY s conditioned on; < R < r, as performed by Rice [2] for
are independent processes. Thiisjs independent ot” and the click noise problem investigation in FM systems. Thus,
Y is independent of. Using (2) forZ and knowing thatZ is  the GPCR of Nakagami channels can be formulated as
Gaussian distributed with the cited parameters, then tbé-JP

Ix xyy (@ &,y,7) is given by Nor(0;71,72) = / éf@ @_R(e,ém < R <ry)dd

Ixxyy @a,9,9) = fx () fx (&) fy (v) fy () = f Jo 0fpe.6(r,0,0)d0dr
_ o]yt Fr(r2) — Fr(r) ©
m+1 72 3
9 r2(3) 27 /3 In (9), Fgr(-) is the distribution of R, which, for the
X exp (—@ (x +y2+ l S3% + l 29?)) Nakagamim_case,_is given byr(r) :'y(m,mr2/ﬂ)/F(m),
Q fi d where~(-,-) is the incomplete Gamma function [7, Eq. 6.5.2].
®) By the appropriate substitutions and carrying out the resugs
From [6], X = Rcos® andY = Rsin©. Therefore, algebraic manipulations

X = Rcos® — ROsin® andY = Rsin® + RO cosO. VT fa | sin(26)[m1
Following the standard statistical procedure for the trans Ner(0;r1,72) =

7n+ 2
formation of variates and after algebraic manipulatiohs t 21 r (22) )
JPDFfp, 1 0.6(r.70,0) of the envelope, the phase, and their . D=3 + mympy, mp3)T'(m) (10)
respective time derivatives, is obtained as L(m, mp3, mp7)
o m™H 2 sin(26) |t where T'(a;b,¢) = ~7(a,b) — v(a,c) is the generalized
frie6(rT0,0) = QmAL T2(m) gmy3 f2 incomplete Gamma function anef = r?/Q, i = 1,2. In

o particular, form = 1, we obtain the GPCR for Rayleigh fading
X exp (_g <r2 4 %)) (4) channels, which can be expressed as
! fa T(3: 0%, 03)

= i i ' Neg(0;71,72) = (11)
For m = 1, (4) reduces to the Rayleigh fadmg case given \ 9727 (exp(—p2) — exp(—p2))
in [9, Eg. 1.3-33]. Note also thafy ; o o(r,7,6,0) h i i whi q
fR(v'«)fe(@)fR@(r,é). Some important densities are obtaineEor the specific case in which = 0 andr; = oo
by performing the appropriate integration in (4) and they ar VT fa |sin(260)|™~! T'(m — 3)
shown as follows: Ne(0) = om+3T2(m) (12)
2
m4+3 2m| o; m—1
Froo(r0,0) = m™ T 2 sin(20)] Form = 1 (Rayleigh case), (12) yields
R0\ gm—3 m+3 1—\2(7_;) fq mw3/2 f
) 2 Ne(8) = === (13)
X exp ( mr (1 + Z 2)) (5) 2v2
Q 2m2 fa Note that (13) is independent of the phase ledelvhich is
oo 9) |sin(260)[™1 T'(m + %) © coherent with the result obtained by Rice [2].
61(;) ’ = 1 ) 7ﬂ+%
gm+1 (1 4 f2) r2(m) f, 72 ' ' V. NUMERICAL. RESULTS .
™ Ja In this section, some plots illustrate the formulations ob-
. I'(m + %) tained. In addition, the validity of the proposed formuats
fo(0) = mt+l ( (") is checked by comparing the theoretical curves against the
V2 (1 + 52 fz) L(m) fq m3/? simulation results. As will be observed, excellent agreement
o . _ has been achieved between the simulation results and the
The distributionF, () of © is obtained as formulation proposed here. In Figs. 1 and 2, the normalized
. 52 PCR is depicted for several fading conditions. kFor= 1
1 3 6
)= L+ OT(m+5) oFy (m.§+mi§i—5%7 ) @8 (Rayleigh), this statistics is independent of the phasel)s-
© 2 V2 fq m3/2T(m) suming a constant value equalsitq2+/2), which is coherent
. . : with the result obtained by Rice [2]. Fot = 1.5,2,2.5,4,4.5
where 3 Fi (-, +;+;-) is the hypergeometric function [7, Eq. . . - . o
15.1.1]. Next, we derive the GPCR of Nakagamifading the.normahzed .PCR is periodic with perigd/2 and nil
channels for integers multiples ofr/2. Note the excellent agreement

between the theoretical and simulated curves.
For m = 2, Fig. 3 shows the normalized GPCR. For
p1 = 0 and varyingp2, we note that the curves do not differ
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Fig. 1.  Comparison between simulated and theoretical curvesthie Fig. 3. Normalized GPCR for a fading parameter= 2.
normalized PCR.

06 m=10, 9,...,2, 1.5, 1.125, 1.025, 1, 0.9, 0.95,...,0.6

m=1.5 theoretical
o m=1.5 simulated
X m=2.5 theoretical
= m=2.5 simulated
0,4 - - - m=4.5 theoretical
A m=4.5 simulated

0,5

N,(0) /T,

Fig. 2.  Comparison between simulated and theoretical cureesthe

normalized PCR. Fig. 4. Normalized PCR for several fading parameters.
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