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Abstract—The behavior of variable step-size least-mean-square
(VSSLMYS) algorithms is strongly affected by measurement
noise. Thereby, aiming to maintain an adequate performance
of these algorithms, their parameters must be adjusted
whenever changes occur in the signal-to-noise ratio (SNR) of
the adaptive system. A well-known VSSLM S algorithm based
on error correlation provides a performance enhancement for
low SNR environment; however, itsimmunity to measur ement
noise changes is still poor. This paper presents a new non-
parametric variable step-size normalized LMS (VSS-NLMYS)
algorithm with control parameter based on error correlation.
This approach is very robust to measurement noise changes,
not requiring any manual adjustment of algorithm
parameters. Numerical simulation results confirm the
effectiveness of the proposed algorithm, considering a system
identification problem.

Keywords—Adaptive filters, adaptive signal processing,
variable step-size least-mean-square (VSSLMS) algorithm.

I. INTRODUCTION

The least-mean-square (LMS) algorithm is one of the
most popular and used adaptive algorithms in widespread
applications. This strength is due to its low computational
complexity, robustness, and very good stability
characteristic, among other attributes [1]. Such advantages
have made the LMS algorithm adequate for different

applications, such as system identification, active
noise/vibration control, echo cancellation, channel
equalization, among others [2]. The standard LMS

algorithm uses a fixed step size, which is determined by
allowing for a trade-off between convergence speed and
misadjustment error. A large step-size value leads to a faster
convergence (providing the maximum value to guarantee
algorithm stability is not violated) along with a larger
misadjustment. Conversely, a small step size provides a
small misadjustment at the expense of a slower
convergence. To overcome this trade-off, variable step-size
LMS (VSSLMS) algorithms have been proposed in the
literature. All existing VSSLMS algorithms have as
common feature to use a large step size at the beginning of
the convergence process and reducing it as the steady-state
convergence is approached [3]-[22]. The adjusting law of
the variable step size can be based on different criteria. For
instance, in [3], the proposed VSSLMS algorithm has its
step size adjusted according to the gradient of the square-
error signal. The central idea of this approach is that the
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higher the value of the gradient the larger the distance from
the minimum MSE (MMSE). Therefore, the step size must
be larger to speed up convergence. Conversely, for a lower
value of the gradient, the smaller should be the step size for
reducing the final misadjustment error. Other algorithms
based on gradient can be found in [4]-[10]. In general, such
a class of algorithms is harmed by the presence of gradient
noise, leading to an increase of the steady-state excess MSE.

Another strategy, proposed in [11], considers the
instantaneous square error for adjusting the step size in
VSSLMS algorithms. Variations of this method are
presented in [12]-[13]. Algorithms of this class undergo a
straightforward interference of measurement noise, since the
variance of this noise is inserted into the squared error
signal. A third method to update the step size is based on the
error autocorrelation function [14]. Such a function is a
reliable measure of nearness to the MMSE, allowing the
algorithm to effectively achieve the step-size adjustment.
Further strategies of VSSLMS algorithms consider the
absolute adaptation error [15]-[16], error vector
normalization [17], absolute values of the weight vector
coefficients [18]-[20] and other methods [21]-[22]. In most
of such approaches, the presence of measurement noise
degrades the performance of the algorithms.

As a general matter, a good number of VSSLMS
approaches require the adjustment of several algorithm
parameters. In most cases, this is made by trial-and-error
procedure. Another fact to consider is the dependence of the
step-size adjustment on the measurement noise. Thereby,
whenever the noise changes, the algorithm parameters
should be readjusted. If we take into account that the
variance of measurement noise is generally unknown and
variable along time in practical applications, this procedure
reveals to be ineffective.

In [11], a VSSLMS algorithm based on the
instantaneous square error is discussed. This algorithm has
been widely used, presenting a satisfactory performance in
most applications. However, for low SNR environment, the
algorithm performance degrades, since both the step-size
adjustment and the misadjustment error are seriously
affected by the measurement noise. A modification of this
algorithm is proposed in [14], enhancing its performance for
both low SNR and white measurement noise. Although this
algorithm presents a better performance under certain
operating conditions, it still has not improved its immunity
to measurement noise (which implies that changes in the



algorithm performance occur whenever the measurement
noise variance changes, unless a new parameter setting is
made).

In this work, a non-parametric variable step-size
normalized LMS (VSS-NLMS) algorithm based on the error
correlation is proposed. The aim of this algorithm is to
enhance the immunity to measurement noise of the
algorithm given in [14], without the need for parameter
adjustment. Numerical simulation results considering a
system identification problem verify the performance of the
proposed algorithm.

II. PROPOSED ALGORITHM

This section describes the proposed algorithm which
belongs to the class of error-correlation-based algorithms.
One of the first algorithms of this class, given in [14], was
devised aiming to improve the performance of the algorithm
based on instantaneous square error, introduced in [11], for
low signal-to-noise ratio (SNR) environment. Such an
enhancement can be achieved only through a proper
parameter adjustment, which implies to know the variance
of additive measurement noise in advance. However, this
information is not usually available in practice. Then, to
achieve an improved version of the algorithm given in [14],
we propose here a new error-correlation-based non-
parametric VSS-NLMS algorithm. Such an approach
enhances the algorithm robustness against measurement
noise variance changes.

Before proceeding, a brief description of the algorithms
given in [11] and [14] is presented. For such, let us consider
a system identification scheme depicted in Fig. 1.

The unknown system output is

d(n) =wgx(n)+ z(n) (1)

x(n) =[x(N)x(n=1)---x(n—=N+1)]"  denotes the

input vector with {X(n)} being a zero-mean Gaussian

where

process with variance ci, z(n) is a white Gaussian noise

with variance 2. Vectors w, and w(n) denote,
respectively, the unknown plant and adaptive coefficients,
both with dimension N.

The error signal is then

o

e(n) =d(n) -w" (nx(n) 2)
and the weight update equation [2],
w(n+1)=w(n)+u(nen)x(n) (3)

where W(n) is the variable step size. A necessary condition
to guarantee stable operation of the algorithm is given by

[1]
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where R= E[x(n)xT(n)] is the input autocorrelation
matrix.
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Fig. 1. Block diagram of a system identification problem.

A. Instantaneous Square Error Based Algorithm

This algorithm, described in [11], has the variable step
size updated according to the following rule:

2
u(n+1) = ap(n) +ye (n) )
where o and Y are positive control parameters. In this
algorithm, a large error signal increases the step-size value,
resulting in a faster convergence, whereas a small one
decreases the step size, leading to a smaller misadjustment
[11]; however, as the error signal is contaminated by
measurement noise, the algorithm becomes strongly
dependent on this noise, reducing its performance for a low
SNR environment.
B. Error Correlation Based Algorithm
This algorithm, discussed in [14], adjusts the variable
step size based on the correlation between e(n) and
e(n-1), instead of the instantaneous square error ez(n), as
used in [11]. This modification improves the algorithm
performance in the presence of uncorrelated measurement
noise. In this approach, the variable step-size update
equation is given by
2
u(n+1) = op(n) +yp(n) (©)
where o and 7y are positive control parameters and p(n)
is smoothed error correlation estimated by

p(n) =Pp(n—1)+(1-P)e(me(n—1) (7
with B a positive control parameter. Note that this
algorithm has three control parameters, each of them with
different impact on the algorithm behavior.

C. Non-Parametric VSS-NLMS Algorithm

The previous algorithm brings to light a strong
dependence on measurement noise, compelling to modify its
parameters, particularly 7y, whenever the noise level
changes. If parameter Yy remains constant, the algorithm
performance changes substantially with different SNR
values. Moreover, the adjustment of y parameter is usually

made by a trial-and-error procedure, being a hard task in
most of practical applications.



Aiming to make the algorithm more robust for both
measurement noise and input signal power variations,
without the need for parameter adjustment, a non-
parametric VSS-NLMS algorithm is proposed. Thus, the
step-size adjustment rule is given by

W)
n=——— 8
) T (X ®)
where o(n) is a variable control parameter, which is given
by
p(n) |
a(n) = { } 9
acm)

with p(n) denoting the error correlation estimate obtained
from a low-pass filter, expressed as

p(m =Bp(n—1)+(1-P)e(ne(n-1) (10)

and g(n) the smoothed squared error signal, given by

a(n) =Ba(n-1)+(1-p)e*(n) (11)

where 3 is a constant close to unity. Note that here B is not
a parameter which requires adjustment; it is a constant close
to unity, for example, equal to 0.99. Because of this fact,
the algorithm is said to be non-parametric.

The adjustment rule (8) works as follows. In the
beginning of the convergence process the correlation
between e(n) and e(n—1) is approximately equal to ez(n),
making o(n) —1,
convergence. As steady state is approached, the error

thereby, speeding the algorithm
correlation tends to zero and the signal ez(n) tends to the

variance of the measurement noise, making the parameter
a(n) close to zero, reducing thus the final misadjustment

€1Tor.

III. SIMULATION RESULTS

This section presents the numerical simulation results
comparing the performance of the proposed VSS-NLMS
algorithm with the ones presented in [11] and [14]. For
such, a system identification problem is considered. Results
obtained through the Monte Carlo (MC) method (200
independent runs) show the excess mean-square error

(MSE), given by E{[e(n)—z(n)]z}, and the step-size
evolution p(n) for all three algorithms. In addition, the
control parameter evolution a(n) of the proposed algorithm

is shown.
The plant used has 32 coefficients, given by a scaled
Hanning window function, enforcing |w,||=1. The input

data used is a zero-mean Gaussian correlated signal,
obtained from an AR(1) process given

by x(n) =ax(n—-1)+u(n), with a=0.9, ci =1, and u(n)
being a white Gaussian noise with variance Gﬁ =0.19. The
eigenvalue spread of the autocorrelation matrix of the input

signal is ¥ =266.5. The maximum step-size value is limited

to 0.003 for all algorithms. The parameter adjustment of
the algorithms presented in [11] and [14] is adjusted

(manually) only once, considering G% =0.001
(SNR =30dB), in such a way that all algorithms have the
same final excess MSE equal to —-50dB. After that,

simulations are repeated (without parameter adjustment),
considering two different additive noise variances, i.e,.

62=0.00001 (SNR =50dB) and 62 =0.1 (SNR =10dB).
Fig. 2 shows the evolution of the excess MSE, variable
step size, and control parameter a(n). In this simulation,

algorithms are adjusted such that the same error in excess is
obtained. Note from this figure that the proposed algorithm
performs as well as the ones given in [11] and [14]. The
step-size evolution curve points out that the maximum
specified value of the step size is reached for the three
algorithms. We also observe that the control parameter
a(n) is initially close to 1, tending to zero as the MMSE is

approached [see Fig. 4(c)].

Fig. 3 shows the excess MSE, variable step size, and
control parameter evolution as the SNR is increased by
reducing the variance of the additive measurement noise.
Note that now the algorithms have no parameter adjustment.
Since both reference algorithms ([11] and [14]) use the
variance of the additive noise to speed up their convergence,
as this parameter is reduced the parameter Yy should be

increased. If this parameter is maintained constant (fixed),
the performance of such algorithms are degraded, as shown
in Fig. 3. Note that the performance of the proposed
algorithm is much better in this condition.

Fig. 4 shows the excess MSE, variable step-size, and
control parameter curves as the SNR is reduced by
increasing the variance of the measurement noise. Now,
parameter Y should be reduced in both [11] and [14]

algorithms, aiming to maintain the same performance as in
Fig. 2. Since no parameter is adjusted, these algorithms are
forced to work (along the time) with a larger step-size value,
leading to a very high steady-state misadjustment. Again,
the proposed algorithm shows higher immunity to an
increase of the measurement noise variance.

Analyzing presented simulation results, we verify that
the proposed algorithm maintains very good performance
for all considered scenarios (different measurement noise
levels). On the other hand, the algorithms given in [11] and
[14] are very sensitive to measurement noise changes.

IV. CONCLUSIONS

This paper presented a non-parametric VSS-NLMS
algorithm with control parameter based on the error
correlation. The new approach improves significantly the
algorithm immunity to measurement noise changes,
outperforming other algorithms of the literature. By using a
system identification problem, the proposed algorithm was
assessed for both correlated input signal and different
measurement noise levels.



10 10
0 0
-10
-10
[a) [Sa
wn 20 Approach [11] (é) 20 Approach [11]
E Approach [14]
% Proposed algorithm % -30 .
Y 30 8 Proposed algorithm
5 5 -40
= 53]
-40 50
-50 R
Approach [14] 60
_60 1 1 1 1 _70 1 1 1 1 1 1 1 1 1
0 1000 2000 3000 4000 5000 0O 02 04 06 08 10 12 14 16 18 20
4
Iterations Iterations x10
(a) (a)
-3 -3
35 x10 35 x10
Proposed Approach [11]
30} Approach [11] 3.0} algorithm
& ropose = A h [14
:5: 25}k algorithm j: 25+t pproach [14]
g Approach [14] .5
5 20t 2 20}
o o
3 8
Q 1.5¢ .g 15}
& 10t g Lo}
x 7
0.5¢ 0.5f
0 L L L L 0 L L
10° 10’ 102 10° 10* 10° 10’ 102 10° 10*
Iterations Iterations
(®) (®)
1.0 1.0
0.9 0.9
0.8} 0.8
~ 0.7 ~ 07
c c
N N’
3 0.6 3 06
St =
3] 3]
‘q"é 0.5H ‘g 0.5
S 04y S 04
& =
0.3 0.3
0.2 0.2
0.1 0.1
1 1 0 1 1 T
0 500 1000 1500 2000 2500 3000 0 1000 2000 3000 4000 5000
Iterations Iterations
© (c)

X Fig. 3. Simulation results for G% =0.00001 (SNR =50dB). (a) Excess
Fig. 2. Simulation results for 67 =0.001 (SNR =30dB). (a) Excess MSE MSE curve. (b) Variable step-size evolution. (c¢) Control parameter
curve. (b) Variable step-size evolution. (c) Control parameter evolution. evolution.



10

Approach [11] Approach [14]

Excess MSE

Proposed algorithm

-40
-50 L L L L
2000 4000 6000 8000 10000
Iterations
(a
%103
3.5
Approach [11]
301

Approach [14]
Proposed
algorithm

Step-size evolution, p(n)

05¢r

L 1

0
10° 10" 10? 10° 10*

Iterations
(b)
0.9

0.8

T

0.7

T

05

0.4

T

Parameter oy(n)

0.3
0.2

T

0.1f

0 L v
0 500 1000 1500

Iterations
(©)
Fig. 4. Simulation results for G% =0.1 (SNR =10dB). (a) Excess MSE
curve. (b) Variable step-size evolution. (c) Control parameter evolution.

ACKNOWLEDGMENT

The authors are thankful to the National Council for
Scientific and Technological Development (CNPq) by the
financial supporting of this research.

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

REFERENCES

B. Widrow and M. Hoff, “Adaptive switching circuits,” in Proc. IRE
Western Electronic Show and Convention, New York, USA, Part 4,
Aug. 1960, pp. 96-104.

S. Haykin, Adaptive Filter Theory, 4" ed., Upper Saddle River, NJ:
Prentice Hall, 2002.

J. C. Richards, M. A. Webster, and J. C. Principe, “A gradient-based
variable step size LMS algorithm,” in Proc. |EEE Southeastcon,
Williamsburg, USA, vol. 2, Apr. 1991, pp. 1083-1087.

V. J. Mathews and Z. Xie, “A stochastic gradient adaptive filter with
gradient adaptive step size,” |EEE Trans. Sgnal Process., vol. 41,
no. 6, pp. 2075-2087, June 1993.

A. 1. Sulyman and A. Zerguine, “Convergence and steady state
analysis of a variable step size normalized LMS algorithm,” in Proc.
IEEE Int. Symp. Signal Processing and Its Applications (ISSPA),
Paris, France, vol. 2, July 2003, pp. 591-594.

B. Farhang-Boroujeny, “Variable step size LMS algorithm — New
developments and experiments,” |EE Proceedings — Vision, Image,
Sgnal Process., vol. 141, no. 5, pp. 311-317, Oct. 1994.

T. J. Shan and T. Kailath, “Adaptive algorithms with an automatic
gain control feature,” IEEE Trans. Circuits Syst., vol. CAS-35, no. 1,
pp. 122-127, Jan. 1988.

J. Okello, Y. Itoh, Y. Fukui, I. Nakanishi, and M. Kobayashi, “A
new modified variable step size for the LMS algorithm,” in Proc.
IEEE Int. Symp. Circuits and Systems (ISCAS), Monterey, USA,
vol. 5, Jun. 1998, pp. 170-173.

W. P. Ang and B. Farhang-Boroujeny, “A new class of gradient
adaptive step size LMS algorithms,” |EEE Trans. Sgnal Process.,
vol. 49, no. 4, pp. 805-810, Apr. 2001.

H. C. Shin, A. H. Sayed and W. J. Song, “Variable step size NLMS
and affine projection algorithms,” |[EEE Sgnal Processing Letters,
vol. 11, no. 2, pp. 132-135, Feb. 2004.

R. H. Kwong and E. W. Johnston, “A variable step size LMS
algorithm,” |EEE Trans. Sgnal Process, vol.40, no.7,
pp- 1633-1642, July 1992.

I. Nakanishi and Y. Fukui, “A new adaptive convergence factor
algorithm with the constant damping parameter,” IEICE Trans.
Fundamentals, vol. E78-A, no. 6, pp. 649-655, Jun. 1995.

M. H. Costa and J. C. M. Bermudez, “A robust variable step size
algorithm for LMS adaptive filters,” in Proc. |IEEE Int. Conf.
Acoust., Speech, Signal Process., Toulouse, France, vol. 3, May
2006, pp. 93-96.

T. Aboulnasr and K. Mayyas, “A robust variable step size LMS-type
algorithm: analysis and simulations,” |IEEE Trans. Sgnal Process.,
vol. 45, no. 3, pp. 631-639, Mar. 1997.

D. W. Kim, J. H. Hoi, Y. S. Choi, C. H. Jeon, and H. Y. Ko, “A
VS-LMS algorithm using normalized absolute estimation error,” in
Proc. |IEEE Digital Sgnal Processing Applications (TENCON),
Perth, Australia, vol. 2, Nov. 1996, pp. 692-697.

S. Gollamudi, S. Nagaraj, S. Kapoor, and Y. Huang, “Set-
membership filtering and a set-membership normalized LMS
algorithm with an adaptive step size,” |[EEE Sgnal Processing
Letters, vol. 5, no. 5, pp. 111-114, May 1998.

Z. Ramadan and A. Poularikas, “A robust variable step size LMS
algorithm using error-data normalization,” in Proc. |EEE
Southeastcon, Huntsville, USA, Apr. 2005, pp. 219-224.

B. Rohani and K. S. Chung, “A modified LMS algorithm with
improved convergence,” in Proc. |[EEE Sngapore Int. Conf.
Communication Systems, Singapore, Nov. 1994, pp. 845-849.

D. L. Duttweiler, “Proportionate normalized LMS adaptation in echo
cancellers,” |IEEE Trans. Speech Audio Process., vol.8, no. 5,
pp. 508-518, Sept. 2000.

J. Benesty and S. L. Gay, “An improved PNLMS algorithm,” in
Proc. |IEEE Int. Conf. Acoust., Speech, Signal Process., Orlando,
USA, May 2002, pp. 1881-1884.

Y. Wei and S. B. Gelfand, “Noise-constrained least mean squares
algorithm,” |EEE Trans. Sgnal Process, vol.49, no.9,
pp. 1961-1970, Sept 2001.

Q. Yan-bin, M. Fan-gang, and G. Lei, “A new variable step size
LMS adaptive algorithm,” in Proc. IEEE Int. Symp. Industrial
Electronics, Vigo, Spain, Jun. 2007, pp. 1601-1605.



