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Chain of finite rings and construction
of BCH Codes

Antonio Aparecido de Andrade, Tariq Shah and Attiq Qamar

Abstract—TFor a non negative integer ¢, let Ao C A1 C

- C A1 C A; be a chain of unitary commutative rings,
where each A; is constructed by the direct product of suitable
Galois rings with multiplicative group .A; of units, and Ko C
K1 C -+ C Ki—1 C K be the corresponding chain of unitary
commutative rings, where each /C; is constructed by the direct
product of corresponding residue fields of given Galois rings, with
multiplicative groups /C; of units. This correspondence presents
four different type of construction techniques of generator poly-
nomials of sequences of BCH codes having entries from .47 and
K} for each i, where 0 < i < t. The BCH codes constructed in
[1] are limited to given code rate and error correction capability,
however, proposed work offers a choice for picking a suitable
BCH code concerning code rate and error correction capability.

Keywords— Units of local ring, BCH code, McCoy rank, direct
product of local rings.

I. INTRODUCTION

Linear codes over finite rings have been discussed in a
series of papers initiated by Blake [2], [3], Spiegel [4], [S] and
Forney et al. [6]. The structure of the multiplicative group of
unit elements of certain local finite commutative rings have
recently raised a great interest for its wonderful application
in algebraic coding theory. Using the multiplicative group of
unit elements of a Galois ring extension of Z,=, Shankar [7]
has constructed BCH codes over Z,~. Moreover, Andrade
and Palazzo [1] have further extend these constructions of
BCH codes over finite commutative rings with identity. Both
construction techniques of [1] and [7] have been addressed
from the approach of specifying a cyclic subgroup of the group
of units of an extension ring of finite commutative rings. The
complexity of study is to get the factorization of x° — 1 over
the group of units of an appropriate extension ring of the given
local ring.

Let A be a finite commutative ring with identity. The ring
A", with n € Z*, being a free .A-module preserve the concept
of linear independence among its elements is similar to a
vector space over a field. Though it is the constraint that
an 7 X r submatrix of r X n generator matrix M over A is
non-singular, or equivalently, has determinant unit in A. The
existence of non-singular matrices having not obligatory the
unit elements is, in fact the primary obstacle in working over
a local ring instead of a field. The notion of elementary row
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operations in a matrix, and its consequences, also carry over
A with the understanding that only multiplication of a row by
a unit element in A is allowed, which is in contrast to the
multiplication by any nonzero element in the case of a field.
The structure of the multiplicative group of units of A is the
main motivation to calculate the McCoy rank [8] of a matrix
M, that is, the largest integer ~ such that r X r submatrix of
M has determinant unit in the ring A.

Andrade and Palazzo [9] describe a construction technique
of a matrix

al a2 ... an
a% a% PR a%
M = ) . (H
k
Qy Qg ap
based on the vector n = (a1, a9, -, q,) with o, for 1 <

1 < n, are distinct units in the unitary local ring .4 such that
1—ay, for 1 < j <, are units. By this, one can obtain the
McCoy rank of the matrix M. Whereas the findings of these
types of units is linked with the multiplicative group A* of
units of the ring A.

For h = bt, where b is prime and t is a positive integer, there
exist corresponding Galois ring extensions R; = GR(p™, h;),
where 0 < i < t and h; = b* (respectively, there exist residue
fields K;, where 0 < i < t and h; = b%) of unitary local
ring (R, M) with p™ elements (respectively, p elements and
residue field R/M). For each i, for 0 < ¢ < ¢, it follows
that R} has one and only one cyclic subgroup G,,, of order
n; (divides p™ — 1) relatively prime to p (an extension of [7,
Theorem 2]). Furthermore, if 3% generates a cyclic subgroup
of order n; in K, then 3¢ generates a cyclic subgroup of order
n;d; in R}, where d; is an integer greater than or equal to 1,
and ()% generates a cyclic subgroup G, in R} for each
1 [7, Lemma 1]. So by extending the given algorithm [7] for
constructing a BCH-type codes with symbols from the local
ring A for each member in chains of Galois rings and residue
fields, respectively. Consequently there are two situations: s; =
b® for i = 2 or s; = b* for i > 2. By these motivations in this
paper for any t € Zz7,if A C Ay C---C A1 C A;isa
chain of unitary commutative rings, then for each ¢, such that
0 < i <t, it follows that A; is a direct product of Galois
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rings, i.e.,
Ao = Ro1 X Roz2 x -+ X Ror
N n N N
A = Rii X Rig X -+ X Ry,
N n N N
N n N N
.At = Rt 1 X Rt,g X e X Rtﬂ"

)

Moreover, Ro; C Ri1; C -+ C Ry—1; C Ry, for each
1 < j5 < r,is a chain of Galois rings. In type I, for each
1, where 0 < 7 < ¢, it follows that R;; = R; 41, where
1 < j <r, while in type II, we have different R; ; with same
characteristic p. In type III and IV, we take different R; ; with
different characteristic p;, where 1 < j <.

Corresponding to the chain A9 C Ay C -+ C A1 C Ay,
Ko C K1 C -+ C Ky—1 C Ky there is a chain of rings
constituted through the direct product of their residue fields,
ie.,

Ko = Ko1 X Koz x -+ x Ko
n N n N
Ki = Kip x Kyg x -+ x Ky
N n N N
N n N N
’Ct = Kt,l X Kt72 X X Ktﬂ«.

Moreover, Ko ; C Ky ; C --- C Ky_1; C Ky , for each
1 < j <, is a chain of corresponding residue fields. In type
I and II, we have K;; = K; ;41 and different in remaining
types. Therefore, A} and K}, for each ¢, where 0 < ¢ < ¢, are
multiplicative groups of units of .4; and KC;, respectively.

II. BASIC RESULTS

Assume that (R, M) is a finite unitary local commutative
ring with residue field K = £ =~ GF(p™), where p is a
prime integer, m a positive integer. The natural projection
7 : R[z] — K[z] is defined by 7(>_ ;- a;x’) = Y1 @zt

where a; = a; + M for ¢ = 0,---,n. Thus, the natural ring
morphism R — K is simply the restriction of 7 to the constant
polynomials.

In the following, we recall some definitions and results from
[8] for the sake of quick reference.

Definition 1: Let a(x) be a polynomial in R[z]. We say that

1) a(z) is a unit if there exist a polynomial b(z) € R[x]
such that a(x)b(z) = 1.

2) a(xz) # 0 is a zero divisor if there exist a polynomial
b(x) € R[x]\{0} such that a(x)b(x) = 0.

3) a(x) is regular if a(z) is not a zero divisor.

4) a(x) is irreducible if a(z) is not a unit and if a(z) =
a1 (z)as(z), then either ai(z) is a unit or as(x) is a
unit.

Theorem 1: [8, Theorem XIII.2] Let (R, M) be a local ring
and a(z) = Y. ,a;x" € R[z]. The following assertions are
equivalent.

1) a(x) is regular.

2) <ai,asg,---,a, >= R.

3) a; is a unit for some ¢, for 0 <7 < n.

4) 7(a(x)) #0.

Theorem 2: [8, Theorem XV.1] Let (R, M) be a local ring
and a(z) be a regular polynomial in R[z] such that 7(a(z))
has a simple (i.e., non multiple) zero & in K. Then a(z) has
one and only one zero « with 7(a) = a.

Theorem 3: [8, Theorem XIIL.7] Let (R, M) be a local ring
and a(z) is regular polynomial in R[z] such that m(a(x)) is
irreducible in K[z]. Then a(x) is irreducible in R[z].

Let A; be a finite local ring with characteristic p;, for each
j such that 1 < j < r. Let K; be the residue fields of local
rings R; = A;[z]/(f;(z)), where f;(x) is a basic irreducible
polynomial over A; of degree h, for each j such that 1 < j <
T.

Theorem 4: [1, Theorem 3.3]If R = Ry X Ro Xx R3 x--- X
R, where each R; is a local finite commutative Galois ring
with characteristic p;, then R* = R} x R3 x Ry X --- x R},

Following theorem indicates the condition under which x* —
1 can be factored over R*.

Theorem 5: [1, Theorem 3.4] The polynomials z° — 1 can
be factored over the multiplicative group R* as 2° — 1 =
(x — a)(@ — a?)---(z — a®) if, and only if, 3; has order
s in Kj, where ged(s,p;) = 1 and « corresponds to 8 =
(B1, B2, -+, ), where j =1,2,3,--- 7.

Theorem 6: [1, Theorem 3.5] For any positive integer [,
let M;(x) be the minimal polynomial of o! over R, where
o generates H, ,. Then M;(z) = [[¢cp, (2 — &), where B
are all distinct elements of the sequence {(a!)™ :
M4y’ 4 =", 0<s5<h—1},

Theorem 7: [1, Theorem 2.5] If g(x) is a generator poly-
nomial of a BCH code over A with length n = s such that
at,af?, .- a=* are the roots of g(z) in Hy ,, Where o
has order n, then minimum Hamming distance of the code is
greater than the largest number of consecutive integers modulo
nin E = {ej, e, €3, ,€n_k}

m =

III. CODES OVER CHAIN OF DIRECT PRODUCT OF FINITE
GALOIS RINGS I

Let (A, M) be a unitary finite local commutative ring
with residue field K = % having p™ elements. The natural
projection 7 : Alz] — Klz] is defined by w(>°1,a;z’) =
S o agxt, where @; = a; + M for i = 0,1,---,n. Thus
the natural ring morphism A — K is simply the restriction
of m to the constant polynomials. Now, if f(z) € Alz] is
a basic irreducible polynomial with degree h = b', where b
is a prime and ¢ is a positive integer, then R = Alz]

’ =)
GR(p™, h) is the Galois ring extension of A and K = £5 =

Alz]/(f(x)) _ __Ale] _ (A/M)[x] _ mhy :
O/, = GLf@) = (pa, — CF (™) is residue
field of R, where M = (M, f(z))/(f(x)) is the maximal

ideal of R.

For the construction of a chain of Galois rings, the following
lemma is of central importance.

Lemma 1: [8, Lemma VII] Every subring of GR(p*, s) is
a Galois ring of the form GR(p*,s’), where s’ divides s.
Conversely, if s’ divides s, then GR(p*, s) contains a unique
copy of GR(p*,s).
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The elements 1,b,b2,---,b'"1 b are divisors of h, and
so taking hg = 1,hy = bhy = b%,--- hy = b = h,
it follows, by [8, Lemma XVL7], that there exist basic
irreducible polynomials fi(z), fo(z),- -, fi(z) € Alz] with
degrees hi,ho,-- -, hy, respectively, such that we can consti-
tute the Galois subrings R; = (ﬁfc])) = GR(p™, h;), for
each 4, where 1 < i < t, of R with the maximal ideals
M; = (M, f;(x))/(fi(z)), for 1 < i < ¢. Thus, the residue
fields of each R; becomes

K, = Ri_ _Al/(i@) _ Al
i T M T L@/ @) T (@)

(A/M)[z] _ Klz] _ .
) = Gy = CF@™).

As h; divides h; 1 for all 0 < ¢ < ¢, it follows, by [8, Lemma
XVI.7], that there is a chain

A=RygCRi1CRyC---CRi_1CR:=R
of Galois rings with corresponding chain of residue fields
ZPZKQCK1CK2C"'CK75_1CK.

If A; =R}, for 0 <17 <t, then we obtain a chain of another
unitary commutative rings, i.e.,

A0CA1C¢42C"'CAt71C.At:A
with a corresponding chain of rings
KoCKiCK2C-- CKg CK =K,

where each K; = Kj for 0 <17 <t.

Let AF and K! be the multiplicative group of units of
A; and K;, respectively, for 0 < ¢ < ¢. The next theorem,
extends [8, Theorem XVIII.1] and plays fundamental role in
the decomposition of the polynomial 2 —1 into linear factors
over the rings A;. This theorem asserts that for each element
a; € A} there exist unique elements 3; € R}, for 0 < i <,
such that a;; = (6;, B;,- -+, 8;) is an ordered r-tuples.

Theorem 8: If A; = R}, for 0 < ¢ < t, where each R; is
a local finite commutative ring, then A = (R})".

Following theorem indicates the condition under which
2% — 1 can be factored over A7, for 0 <7 <t.

Theorem 9: For 0 < 7 < ¢, the polynomials 2% — 1 can be
factored over the multiplicative groups A} as 2% — 1 = (z —
a;)(z—a?2) - (z—aj") if and only if 3; has order s; = p"i—1
in K}, where ged(s;,p) =1 and o; = (8;, By -+, Bi)-

Proof. Suppose that the polynomials z° — 1 can be factored
over A as 2% — 1 = (z — o) (z — a?) - -+ (x — af"). Then
2% — 1 can be factored over R} as z* — 1 = (x — f3;)(x —
BZ)---(x — B%), for 0 < i < t. Now, it follows from the
extension of [7, Theorem 3] that Bl has order s; in K, for
0 < i < t. Conversely, suppose that 3; has order s; in K},
for 0 < ¢ < t. Again, it follows from the extension of [7,
Theorem 3] that the polynomials % — 1 can be factored over
Rriasz® —1=(z—0F;)(x—B2) - (x—3"), for 0 <i <t
Since «; = (Bi, Biy-++, ), for 0 < i < ¢, it follows that
r¥i—1=(z—a;)(z—a?) - (x—aj") over A, for 0 < i < t.

Corollary 1: [1, Theorem 3.4] The polynomials z® —1 can
be factored over the multiplicative group R* as 2° — 1 =
(z — a)(@ — a?)---(x — o) if and only if (3; has order

s in Kj, where ged(s,p;) = 1 and « corresponds to 8 =
(B1, B2, ), where j =1,2,3,--- 7.

Let H,, s, denotes the cyclic subgroup of A} generated
by «;, for each ¢, where 0 < i < ¢, ie., H,, s, contains all
the roots of % — 1 provided the condition of Theorem 9 are
met. The BCH codes C; over A can be obtained as the direct
product of BCH codes over R;. To construct a cyclic BCH
codes over A?, we need to choose certain elements of Hy, »,,
where n; = s;, as the roots of generator polynomials g;(x) of
the codes. So that, ', a2, a5, - - -, a:" % are all the roots
of g;(x) in Hy, n,. We construct g;(x) as

gi(x) = lcm{Miel (x)v Mie2 (l‘), SR M (l‘)},

2

where M;'i(z) are the minimal polynomials of a)', for
li =1,2,---,n;—k;, where each o" = (87", 55", ---, 8;'").
The following theorem extended [7, Lemma 3] and provides a
method for construction of M/ f ' (z), the minimal polynomials,
of a;'" over the ring A;.

Theorem 10: For each i, where 0 < ¢ < ¢, let M:”(x)

be the minimal polynomials of a?i over A;, where a:”
generates Hy, ,,,, for [; = 1,2,---,n; — k;. Then M;" (z) =
[ecpn (@ = &), where Byt = {(oj")"" + 1 < I <
ni — ki, 0< ¢ < hy — 1},
Proof. Let M," (x) be the projection of M; ' (z) over the
fields K; and M (x) be the minimal polynomial of @;'* over
K}, for each ¢ such that 0 < ¢ < tand 1 <; < n; — k;.
We can verify that each Hf“(m) (minimal polynomials of
@;'") is divisible by M () (minimal polynomials of 5;"),
for each 7 such that 0 < ¢ < tand 1 < [; < n; — k;.
So among its roots, it has distinct elements of the sequence
al @, @yt (@ )P, for each i such that
0 <i < tadl < [; < n; — k;. Consequently, the
polynomial M:” (z) has, among its roots, distinct elements
of the sequence o', (a")P, (o )P -+ (a7 for
0 <i < tand 1 < [; < n; — k;. Thus, any element
& = (a;'")P" of the above sequence is a root of M; ' (z),
for0<i<t,suchthat 0 < ¢q; < h;—land 1 <I; <n;—k;.
Hence, M; " (z) = Hg eBli (x — &)

Remark 1: For each ¢ such that 0 < ¢ < t, it follows
that the minimal polynomial M ;" (z) of E?" is the projection
of M;'i(x) (minimal polynomial of a;'*) over the rings K;.
So M?” () generates the sequence of codes over the special
chain of rings K; = K.

The lower bound on the minimum distances derived in the
following theorem applies to any cyclic code. The BCH codes
are a class of cyclic codes whose generator polynomials are
chosen so that the minimum distances are guaranteed by this
bound. In this sense, the following theorem generalizes [I,
Theorem 2.5].

Theorem 11: Let Ag C Ay C Ay C -+ C A1 C A
be the chain. For each ¢ such that 0 < i < ¢, if g;(z) is the
generator polynomial of BCH code C; over A; with length
n; = s; such that o, 0% - a;""* are the roots of g;(x)
in H,, »,, where a; has order n;, then the minimum Hamming
distance of C; is greater than the largest number of consecutive
integers modulo n; in E; = {e1, ez,€3,*, €n,—k; }-

Proof. For each i, where 0 < ¢ < ¢, let {k;, k; + 1,k; +
2,--+ k; +d; — 2} be the largest set of consecutive integers
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modulo n; in the set ;. A sequence of cyclic code with roots

af,af? af .. a;"" s the null space of the matrix
Loat @) e (el
1 o (af?)? (ag?)mi—t
M; = . .
i Oé‘.;’"'.i’ki (Oé?"'i.’ki )2 .. ., (Of"i*’;i )nifl
K3 K3 K3

Now, if no linear combination of d; —1 columns of the matrix

booan o lny e !
N Gt R A U
M; = '
i Oél_cijt.di—2 (al_ci+;ii—2)2 (al_ci+di;2)ni71
k3 1 k3

is zero, then clearly no linear combination of d;—1 columns of
each M, is zero and by the extended form of [10, Corollary
3.1], it follows that each code has minimum distance d; or
greater. This can be seen by examining the determinants of
any d; — 1 columns of matrices M. Let following matrix is
the collection of any set of d; — 1 columns of matrix M.
Thus

(a?i)h (afi)n (a z)]d -1
(@i (el (ol s

(afi+di_2).71 (afi+di_2).j2 (afi+di_2)jdi71
Now, we want to show that the determinants of matrices
M;* are non-singular, i.e., it is unit in each A;. Note that

the determinant of each matrix M;* is given by

ki(G1+iz++ia; —1)

det(M;™) = det(M;™),
where the matrix M,;™** is given by
1 1 1
Ocijl ai]’z aijdl—l
e = | (e?)? (72)? (v i=1)?
=
(aijl)di_Q (aij2)di_2 (aijdi—l)di_Q

The determinant of each M ** is Vandermonde and each
having unit determinant in each 4;. Hence, no combination of
d; — 1 or fewer columns of each M; is linearly dependent. So,
by [10, Corollary 3.1], it follows that each code has minimum
distance d; or greater.

Corollary 2: [1, Theorem 2.5] If g(x) is a generator poly-
nomial of a BCH code over A with length n = s such that
aft, @ .- a~* are the roots of g(z) in H, ,,, where o has
order n, then the minimum Hamming distance of the code is
greater than the largest number of consecutive integers modulo
nin E = {ej,ea,e3, -, €n_k}.

We can also use the extension of [7, Theorem 4] for the
BCH bound of these codes.

A. Algorithm

The algorithm for constructing a BCH type cyclic codes
over the chain of rings A9 € A; C Ay C --- C Ay 1 C
A; = A is then as follows.

1) Choose irreducible polynomials f;(x) over Z,m, of
degree h; = b’, for 1 < i < t, which are also irreducible
over GF(p), and form the chain of Galois rings

me = GR(p”L7 ho) C GR(pm7 hl) C
- C GR(p™,ht—1) C GR(p™, hy) or

A = RyCRICR,C-- CRi-1 CRy =R

and its corresponding chain of residue fields is

Z, = GF(p)C GF(p")C
- C GF(p"=1) c GF(p") or
= KogCKiCKy C---CKi1 CK,
h Klz] ;
where each GF(p )_(ﬂ(f(x))),f0r1<z<t

2) Now put A; = R}, for 0 <4
rings

< t and get a chain of

.A()C.A1C.A2C"'
with an other chain of rings
KocKicKyCc---CcKii CK =K

where each K; = K], for 0 < <t.

3) Let 7j; be the primitive element in K}, for 0 < ¢ <
t. Then 7; has order d;n; in R for some integers d;,
and put 3; = (n;)%. Thus, a; = (8;, Bi, Bi, - -+, 3:;) has
order n; in R} and generates H,, ,. Assume for each
i, where 0 < i < ¢, a; be any element of H,, p,.

4) If o' a5, o5, - af’” " are chosen to be the roots
of gZ(X ) then find M;"* () the minimal polynomials

n; — ki, where each ;" =

of afl" for l; = 1,2,---,
(B4, B0, BE). Thus, g,(X) are given by

9i(x) = lem{M;* (z), M*(z), - aM%rki ()}

The length of each code in the chain is the least common

multiple of the orders of a*, a2, -, a;" " and
the minimum distance of the code is greater than the
largest number of consecutive integers modulo n; in the
set F; = {e1,e9,€3, -+, €n,—k, } for each i, where 0 <
i <t.

Example 1: We initiate by constructing a chain of codes
of lengths 1, 3 and 15 over the ring A = Z4. Since M =
{0,2}, it follows that K = £ ~ Z,. The regular polynomial
f(z) =2 +2+1 € Z4[x] is such that 7(f(z)) = 2* + 2 +1
is irreducible polynomial with degree h = 22 over Z,. By
Theorem 3, it follows that f(x) = x*+2+1 is irreducible over
A Let R = Zzz[ﬂ = GR(2%,4) be the Galois ring and K =

(F(=))
(W%% = GF(2*) be the corresponding Galois field. The

numbers 1, 2 and 22 are the only divisors of 4 and therefore,
say hy = 1, hy = 2, hg = 22, Thus there exist irreducible
polynomials fi(z) = 22 —x + 1, fo(x) = f(x) in Z4[x] with
degrees ho = 2 and h3 = 4 such that we can constitute the
Galois rings R; = (Zfﬂq[g) GR(2% h;), where 1 < i < 2.
So A=Rog CR1 C = R. Again by the same argument
it follows that K; (W(Zfi[(z = GF(2"), where 1 < i < 2.
That is, Ko = Zs, K; = GF(22), Ko = K = GF(2%), with
Ky C Ko C K. If »r = 2, then A; = R; X R; such that

CAt_1CAt:A
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Ao C Ay C As. Let u = {a} in R; such that & = {z} in K;.
Then %+ 1 has order 15 in Ky, and so 35 = %+1. But u+1 has
order 30 in R, and so put 32 = (u+1)? and get ay = (fa, F2)
which generates H,, 15. Also, @ has order 3 in K;, and so
3, = . But u has order 6 in Ry, and so 3; = u? and get

= (f1, /1) which generates H,, 3. Put 8y = By = 1
and get oy = (0o, Bo) which generates H,, 1. Choose «;
and o to be roots of the generator polynomials g;(z) of the
BCH codes C; over the chain Ag C A; C As. Then M} (z),
Mji (x) and M} (x) has as roots all distinct elements in the
sets Bé = {OZ()} - Hao,l’ B% = {0[1,04%} C Ha1,3 and
Bl ={an,a3,0a3,a8} C H,, 15, respectively. So

Mg (z) = (z — ao),

Mi(x) = (x — a1)(x — a?) and

M;(z) = (z — az)(z — a3) (2 — a3)(z — af).
Similarly,

My (x) = Mg (z) = (z — a),

M3(x) = (x —1) and

M3 (z) = (z — a3)(z — a3)(z — a3”)(z — a).

Thus the polynomials g;(z) = lem(M} (x), M?(x)) are given

by
go(z) = (z—1),
gi(@) = (z—1)(z—a)(z—af),
go(r) = (z—az)(z —a3)(z —a3)(z — a3)(z — a3)

(x = aB)(x — ad) (2 — ad?),

which generates the cyclic BCH codes Cy, C; and Cy of lengths
1, 3 and 15 with minimum hamming distances at least 2, 4
and 5, respectively. Also, if we replace «; with a;, then we
get codes over KC;, for each 7 such that 0 < i < 2. If we take
B; and 3; as a root of generator polynomial, then we get codes
over R; and K;, respectively.
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