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A Wavelet Modulation Theorem for
Bandlimited Signals

G.A.A. Aratjo, H.M. de Oliveira

Abstract— This paper presents a variant of the classical
modulation theorem by considering continuous wavelets
instead of (perpetual) sinusoidal signals from an oscillator.
The bandwidth requirements for transmission are evaluated
for several continuous wavelets, including Shannon, Mexican
hat, Haar, gaussl, Meyer, de Oliveira, Morlet, and beta
wavelets.

Resumo— Este artigo apresenta uma variante do classico
teorema da modulacio, considerando wavelets continuas ao
invés de senoidais perpetuas de um oscilador. Os requisitos de
banda passante para transmissdo sdo avaliados para diversas
wavelets continuas, incluindo aquelas de Shannon, sombrero,
Haar, gauss1, Meyer, de Oliveira, Morlet, e wavelets beta.

Index Terms— modulation theorem, wavelets, bandwidth.

I. INTRODUCTION

AVELET has long been used as a powerful and deep-

rooted tool in signal analysis with applications in
several different fields [1-5]. An extensive list of
applications in Telecommunications can be found in [6,
Chap.6, p.197]. Three among them have been suggested in
former SBrT/ITS, namely, a spread-spectrum system based
on finite field wavelets [7], a digital wavelet-based
modulation (wavelet-shift keying) [8], a multiresolution
division multiplex [9].

The (AM) modulation theorem is one of the most
celebrated and widely applied results of the Communication
Theory [10]. By the same token as standard analog
modulations, two kinds of “wavelet modulation” between a
signal f(f) and a continuous wavelet ¥,(f) used as a (short
pulses) carrier can be devised:

1. AM-type  f ()., (?)
2.FM-type W, x5 (0)

Figure 1 shows a couple of examples of a single tone
wavelet-modulated with a wavelet.

In this paper we are concerned with the first case: What is
the spectrum of the wavelet-modulated signal? Which are
the bandwidth requirements in this case? These two naive
questions are answered in the sequel.
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Figure 1. A single tone of 50 kHz wavelet-modulated with a wavelet
pulses (time scale in ps): (a) Shannon(sinc)-wavelet AM-type, scale a=0.51
translation b=5p and fy=1.414 MHz; (b) Shannon(sinc)-wavelet FM-type,
scale a=1p translation b=5u, K=0.25. (c) Mexican hat wavelet AM-type,
scale a=0.5y, translation b=2u; (d) Mexican hat wavelet FM-type, scale
a=1p translation b=2u, K=0.25.

The paper is organized as follows. Section 2 presents a
brief review on continuous wavelets, collecting analytical
expressions in frequency domain, which are required to
evaluate the bandwidth requirements of wavelet-modulated
signals. The next section discusses about time and band
limited feature of signals, assessing 2BT-theorem as well as
Gabor resolution. Section 4 addresses the AM-wavelet
modulation, computing relevant parameter of wavelets and
bandwidth requirements of the modulation, and some final
remarks are presented in Section 5.

II. REVIEWING CONTINUOUS WAVELETS

Despite the fact that analytical expressions for the spectra
of continuous wavelets are known [12], they are collected in
Table I for a number of selected wavelets of interest. The
corresponding waveforms in both time and frequency
domains are exhibitd in the Appendix B. Both infinite
supported wavelets (Shannon, Morlet, Mexhat, Meyer, de
Oliveira) and compactly supported wavelets (Haar, hat, beta)
were considered. In that way, a broad variety of spectral
shapes was taken into account. Most of these wavelets can
be found in [12], [13], but [14], [15].
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Table I. Analytical expression of known continuous wavelets whose
parameters concerning modulation were computed.

Mother Frequency
wavelet Spectrum
Shannon 1 if r<lwlk2r
0 otherwise
Morlet \/E 1 e‘(W_WO)Z /2
Vz
Mexican

hat VYL R e 2
V3

Haar jN2.Sa(w/2).sin(w/2),
Sa(x) =sin(x)/ x
auss 1 . —w?
& —2jdlrwe™?
Meyer N il
fm (3 ﬁz 2T 4m
Wmey w) := | I-sinf —v —‘M —1||e if — S‘M <—
2 27 3 3
N
T 3 2 47 8n
Lcod =-v| =|w| —1]|- if — <|w <=
Co{zu(mM De i<l =3
0 otherwise
deO \I](d('())(w) _efjWIZS(d('()) (W)
- b
0 sew<z(l-a)
x/;7[cmA—Iw(w—zr(lﬂ)t)) se 7(l-a)y<w<z(l+a)
SO (w) = ﬁ se Z(l+@)<w<2x(l-a)
\/;fﬂcosé(w—br(l—a)) se 27(1—a)<w<2x(l+a)
0 se w>2r(l+a)
beta w

@B MKUMMER(a, B,wT (a, 8))

T(0t,B) = (o + B) /—‘“‘“'5
where B [15]

III. TIMELIMITED VERSUS BANDLIMITED SIGNALS

It is well known that a signal cannot be simultaneously
limited in time and frequency [16, p.352]. However, it is
quite helpful to assume some approximations such as these
described in [17]. Many other approaches has been used to
handle this situation, offering useful approximations such as
the one described by the 2BT-theorem by Landau and
Pollack [18]. Let fir)<>F(w) be a real signal with finite

energy, E = fm f Z(t)dt, time-limited in 7 seconds, whose

energy content outside a given band B (Hz) is less that AE (4
is the fraction of energy outside the considered band).Then:

> f(=0, I1>T/2 ey
> [AFePdf >1-AE. 2)

Theorem 2BT [LAN&POLL 1961].
ensemble of orthogonal signals {¢m (t)}

There exists a
L7, with finite
m=

cardinality L, such that the energy of the error signal from

the approximation of a truncated series is less that 124F, i.e.,

L-1
fo=3c,d,0, 3)
m=0

2

such dt <12]E , where

L-1
f(t) - zcm¢m(t)

m=0

that jf:

L=|2BT +1]. ®

Therefore, the number of dimensions required to represent a
signal almost limited in both time and frequency (duration T
and bandwidth B) is so that T.B >0.5.

Consequently, as a practical model, it is assumed a
bandlimited signal () with a maximum frequency B and an
effective duration 7, or a timelimited signal f(r) with a
effective duration bandwidth B.

Another especially powerful approach to model a signal
as approximately simultaneously finite in both domains is to
consider the rms-bandwidth and the rms-duration, as
proposed by Gabor to study time-frequency resolution.
Gabor [19] derived a relationship similar to the uncertainty
principle of Heisenberg. Let f(7) be a signal of finite energy,
and F(w) its transform, thus proving that the spreading in
time and frequency cannot be assigned in an uncoupled way.
The moments of the signal are defined by:

s I:f (9" (s —  [TF(9)g"F(g)dg
= o . , W=
[T ©f©ds

 [TFoF@ds

. “)

The effective duration (effective bandwidth, respectively)
of a signal f(7) (respectively F(w)) can be defined via:

. 2

A, =4=1) r.m.s. duration, Q)
N

A, =Aw=w)" o bandwidth, (6)

A, and A,, correspond to the standard deviations, classical
measures of spreading (the measures here are a bit different
than those in the original paper). Following arguments from
the quantum mechanics, he found: A;. A, > 1/2.

De Oliveira [20], who derived a lower bound on the
product of the time-entropy and frequency-entropy of
wavelets obtained another rather similar uncertainty
principle.

Proposition 1 [6]. Any real signal f{t) <> F(w) such that f, f,
F,F e Lz(R), has finite resolutions given by
I w1 dw SR ar
A,2 =Lfm(7)<+w, sz =J‘:°mf()<+oo- )
j | F(w)I? dw J'm|f(z)|2 dr

Particularly, the resolutions of beta wavelets of
parameters « and S [15] were investigated, and close
expression derived (shown in Appendix A).

Two (approximately and simultaneously) limitation are
assumed for a signal f(f), namely B as bandwidth and T as
duration.

If the bandwidth B of a signal is estimated by a suitable
criterion (say first zero of its spectrum, Gabor rms-
bandwidth, fractional content of energy etc.) then its
duration 7 can be assumed inversely proportional to the
band:

T.B=0.5 (2BT — theorem)
A, A, 20.5 (Gabor—Heisenberginequality)
Proposition 2 (time-frequency wavelet confinement). A

direct application of these relationships furnishes a bound on
the supports of a continuous wavelet y(¢) <> ¥(w):

effSup w .effSup¥ > 0.5, here effSup denotes the length of

the effective support of the signal.
Proof. Directly from Gabor-Heisenberg/2BT-theorem. B

®)
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IV. ON THE WAVELET MODULATION

Two parameters are defined for the modulation signal and
the wavelet pulse:
_sup {l7lsuch thatl f(r) =0} 44

" teR
- Sup {IIsuch that 1y () k= 0} for timelimited signals.
V' teR
If the signals are not compactly supported, then the
definition of the effective support is considered. If the signal
is centered at the origin (i.e. t =0), then T, =T/2 and for

compactly supported wavelets, T, =effsupy /2.

Table II. Parameter of known continuous wavelets: wavelet duration (rms,
and time effective support), wavelet bandwidth (rms and frequency
effective support).

Duration T Bandwidth B

Mother A length A, =A, /27 length
wavelet eﬁS up\y eﬁS U p‘{’
Shannon  2.023 40.000 1.915 0.500
Morlet 0.707 3.642 0.273 0.739
Mex hat 1.080 5.376 0.631 0.874
Haar 0.577 2.000 1.039 31.381
Gaussl 1.225 4.764 0.489 0.758
Meyer 0.477 3.678 1.960 1.000
de00.33  0.477 3.700 0.461 1.000
beta(3,4) 1.445 5.715 2.895 5.952

Resolutions 4, and A=A /«2x were computed by

either definition or Proposition 1. The length effsup was
computed on the basis of 99% fractional energy content
(Table 1).

[ v 0dt =0.99. tengineffsupy = 2155, ()

1

Woo w
) \\p(w)\zdw =0.99. length effsup¥ = —2-_(10)
0 T

The duration and bandwidth (wavelet length) was given

by the length TW and By, for compactly supported in time

(e.g. Haar, beta) or frequency (e.g. Shan, deO, Meyer),
respectively. The bandwidth requirements of wavelet
modulation for transmission are evaluated for a number of
continuous wavelets as shown in Table II. As expected, the
wavelet scale plays a role similar to the one of the carrier
frequency.

Table III. Parameter of known continuous wavelets: frequency band of
confinement, wavelet nominal central frequency of the mother wavelet.

Mother Frequency band wavelet nominal carrier
wavelet [L,U] frequency f,
Shannon [0.5, 1.0] J27/2=0.707
Morlet [0.136, 0.819] 0.334
Mex hat [0.044, 0.498] 0.148
Haar [0.022, 0.858] 0.137
Gauss1 [0.01, 0.440] 0.066
Meyer [0.333, 1.333] 2/3 =0.667
deO [0.333, 1.333] 2/3 = 0.667
beta [0.001, 0.512] 0.072

The borders of the frequency band, L and U, were derived
by considering below 10% of the maximum value of [¥(w)I
in a criterion inspired in the Carson rule for FM bandwidth

evaluation [10]. The nominal carrier frequency is estimated
via the geometric mean between L and U.

Clearly fow,, =0 if |pi> T+T,/a so the modulated

signal has a term M(TJrTw la b |j.

Which is the top wavelet choice for modulation? It can be
seen that all listed wavelets in Table II have roughly the
same support in the frequency domains, excluding Haar
wavelet, due to its discontinuous feature. Shannon wavelet is
not a good candidate due to its high time duration. de00.33
was conceived using Nyquist filters [10] and seems to
provide a reasonable choice.

Proposition 3. The wavelet modulation of a signal f(f) by a
daughter wavelet is (essentially) bounded in the range given

bY: fiw, (1) = Sl,.m).u[T +§W a1 |]- .

Corollary 1. The continuous wavelet transform is limited in
scale and according with:

T+72;,/a_|b|]'.

v(t) & W(w) with effective
support in the frequency domain given by ¢ffSup¥(w), then

CWT (a,b) = S(a, b).u[

Considering a wavelet

the CWT is (essentially) constrained within the range
u(z+7eﬁs"py’/2 “1b |]-
2 a

The convolution theorem [10] is used to evaluate the
wavelet-modulated spectrum.

an

Proposition 4 (bandwidth requirements of a wavelet
modulation). For a scale a#0, the product fOw,,®

demands an effective bandwidth w ~op +eﬂS"‘Ply(W),
a

which is greater than the amplitude modulation (AM)
requirements, as expected.
Proof. The spectrum of the wavelet modulated signal is

we U+L (12)
2a
U-L
a
with |gl< L/B, where L and U are the borders of the

mother wavelet bandpass spectrum.
Let f) be the (normalized) central frequency of the wavelet.

gL\ T _eswpy
Fov, 0 SOI| moe— |27 2
= +2B

a

SCWr{fny,,my=sm ]
+2B

13)
then the proof follows by evaluating the length of gate
pulse.®

It can be remarked that when the wavelets becomes

arbitrarily large lim ¥, () the “wavelet” has it support
a—0

reduced to a punctual support [see 21] and W =2B, as

expected, i.e., twice the signal bandwidth. It is also

worthwhile to remark that the greatest frequency of the

bandlimited signal is assumed to be less than the lower limit
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of the effective frequency range of the wavelet spectrum. In
this way the wavelet can be taken as a short carrier pulse,
otherwise the high frequency signal will play the role of
carrier as illustrated in Figure 2.

wAM(H)

1F

WFMIt)

Let K1) be the envelope of the wavelet modulus,

w@)-
Since that lim,__w(t)=0, then lim,__ 7(t)=0. Assuming
that f"l ¥(t)| dt = E'< o0, then j*‘”l WO/ Edi=1. Tt is

proposed to adopt ¢7):=K?)/E' as a scale function. Now, it is
simple to prove that this function is orthogonal to the mother

- | 1 -l | 1 -
-10 1] 10 20t -10 i} 10 200t

Figure 2. A single tone of 10 MHz modulates a wavelet pulses (z in Us): (a)
Shannon(sinc)-wavelet AM-type, scale a=1 translation b=5u and f=707
kHz; (b) Shannon(sinc)-wavelet FM-type, scale a=1p translation b=5u,
K=0.25.

Inspired in the (universal) synchronous detection of AM
[10], we evaluate the demodulator assuming a product by the
same wavelet carrier, yielding f()y?,(r)- The lowpass

component of this signal is expected to contain the original
signal. Examining a few particular cases, it was found that
the square root of the y? (1) yielded envelope waveforms

rather similar with those of the full-rectified scale function.
This is illustrated in Fig.3 for a few wavelets.
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Figure 3. Illustrations of the relationship between the square root of the
square wavelet function h//z @) =‘l//(t)‘ and the modulus of the scale

function‘¢(t_t0)‘ centered at t=fy where it reaches the maximum value.
For many wavelets ‘¢(t_,0)‘ is the envelope of /,/,Z(t) (a) Shannon, (b)

Haar (c) real Morlet (d) nonorthogonal hat wavelet.

wavelet,

iLe.<g(t), () >=0,

when

the

wavelet

is

generated by a probability distribution (the blur derivative
approach [12]). Denoting by p(7) the probability distribution,

then ;) — dp _ —y - In this case,
dt

oo —dp w1 dp?

<y@),p(t) >= H——dt=—| —F—dt (14)
yap>=[pi— 5,

But 5= p2()/ J‘*"” pi(ndr 18 itself a probability distribution,

which generates a new wavelet, say dp /dt = — . Therefore,
the orthogonally scale-wavelet follows:
- 2 400
<Y,y >=K| %dt =K[ pwdr=0- (15
- o
For other wavelets (Fig. 4), it seems that there exists hitherto
some kind of relationship, although being much unclear and
deserves further investigation. The full-rectified scale
function seems to describe a probability distribution, which
generates the wavelet or is associated with. For instance,
gaussl and Mexican hat are generated from a Gaussian
distribution (Fig.4b).
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Figure 4. Tllustrations of the square root of the square wavelet function
/ylz () = ‘y/(t)‘ and the modulus of the scale function‘¢(t ~1, )‘ centered

at 1=ty where it reaches the maximum value. (a) Meyer, (b) gauss1, Mexhat
(c) deO wavelet.
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V. CONCLUSIONS

A novel version of the modulation theorem was presented in
the framework of continuous wavelets. The requirements of
bandwidth were also evaluated for a number of wavelets.
Particularly, these results can be valuable for digital
modulation schemes [13], multicarrier systems and OFDM
wavelet-based systems [22]. Another interesting finding is
concerning the (possible) relationship between the
waveforms of the scale function ¢(¢f)and the wavelet-

derived function [, .
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APPENDIX A - Close expression for time and frequency resolution of beta wavelets with parameters azand f.

1 (B-1)BrQa+Dr2pB-3)
4 B, B (a+ B (a+ B+ DI+ f-2))

ta.pB)=

A H(a Pl12a -4 + aP) + 68— 9) + (e, f).2a° — e + 4o +9+ 208}

t

Qa+2p-3).(a+[-3)

A - (B +a? B =30’ B—13af + 20 +31af +375° — 18— T8 +40)T (25— 5) T (2ax + 23— 4)
Qa-5TQRa+28-6)I2B-3).(f* +af-a—-45-3)

The figure in this appendix shows the tradeoff between time and frequency resolution for the (¢,3) beta wavelet.
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a

Figure 1A. Variation of the resolution of the beta wavelet: (a) time resolution, (b) frequency resolution. The abscissa shows the variation of the parameter
a while keeping =3 constant. To be remarked that =6 £=3 achieve better joint resolution. Similar behavior was obtained for others beta wavelets.
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APPENDIX B - Waveforms of a few known continuous wavelets in both time and frequency domain.
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