XXVII SIMP OSIO BRASILEIRO DE TELECOMUNICA®ES - SBrT 2009, DE 29 DE SETEMBRO A 2 DE OUTUBRO DE 2009, BLUM&N SC

The k- Extreme Distribution: Theory and
Applications

Guilherme Silveira Rabelo, Ugo Silva Dias and Michel Daowtdub

Resumo—Este artigo apresenta a distribui@o de desvane- environments. This question has been recently addressed in
cimento x-u Extrema, utilizada para descrever a propagado [7].
de radio movel sob condies severas de desvanecimento. Tais Enclosed environments are known to be characterized by

condigdes ocorrem principalmente em ambientes confinados, em- erv severe fading conditions. Unlike the homogeneous.ones
bora podem ser encontradas enéreas abertas cujos dispersores very sev Ing i ' ' g us,

movem-se rapidamente. 80 realizados ajustes para dados de Whose diffel’ent Combinations Of Iarge number Of mu|tlpath
campo presentes na literatura e outros coletados a partir de components lead to known fading channels, enclosed en-
medigdes realizadas pelos autores. Resultados de compa&a¢ vironments may present only a few number of dominant
entre a distribuicao -y Extrema e outro modelo proposto  nas therefore rendering the approximation by the Centra
recentemente, chamado Two-Ray, mostram que a distribup . - . .
Limit Theorem [3] inappropriate. As a consequence, thearadi

r-u Extrema & mais flexivel e adequada para modelar condigs ) o ]
severas de desvanecimento. channel in such conditions are not correctly described by

o o those known distributions [3], [7]. Additionally, traditnal
Palavras-Chave— Distribui¢ 80 «-u Extreme, Distribuicao Two- . . .

Ray, Desvanecimento Hyper-Rayleigh, Canais com desvaneci Propagation models (e.g, Plane Earth [8]) predict thatatire
mento, Medidas de campo. and reflected waves may be combined to yield nulls at some
Abstract— This paper presents thers-u Extreme fading distri- ~ reception points. With only few waves being combined, the
bution, which is used for characterizing mobile radio propagation occurrence of nulls becomes frequent and must be accounted

under severe fading conditions. Such conditions occur spedly in  for. In [7], the severe fading conditions — worse than that

enclosed environments, although they may be found in open aas predicted by the Rayleigh case — in enclosed environments
in which the scatters move rapidly. The distribution is adjusted to . .

field data extracted from the literature and also to data colected W&S n_ar_n_ed1yper-Raer|gh fadingg], _[7_]’ 91 . )
from measurements performed by the authors. Comparison wh An initial approach towards describing mobile propagation

another model recently proposed elsewhere, namely the TwRay under the mentioned severe fading conditions was carriéd ou
model, shows that thex-u Extreme distribution is flexible and jn [3]. In that work, a new probability distribution, thiEwo-

suitable to better model the severe fading conditions. Raydistribution, was proposed as a worst-case scenario fading
Keywords— x-;1 Extreme Distribution, Two-Ray Distribution, model. TheTwo-Raymodel consists of a special case of the
Hyper-Rayleigh Fading, Fading Channels, Field trials. Two-Ray With Diffuse PowdTWDP) model [4], assuming (i)
no diffuse power and (ii) the two dominant components with
|. INTRODUCTION identical magnitudes and random phase [3].

Wireless communication services expand at a rapid pacel he Two-Ray model is indeed simple, but has some limitati-
and their applications seem limitless. Previously retdc Ons: it neither predicts a received signal with magnitudgda
to outdoor environments, they soon reached indoor onddan twice the magnitude of a single dominant component nor
including shopping malls, airports, and, more recentlgl@n is flexible to adjust to conditions other than the limited two
sed environments, namely airplanes, trains, and busesgAlday scenario. In real world, several degrees of severe gadin
with those services, other wireless applications such as Ghhyper-Rayleigh — conditions exist that will certainlypaet
Wireless Sensor Networks (WSN) [1] and Wireless Locdfom that predicted by the Two-Ray model.
Area Networks (WLAN) [2] have been also widely deployed This work assesses the feasibility of the use of the
throughout a variety of possible scenarios. Extreme distribution — a particular case of the: distribution,

In this context, the characterization of the wireless prop@btained for extreme values of its parameters [10] — for
gation conditions, in particular the fading conditionsntioue ~describing mobile propagation under severe fading coprusi
to raise interest [1], [2], [3]. Nevertheless, as opposetfitse incll_Jding the conditions one might experience within eselb
initial scenarios, namely outdoor and indoor, for which th@nvironments.
propagation conditions are reasonably well known, those fo The remainder of this paper is structured as follows. In
enclosed environments have yet to be better understood l%eﬁction I, thex-u Extreme distribution is revisited, including
[4]. Questions arise that concern the appropriatenesedath Its derivation from thex-, distribution. In Section IlI, plots
gely used small scale fading distributions, such as Nakaga@f Rayleigh, Two Ray, and-.. Extreme CDFs are compared.

m [5], Weibull [6], and others, as applied to the enclosetl Section IV, a curve fitting comparison between the
1 Extreme model and the Two-Ray model is performed,

The authors are with the Wireless Technology Laboratorys¢hék), De-  sing field measurements presented in [7]. In Section V, a
partment of Communications, School of Electrical and CompEngineering, lidati h h field is d . d
University of Campinas, PO Box 6101, 13083-852, Campin&s B8azil. E- valldation through new field measurements Is done In order to

mail: [rabelo,ugo,michel]@wisstek.org demonstrate the use of theu Extreme model as a general
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severe fading model. Finally, in Section VI, conclusions ai
presented.

m = 0.25,0.5,0.75,1.0,1.25,1.5,1.75
A

1.2

Il. THE k-p EXTREME DISTRIBUTION REVISITED 1t

The k-u Extreme distribution was first proposed in [10]
and arises as a particular casexsf. distribution, for which 0.8

the parameters assume extreme values, as shall be revis X

next. The k- distribution is a general fading distribution & 0.6-m =025

that represents the small-scale variations of the fadiggasi

under line-of-sight (LOS) and multiple clusters of multipa 0-4’m=0.50

conditions [10]. As its name implies, it is written in terms

of two physical parameters, nametyand . The parameter 0.2 .

k > 0 concerns the ratio between the total power of tr m— 175

dominant components and the total power of the scatter o 0 1 5 3 2

waves, whereas the parametgr > 0 is related to the
multipath clustering. It includes as special cases impbrta
other distributions such as Ricg (= 1) and Nakagamim Fig. 1. x-u Extreme probability density function.
(x — 0). Its flexibility renders it suitable to better fit field

measurement data in a variety of scenarios, both for low-

[10] and high-order statistics [11]. For a fading signal bwit

P

envelopeR, with 7 = y/E(R?) being thermsvalue of R, the Fp(p) =1 — Qo(2v/m, 2y/mp), (5)
x-u envelope probability density function (PDFp(p) of the
normalized envelop® = R/7 is given by [10] in which
1l o0 1‘2 + a2
fe(p) = 72L(11 ) Pt exp [—p (14 k) p?] Qola,8) = a/b P ( 2 ) haz)de —(0)
k2 exp (uk
is thezerah MarcumQ-function [13]. In Appendix I, a series
X Ly [2“ K (1+ k) } > (D representation for the-,. Extreme CDF is derived as

in which = E%(R?)(1 + 2k)/Var(R?)(1 + k)2, L,(:) is > (2m)k+
the modified Bessel function of the first kind and oradl2,  Fr(p) =1 — exp(—2m) mr(kf +1,2mp?), (7)
Equation 8.406] and”(-) and Var(-) denote the expectation k=0 o

and variance operators, respectively. As detailed in [ftD]a here T(a, z) — foo e~tto-14t is the incomplete Gamma
given Nakagamm parameter, an infinite number of curves Ogunction [iz Equa?ion 8.350.2]. Alternatively, by makinge
the x-u distribution can be obtained for appropriate values of of T(1 + k I) -t Z'k .””—".[12 E uatior'1 8.352.2] for
andyu. The mentioned parameter, as well known, constitutes integer val,ues_ok' the R-Z:I%x?!reme, CI(D]F can bé exbressed
the inverse of the variance of the normalized power of tkbe '

fading signal, i.e.jn = Var—1(P?), and is given in terms of y

x andp as [10]

(1 + k)3 2 9m)+1 Fo (9mp?)n
T T ok @ Fo(p) = 1-exp [-2m(1+ )] ((k+)1)! ( np!)
The x-u Extreme distribution is obtained by keeping h=0 = (8)

constant and allowing — oo (very strong LOS) andi — 0 The jth moment, E(P7), of P is written in closed-form
(very few multipaths). As a result, its normalized envelop®rmula as

PDF fp(p) is expressed as [10, Equation 16]

iy Jml(/2) ,
~4AmI(4mp) _ V2mm . E(P7) = 371 x 111 (1—37/2;2;-2m),  (9)
felp) = exp [2m(1 + p?)] ll exp(m) Tosl )]5@), ) (@m)?

. . . . j > 0 and E(P°) = 1, in which 1 Fy(-;-;-) is the confluent
where 4(-) is the Dirac delta functllon. Usmg,[lﬂ hypergeomet(ric )function [14, Equa(tion )13.1.2]. Of course,
[exp(1m) — exp(—m)] /v2mm [12, Equation 8.447]in (3), the ;)" 4 p(ps). Interestingly, in thes-u Extreme distri-
K-y Extreme normalized envelope PDF can be expressed ify ion, the relationn = Var—!(P?) is maintained. Figures
simpler manner as 1 and 2 depict samples of the various shapes of #he
4ml; (4mp) Extreme PDF and CDHFp(p) and Fr(p), as functions of the

+ exp(—2m)d(p). (4) normalized envelope, for different values ofn. Note that

the impulse at the origin indicates that a non nil probapilit

Its cumulative distribution function (CDF) is obtained as exists for signal nulls.

fe(p) = o 2m(1 + p0)]
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m =0.5,0.75, 1.0, 1.25, 1.5, 1.75
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20'09(/)) 20|Og(pmed)
Fig. 2. k-p Extreme cumulative distribution function. Fig. 4. Rayleigh, Two-Ray and-n Extreme CDFs as function of the
normalized envelope with respect to its median value.
1
IV. APPLICATION|: ENCLOSEDENVIRONMENTS
0.8 In [7], field measurements were presented for wireless
sensor applications in which the received signal expeednc
hyper-Rayleigh fadings. The fading data was collected aboa
0.6r a large transport helicopter at the 2.4 GHz ISM band and
§ illustrated in Figure 4 of [7].
S04 In order to compare the curve fitting performance of the
' k-pu Extreme distribution and the Two-Ray distribution, the
experimental points from these curves were carefully egtich
0.2r and used to adjust the distributions. Figure 5 illustratescol-
lected data along with the Two-Ray distribution. In suchsega
all curves are normalized with respect to its respectiveiamed
00 1 2 3 4 5 (Pmed = T/Tmeq), therefore passing through coordinate (0 dB,
m 0.5).
, _ _ Figures 6 to 10 show field measurement data from [7] for
Fig. 3. r-p Bxtreme median as function of the parameter which the - Extreme CDF was adjusted to give its best

fit. For comparison, the Two-Ray curves are also plotted.
Table | presents the Mean Square Error (MSE) obtained from
the fading data adjustment. The fitting was performed using
In [3], [7], the Two-Ray and Rayleigh curves were comlogarithmic scale, in an attempt to better adjust the tail of
pared. Plotted as functions of the envelope normalized withe fading data. Despite the irregular behavior of fadintada
respect to their median values, the Two-Ray CDF was shoresented in Figures 6 to 10, it can been seen through Table |
to be above the Rayleigh CDF, justifying the name hypeihat, in three out of the five cases, thg: Extreme distribution
Rayleigh fading. It must noted, however, if the envelopgwesented better agreement to the measured data than the Two
are normalized with respect to their rms values, these tviray distribution.
curves would cross each other at a certain point. In thisFor Fading data #land#2, Figures 6 and 7, respectively,
section, we compare the Rayleigh, Two-Ray, and Extreme the adjustment by the-un Extreme distribution resulted in
CDFs. In order to do so, first the median value of the significant less MSE than the adjustment by the Two-Ray
1 Extreme distribution must be determined. Unfortunatelgistribution. Specifically fofFading data #1 the x-p Extreme
no closed-form expression can be encountered. The equatiisiribution was able to well represent the tail of the meadu
pmea = F51(1/2) is found by numerical means and plottediata, as it can be seen in Figure 6. As for faling data
as a function ofm in Figure 3. The plots of the three CDFs#2, the tail of measured data presented extreme unexpected
can be seen in Figure 4. Note that a number of hyper-Rayleigighavior, making impossible for both distributions to penf
situations can be found for the Extreme case. In particular, a suitable fit.
for m = 1, the following can be noted: below 0 dB, they For Fading data #3illustrated in Figure 8, the-;, Extreme
Extreme curve lies above the Rayleigh curve, and above 0 dBstribution also presented better adjustment performaman
it follows Rayleigh. the Two-Ray distribution, although the MSE resulted from th

I1l. RAYLEIGH, TWO-RAY, AND k-p EXTREME
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- --Fading Data
- - -Fading datg k-p Extreme
167 | | | | Two-Ray 167 | | | L Two-Ray
-20 -15 -10 -5 0 5 10 -20 -15 -10 -5 0 5 10
20l09(pmed) 20109(prmed)
Fig. 5. Cumulative distribution of fading data presented7hand the Two- Fig. 7.  The x-u Extreme distribution o = 1.70) and the Two-Ray

Ray CDF.

10°

distribution adjusted td-ading data #2

- - - Fading Data - - - Fading Data
— k-p Extreme K-p Extreme
152 ‘ ‘ ‘ L TWQ—Ray Y K Two-Ray
-20 -15  -10 -5 0 5 10 0% 15 -10 -5 0 5 10
2O|Og(pmed) 20|Og(pmed'n)
Fig. 6. The k-p Extreme distribution o = 1.94) and the Two-Ray Fig. 8. Thex-u Extreme distribution oo = 1.46) and the Two-Ray

distribution adjusted td¢-ading data #1

distribution adjusted td-ading data #3

adjustments did not differ in so great magnitude as in t

previous cases. Similar to tiiading data #ZtheFad_lng data which implies no flexibility for curve fitting. Therefore, ¢h

#3 also presents an abrupt decay at the curve tail. Two-Ray model shows itself suitable for representing only a
Finally, for Fading data #4and#5, the Two-Ray presentedig,, caqe of severe fading conditions. In the other hand, the

better adjustment results than theu Extreme distribution. fading parameter of the x-u Extreme distribution, whose

Despite the MSE results, both distributions presentedlaimi ., 1ation is straightforward given the fading data, o

agregr_nent, as it can be seen through Figures 9 _and ater flexibility to fit measured data in such cases.
Specifically for the values oR0l0g(pmedian) > 0, Which

represent the cases of constructive composition of thevexte

signal, the fading data’s behavior was better representekleo

k-u Extreme distribution, which occurred in all other cases.
The results pointed out two main limitations of the Two-

hIGhe second main limitation is the lack of a fading parameter,

TABLE |
PERFORMANCECOMPARISON OFFIELD MEASUREMENTADJUSTMENT

} - o . . Curves m k- Extreme MSE | Two-Ray MSE
Ray model. The first one is the prediction of received signals [ Fading data #1| 1.94 0.0061 0.0946
whose envelope is restricted only to the inter@ak r < 2. Eag!ng ga:a ig i-zg 8-88%‘71 8-8328
. . ading data . . .
Consequ_ently, _for the cases of constructive composition of Fading data #4| 1.45 0.0102 0.0070
the received signal, which corresponds to the region where| Fading data #5| 1.33 0.0179 0.0045

20l09(pmedian) > 0, the Two-Ray distribution assumes such
behavior which was not observed in any cases of fading data.
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107y ! . : *  Field trials |
- --Fading Data : : : : i
—— k- Extreme r-p Extrema
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Fig. 9. The k-u Extreme distribution o = 1.45) and the Two-Ray Fig. 11. Empirical versus theoretical cumulative disttibn functions (n =
distribution adjusted tdrading data #4 3.53).
10’

107} SHEEHEEH EERE *  Field trials [
~ -~ Fading Datd ‘ ' ' 4 K-y Extremd
— k-1 Extreme o
1072 ‘ ‘ ‘ L Two-Ray 10_4 . : : ‘ ‘ ‘ Two-Ray
-20 -15 -10 -5 0 5 10 -30 -25 -20 -15 -10 -5 0 5 10
20109(pmedian) 20log(p)

Fig. 10. Thek-u Extreme distribution 1z = 1.33) and the Two-Ray Fig. 12. Empirical versus theoretical cumulative disttibn functions tn =
distribution adjusted tdading data #5 3.25).

V. APPLICATION II: OTHER SEVERE FADING CONDITIONs ~ €dquipment. The local mean was estimated by the moving
average method, with the average being conveniently taken

Several other situations for severe fading conditions mayer samples symmetrically adjacent to every point. Froen th
be found in practice. In order to investigate these conlitiocollected data, the fading parameterwas estimated. In such
and validate thes-u Extreme model, a series of field trialsa situation, the received signal was found to vary dradyical
were conducted at the University of Campinas (Unicampylore specifically, due to the severe variation of the reakive
Brazil. To this end, a parking lot with cars aligned and mgvinsignal, a great deal of points were found to be below the
vehicles was chosen. Both transmitter and receiver weredla receiver sensitivity.
below the height of the cars and a LOS condition was alwaysThe empirical cumulative distribution function was com-
in place. The mobile reception equipment was especialpared against the corresponding theoretical formulas i) a
assembled for this purpose. Basically, the setup consis{8d Equation 5] and plotted as a function of the normalized
of a vertically polarized omnidirectional receiving anten envelopep (dB) with the same parametet estimated from
a low noise amplifier, a spectrum analyzer, data acquisititine experimental data. In addition, the MSE was computed
apparatus, a hotebook computer, and a distance transducefdr each case. Figures 11 and 12 show some sample plots
carrying out the signal sampling. The transmission coedistcomparing the experimental and theoretical CDF data. Tihble
of a CW tone at 1.8 GHz. The spectrum analyzer was setpoesents the respective errors and empirical fading paeame
zero span and centered at the desired frequency, and its vi@bserve theexcellentfit and how the theoretical curves tend
output used as the input of the data-acquisition and proagssto keep track the tail of the empirical data.



XXVII SIMP OSIO BRASILEIRO DE TELECOMUNICA®ES - SBrT 2009, DE 29 DE SETEMBRO A 2 DE OUTUBRO DE 2009, BLUM&N SC

TABLE Il
PERFORMANCECOMPARISON BETWEENEMPIRICAL AND THEORETICAL
DATA
Field Trials m k-p Extreme MSE | Two-Ray MSE
Fig. 11 3.53 0.0030 1.1321
Fig. 12 3.25 0.0017 0.8554

VI. CONCLUSIONS

This paper presented thep Extreme fading distribution.
Derived from the generat-u distribution for its parameters
assuming extreme values, theu Extreme distribution pre-
sents a fading parameter which can be used for adjustment to
experimental data. Adjustments to field measurements previ
ously presented in literature have shown the flexibility fod t

(1]

(2]

(3]

[4]

(5]

(6]

k-p Extreme distribution to adequately fit to experimental data

in severe fading conditions.

APPENDIX I
DERIVATION OF A SERIES EXPANSION FORs-u EXTREME
CDF
By definition [15],
P
= [ selonie (10)
° 4dmI; (4mé)
= _ -2 d¢.
[ (o ez + ot-2mio) )
Making use ofI1(z) = 200(}:((?7“ [12, Equation

8.447], thex-u Extreme CDF becomes

Fp(p) =

_ B P > (2m€)2k+1 e
2m 4 2m/ 2mé de.
‘ e k; RS ¢

As the term inside the integral is absolutely convergent,

Fp(p) =
2m€ 2k+1

72m§2d
Kk + )0 &

— dme™2™ Z /

Solving the mtegral,

— dme 2™ x

2727k)m7k71 [k}' _

2k+1

2
'k—l—l L(k+1,2mp?)]

&
OM%

(13)

et~ 14t is the incomplete Gamma
Function [12, Equation 8.350.2]. Rearranging Equationii&,

whereT'(a,z) = [°
k-pu Extreme CDF is finally obtained:

m)k+1
— —2m 2
Fp(p)=1-—¢ E k—l—l'k' (k4 1,2mp7).

(11)

(12)

(14)

(7]

(8]
El

[20]
[11]
[12]

[13]

[14]

[15]
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