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Effect of Channel Estimation Errors on Adaptive
Modulation Systems Subject to Rayleigh Fading
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Resumo— A adocao do esquema de modulacao adaptativa
torna possivel a realizacio de transmissoes robustas e espec-
tralmente eficientes. No entanto, o desempenho dos sistemas de
modulacio adaptativa é afetado pela precisio das informacoes
do estado de canal, 0 que pode resultar em decisoes incorretas
do modulador, causando uma degradacao da taxa de erro de bit.
Neste trabalho, os autores avaliam o efeito dos erros de estimacao
em sistemas de modulacdo adaptativa. Um novo arcabouco
analitico é proposto para modelar a relacdo sinal-ruido estimada
instantanea. Diferentemente das abordagens anteriores, este mo-
delo nao esta relacionado a uma técnica de estimativa especifica e
pode ser usado para comparar estratégias de estimacio de canal
com diferentes niveis de precisao.

Palavras-Chave— Modulacao adaptativa, Erro de estimacio do
canal, Desvanecimento Rayleigh.

Abstract— The adoption of the adaptive modulation scheme
leads to robust and spectrally efficient transmissions. However,
the performance of the adaptive modulation systems is affected
by the accuracy of the channel state information, which can
result in incorrect modulator decisions, causing a bit error rate
degradation. In this paper, the authors evaluate the effect of
channel estimation errors in adaptive modulation systems. A
novel analytical framework is proposed to model the instan-
taneous estimated signal-to-noise ratio. Different from previous
approaches, this model is not related to a specific estimation
technique and can be used to compare channel estimation
strategies with different accuracy levels.

Keywords— Adaptive modulation, Channel estimation error,
Rayleigh fading.

I. INTRODUCTION

Adaptive modulation was proposed to improve the spectral
efficiency of a radio link and to ensure a maximum system
BER (Bit Error Rate) [1]. The idea of adapting the modulation
and coding schemes to channel conditions firstly appeared
in the 1970s, but only after the second half of the 1990s,
optimized modulation schemes have been reported in the
literature. An important advantage of this modulation scheme
is that it can be designed to provide a maximum BER even
when the channel presents a varying SNR (Signal-to-Noise
Ratio). For those schemes, the average spectral efficiency is
enhanced while the maximum BER value is adjusted to satisfy
the applications requirements (i.e., not degrade the desired
application performance) [2].

For many detection schemes, it is assumed that some
channel parameters have been estimated and are available
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to the receiver. One such parameter is the phase shift of
the carrier, which is assumed known for coherent detectors.
In some modulation schemes both the amplitude and phase
shifts of the received signal are required. The importance of
assessing estimation errors of the parameters that characterize
the channel model is justified by the impact that the estimation
errors may have on the adaptive modulation schemes.

Some studies have been developed in order to evaluate the
impact of the channel estimation error in adaptive modulation
systems. In [3], for instance, the BER is determined for an
M-QAM modulation scheme under flat Rayleigh fading with
imperfect channel estimation and the PSAM (Pilot Symbol
Assisted Modulation) technique is used to compensate the
channel distortions. The imperfect channel estimation is also
evaluated in [4], in which the estimation accuracy in switching
the transmitter to the different modes of adaptive modulation
schemes is presented. A sensitivity analysis of key perfor-
mance parameters of a link is presented in [5], such as BER,
spectral efficiency, average transmitted power and the outage
probability estimation errors for short and long term summa-
rized in a new set of mathematical expressions. The impact of
the channel estimation errors is also discussed in [6] which
presents an expression for the probability density function
(pdf) of the maximum likelihood estimator of the SNR, on
flat Rayleigh fading for different modulation schemes.

In this context, this paper presents a novel set of probability
density functions to model the channel SNR, taking into
account the occurrence of estimation errors. Different from
the previous approaches, the proposed model is not related to
any specific estimation technique, such as PSAM or MMSE
(Minimum Mean Square Error) [7]. The proposed method al-
lows the evaluation of the impact of channel estimation errors
considering different accuracy levels. The analysis is general
and independent of a specific channel estimation technique.
In addition, Monte Carlo simulations of the proposed model
can be easily implemented, since no specific filter should be
modeled. In this case, the estimation error is modeled by a
Gaussian random variable, added to the channel amplitude [3].

The remaining sections are organized as follows. Section II
presents the system model adopted in this paper. Section III
provides a brief overview of the adaptive modulation scheme.
An analysis of the effect of channel estimation error on
adaptive modulation systems, as well as the derivation of the
proposed analytical framework, are described in Section IV.
A performance analysis is presented in Section V. Finally,
Section VI is devoted to the conclusions.
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II. SYSTEM AND CHANNEL MODELS

In adaptive modulation systems different modulation sche-
mes are used by the transmitter, based on the estimated SNR.
The modulation schemes are selected in order to maximize the
spectral efficiency, under a target BER constraint [2].

Figure 1 illustrates the block diagram of an adaptive
modulation system. Linear modulation is assumed and the
transmission rate adaptation occurs in multiples of the symbol
rate Ry = 1/T, in which T is the symbol time. Furthermore,
ideal Nyquist pulses (sinc[t/Ts]) are adopted, and the signal
bandwidth is defined as B = 1/T.

The channel model is characterized by a slowly varying flat
fading, considered constant during a frame. Thus, the received
signal is defined as

r(t) = at)s(t) + n(t), (1)

in which n(t) represents the additive noise, modeled as a
complex white Gaussian process, with zero mean and variance
No/2 by dimension. The multiplicative factor «(t) is the
stationary and ergodic time-varying channel gain, modeled as
a complex Gaussian process with zero mean and variance o2.
Therefore, the fading amplitude is Rayleigh distributed with
parameter o,.

Considering that the phase shift is perfectly tracked, the
channel model can be rewritten as

r(t) = g(t)s(t) + n(b), 2)

in which g(t) = |a(t)].

Since slow fading is assumed, the channel can be considered
AWGN (Additive White Gaussian Noise) with a varying
SNR [8]. The instantaneous channel SNR can be defined as
v(t) = P,g*(t)/NoB, 0 < 4(t) < oo, in which P, denotes
the average transmitted signal power.

At the receiver, the estimated SNR denoted by () is then
sent back to the transmitter, in order to perform the adaptation
of the modulation scheme. It is assumed that the feedback link
is error free and that it presents a negligible delay. Since ~()
is stationary, its pdf is independent of ¢, and it is denoted p(7y).
For a Rayleigh channel, p(v) is exponentially distributed with
mean P, = E[g?] = 202 (representing the mean received
power or SNR). The pdf of v is given by

1 __o_
——e 2%, v>0, 0,4 >0. 3)

For simplification, in the following sections the actual and
estimated instantaneous SNR are denoted, respectively, by
and 4 (i.e, v =7(t), ¥ = 5(t)).

III. ADAPTIVE MODULATION ON A PERFECTLY
ESTIMATED CHANNEL

The adoption of the adaptive modulation scheme leads to
robust and spectrally efficient transmissions [8]. The adaptive
modulation technique changes the modulation scheme accor-
ding to the channel fluctuations in order to keep the BER
below some target value. In this section it is assumed that
the channel power gain is perfectly estimated by the receiver,

ie, y(t) =~(t).

In this adaptive modulation system the number of binary
symbols in the constellation diagram is changed to maintain
the BER below some target value. The choice of the modula-
tion scheme is based on the definition of N decision regions
(or fading regions), R; = [vi,Yit+1), ¢ = 0,..,N — 1, in
which ~; is an SNR decision threshold defined to achieve
some performance level (in terms of BER), with 7y = oo
and 79 > 0. A constellation with M; symbols (each one
equivalent to k; = log, M; bits) is used when y(t) € R;
(i.e. the instantaneous SNR value belongs to region 7).

The most important performance measures of the adaptive
modulation scheme are the average spectral efficiency and the
average BER [2]. The spectral efficiency can be calculated as
follows [9], [10]

p(7)dy. “4)
¥i
The average performance, in terms of BER, is computed
using the following expression [9], [10]

= Vit
BER - Y ks | BER )b 5)
i=0
Vi

in which BER;(7y) refers to the BER function for modulation
1 in AWGN channels at some received SNR .

The average performance of the adaptive modulation system
depends on the choice of the decision thresholds ~;. Those
thresholds should be carefully determined to ensure that the
system remains operating at or below a certain maximum
target BER. Lower threshold values leads to a high throughput.
On the other hand, a high decision threshold implies a lower
BER for the adaptive modulation scheme [11].

IV. EFFECT OF THE CHANNEL ESTIMATION ERROR ON
ADAPTIVE MODULATION

In the previous section, the adaptive modulation system was
presented considering an ideal CSI (Channel State Informa-
tion), i.e., the channel power gain is perfectly known. However,
in a practical implementation, the channel gain is not known
and should be estimated at the receiver. This estimated value
is used to select the modulation scheme.

The channel gain estimation process evaluates the fading
distortion introduced by the channel in the transmitted data
symbols. This process is commonly based on the periodic
transmission of known training symbols (denoted by C'(t)).
The model for the received training symbols is

re(t) = g(H)C(t) +n(t), (6)

in which r.(t) represents the received training symbols.
Since C'(t) is known by the receiver, the estimated channel
gain is
re(t)
t ==
g(t) 50
in which g(t) is the actual Rayleigh distributed instantaneous

and €(t) is a

= g(t) = g(t) + €(b), (7

channel gain, with parameter o, = %,



XXIX SIMPOSIO BRASILEIRO DE TELECOMUNICACOES - SBrT’11, 02-05 DE OUTUBRO DE 2011, CURITIBA, PR

\ 1

Transmitter i Channel i Receiver Output
1 1

: g(t) n(t) : Demodulation Data

Input i i and Detection
Data Adapti : i
ptive s(t) i bor(t
Modulation ® ! + ; © > Eft?;r;rtﬁn ()

1
1
3 i
I

A(t)

: Feedback |
i Channel |~ |

Fig. 1. Adaptive modulation system model.

Gaussian estimation error with zero mean and variance o2.

It is assumed that g(¢) and €(¢) are independent, since the
former is the channel gain and the later is a function of the
noise.

Based on the model defined by Equation 7, the estimated
received SNR is given by

A(t) = [g(t) + (1)) (8)

The presence of the channel estimation error affects the ove-
rall performance of the adaptive modulation system. Although
the system is subject to the SNR -+, the modulation scheme is
selected according to the estimated SNR 4, leading to incorrect
decisions about the selected modulation.

In this context, it is necessary to define an extension of
the standard BER formulas for the AWGN channel. A simple
model for the BER functions subject to estimation errors is
defined as

2
L

BER(v,9) =
i

BER; (y)[u(§ —45) —u(¥ = %j41)], ()

I
=)

in which u(z) is the unit step function, %; represents the
decision thresholds specified as regions of the estimated SNR
values, with j = 0,..., N—1, 45 = 00, 49 > 0 and BER(7) is
the AWGN BER function used when # falls into the interval
[%j,7j+1)- The average BER for a given estimated channel
SNR can be evaluated as follows [2], [6]

oo

BER(7) =1/BEvaam«wwd%

(10)

in which p(v|%) denotes the conditional pdf of the actual SNR
v given an estimated SNR 4.

Considering the estimation error, the average spectral effi-
ciency expression becomes [2], [6]

N—1 Vi

p(3)d4, (1)
=0 b
Vi

in which p(%) is the pdf of the estimated SNR. Similarly, the
average BER performance is given by [2], [6]

BER = = Zk /BER p(§)d5.

Vi

(12)

Substituting Equation 10 into Equation 12 and using Bayes’
rule, one obtains

N_1 Yit+1 oo
1
sxs ]
N =0

Y 0

BER = BER(v, 9)p(7,)dydy.  (13)

After performing the substitution of Equation 9 into Equa-
tion 13, it can be seen that, for all ¢ # j, BER(¥) = 0 (since
the decision regions are disjoint). Thus,

p(v,7)dydy. (14)

In order to evaluate the spectral efficiency and the BER
of an adaptive modulation system (Equations 11 and 14,
respectively), the pdfs p(%) and p(v,%) are required. In this
context, the authors propose a novel analytical framework for
modeling the pdfs of the channel SNR, considering the occur-
rence of estimation errors. Different from previous approaches,
such as [3], [4], [5] and [6], this model is not related to a
specific estimation technique, and can be used to evaluate the
performance of various adaptive modulation configurations or
even to compare channel estimation techniques with different
accuracy levels. The following sections present the derivation
of the required pdfs.

A. Probability density function of the estimated SNR p(%)

The pdf p(¥) can be obtained by the transformation of
random variable presented in Equation 8. The transformation
is based on two steps: first, obtain the pdf of the sum of g and
€ (i.e., the convolution of the Rayleigh and Normal pdfs), and
square the resultant pdf. After the mathematical manipulation,
Equation 15 is obtained.

B. Joint probability density function of the SNR and estimated
SNR p(v,9)

In order to find the joint pdf of the SNR and estimated SNR
p(7,%), it is necessary to perform a bivariate transformation,
according to the following model

Y(t) = [g())?,
N 16
{vm—@@+dm% (1o
in which ¢(t) is the channel gain (Rayleigh distributed with
parameter o,) and e(t) is the estimation error (Gaussian
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p(¥) 273 (02 + 02) eXp[ zgg} + 2(02 + 02)3/2 eXp[ 202 ( o2 +a§)] “ [o—g 2(02 + 02) K ()
. 1 1L/~ 4+~ Vi .

) = ———— — (= sh [ Y20 v >0,4 > 0. 18
(7,9) N LT exp{ 5 (Jg + p= cosh | =257 -7 2 0.9 (18)

distributed with zero mean and variance o2). The bivariate
transformation is then applied to the joint distribution of g(t)

and €(t), defined as
1/g*> ¢
|5 (% 53)]

5 a7)

9
p(g,€) = -

oL0.NV2m
After the bivariate transformation of Equation 17, the joint
pdf p(v,4) is obtained (Equation 18).

V. PERFORMANCE ANALYSIS AND RESULTS

This section presents a numerical analysis and Monte Carlo
simulations used to validate and evaluate the impact of chan-
nel estimation techniques with different precision levels on
adaptive modulation systems'. Four modulation schemes were
considered in the experiments (/N = 4), according to Table L.

TABLE I
MODULATION SCHEMES ADOPTED IN THE EXPERIMENTS.

[ ¢ [ Modulation [ M;] ki [ Decision region |
0 BPSK 2 [ 1 bisymbol % <) <71
1 QPSK 4 2 bits/symbol v1 < () < 72
2 | 16-QAM | 16 | 4 bits/symbol 2 < () <13
3 64-QAM | 64 | 6 bits/symbol ~({t) > 3

In the experiments, three different performance profiles
were designed, each one associated with a maximum target
BER (1072, 10~3 and 10~*). Based on the target BER of
each profile, appropriate decision regions were obtained by a
numerical inversion of the adopted AWGN BER functions (the
occurrence of outage is not considered in this analysis). The
defined decision thresholds are presented in Table II.

TABLE I
DECISION THRESHOLDS FOR THE THREE DESIGNED PROFILES.

[ Profile [ Target BER | 70 [ m [ v | v |
High loss 1072 0.00 7.31 13.89 | 19.72
Medium loss 1073 0.00 9.78 16.52 | 22.52
Low loss 1071 0.00 11.38 | 18.21 | 24.28

Incorrect decisions about the selected modulation schemes
can make the system more vulnerable to the noise, leading
to a severe BER degradation (e.g., if the system incorrectly
chooses 16-QAM instead of BPSK, the BER increases). In this
context, each performance profile is differently impacted by
the channel estimation errors. Configurations that frequently

Python language and the Mpmath library [12] were used in the numerical
evaluation, while the C language was adopted to implement the Monte Carlo
simulations.

select low order modulation schemes are more impacted by
estimation errors than the others (since a wrong choice from
a high order to a low order modulation decreases the system
BER).

The performance obtained with the “High loss” profile
is presented in Figure 2 (considering a perfectly estimated
channel and different values for the variance of the channel
estimation error). As can be seen in the figure, the impact
of the estimation error is significantly decreased after its 3
value (19.72 dB), from which the highest order modulation
(64-QAM) is often selected.
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Fig. 2. Average BER as a function of the actual SNR for the “High loss”

profile, considering different values for the variance of the estimation error.

As can be seen in Figure 2, depending on the variance of the
estimation error, the system presents different losses in terms
of average BER. For the values of 062 = 0.10, 1.00 and 5.00,
the system loses, respectively, 0.20 dB, 1.20 dB and 3.60 dB
to achieve a BER value of 10™3 (this BER value is achieved
approximately at 25.67 dB on a perfectly estimated channel).
However, higher BER losses occur at low SNR values, and
decreases as the SNR increases.

Figure 3 shows the results for the “Medium loss™ profile.
Assuming the average BER value of 1073, it can be seen
that this target BER is achieved by the system (with perfect
estimation) at 15.08 dB. However, depending on the variance
of the estimation error (0.10, 1.00 and 5.00), the system loses,
respectively, 0.68 dB, 3.53 dB and 8.43 dB.

One can verify that those losses overcome the obtained with
the “High loss” profile. For example, the BER value 1073 is
achieved at 15.08 dB, a smaller value than the required SNR
for the “High loss” profile (25.67 dB). Furthermore, this SNR
is also smaller than -, making the system more vulnerable to
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incorrectly chosen high-order modulations schemes (16-QAM
and 64-QAM).
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Fig. 3. Average BER for the “Medium loss” profile, considering different

values for the variance of the estimation error.

Similar losses were obtained in the presence of estimation
errors when using the “Low loss” profile (Figure 4). Also for
BER = 1073 (achieved at 15.13 dB), the system loses 0.58 dB,
2.24 dB and 5.72 dB (respectively, for ‘752 = 0.10, 1.00 and
5.00), smaller values than with the “Medium loss” profile.
For example, with the “Low loss” profile, the difference
from the evaluated SNR (15.13 dB) and its range border 3
(18.21 dB) is larger than in the “Medium loss” (from 15.08 dB
to 16.52 dB), reducing the number of wrong shifts from QPSK
to 16-QAM.

10°
107 ¥89.
D"E‘. -
g\%
1072
6.
4, e,
107 e,
o By
i g,
1074 :
. QQ'@
1078 [Bep,
— Perfect estim. (Theoretical) - o,2=1.0 (Theoretical) g
5 4 Perfect estim. (Simulation) 2 o£2=1.0 (Simulation)
107 1 . 5,225.0 (Theoretical) -~ 6,2=0.1 (Theoretical)
o 6,2=5.0 (Simulation) g 6,2=0.1 (Simulation)
10—7 L L L L T T T T T T

0 25 5 75 10 125 15 175 20 225 25 27.5 30 325 35
SNR (dB)

Fig. 4. Average BER for the “Low loss” profile, considering different values
for the variance of the estimation error.

Based on the experiments one can conclude that increasing
the decision thresholds makes the system more robust to errors
in the transmitted data, but also makes the system more vulne-
rable to estimation errors. This can be observed in Figures 2,
3 and 4, in which the overall loss caused by a 02 = 5.00,
significantly increases from the “High loss” to the “Low loss”
profile (mainly in high SNR values). However, the analysis
for intermediate SNR values must take into consideration the

difference from those values and their next superior decision
threshold.

Another important result from the experiments is that they
have confirmed the validity of the proposed analytical model.
This allows the use of the expressions presented in Section IV
to evaluate the impact of estimation errors in adaptive modu-
lation systems.

VI. CONCLUSIONS

This paper presents a study of the impact of imperfect
channel estimation on adaptive modulation systems. A new
analytical framework for modeling the instantaneous SNR
subject to channel estimation errors was derived and validated
by Monte Carlo simulations. An important feature of the novel
proposed expressions is that they do not depend on a specific
channel estimation technique, allowing the comparision of
adaptive modulation systems with different channel estimators.
This work shows that robust adaptive modulation systems (in
terms of average BER) may have their performance seriously
damaged by the channel estimation errors. Based on the
derived expressions, the parameters of the adaptive modulation
system can be adjusted in order to improve its performance,
even in the presence of channel estimation errors.
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