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Abstract— This paper presents the results of field trial mea-
surements in order to obtain the probability density functions
and the cross-correlation functions of the fading parameters η

and µ of the η-µ distribution. The ranges of possible practical
values of the η and µ fading parameters are also obtained
from the empirical data. In addition, the instantaneous mag-
nitude variations of η and µ considering the mobile receiver
displacement are estimated and discussed. The results provide
important information about the practical usefulness of the η-µ
fading model in mobile communication systems.
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parameters, field measurements.

Resumo— Este artigo apresenta os resultados de medições
de campo com o objetivo de obter as funç̃oes densidade de
probabilidade e as funç̃oes de correlaç̃ao cruzada empı́ricas
dos parâmetros de desvanecimentoη e µ da distribuição η-µ.
Os intervalos de possı́veis valores práticos dos par̂ametros de
desvanecimentoη e µ também s̃ao obtidos a partir dos dados
adquiridos em campo. Ainda, as variaç̃oes instant̂aneas de magni-
tude deη e deµ considerando o deslocamento do receptor ḿovel
são estimadas e discutidas. Os resultados fornecem informac¸ões
importantes sobre o uso pŕatico do modelo de desvanecimento
η-µ em sistemas de comunicaç̃oes ḿoveis.

Palavras-Chave— Distribuiç ão η-µ, caracterizaç̃ao de canal
sem fio, par̂ametros de desvanecimento, medições de campo.

I. I NTRODUCTION

T HE phenomenon of multipath fading in wireless commu-
nications occurs when transmitted waves interact with the

propagation medium producing partial waves with different
amplitudes and phases. The combination of this signal fades
rapidly and reaches the receiver through multiple paths. This
behavior of the waves propagating in a mobile radio environ-
ment through multiple paths has been widely characterized
by several well known statistical models, notably Rayleigh
[1], Rice [2], [3], Hoyt (Nakagami-q) [4], [5], Nakagami-m
[5], and Weibull [6]. More recently [7], a general physical
fading model, namely theη-µ model, has been proposed
which describes a signal composed of clusters of multipath
waves propagating in a inhomogeneous environment. Theη-µ
distribution is written in terms of two measurable physical
fading parametersη and µ. By setting specific values for
η and µ, the η-µ fading model reduces to other important
distributions such as Nakagami-mand Hoyt (Nakagami-q) [7].
(Therefore, One-Sided Gaussian and Rayleigh also constitute
special cases of it.) Its flexibility renders it suitable to better

The authors are with the Microwave and Wireless Systems Laboratory
(MWSL), Department of Electrical Engineering, Universityof Brasilia, 70910-
900, Brası́lia, DF, Brazil (e-mail: camilaselvati@ieee.org, udias@unb.br).

This work was partly supported by CNPq.

fit field measurement data in a variety of scenarios [7].
Experimental data supporting the usefulness of the Nakagami-
m, Hoyt, and Weibull fading models have been widely reported
in the literature (e.g., [5], [8]–[12]). Recently [13]–[15], some
works presenting the performance analysis and first-order
statistical modeling for the Nakagami-m and Rice fading
parameters have also been presented. In practice, situations
are easily found for which theη-µ distribution outperforms
both Nakagami-m and Hoyt [7], [16]. However, to the best of
the authors’ knowledge, works depicting practical situations
in which the fading parameters of theη-µ distribution are
characterized have not been reported in the literature.

In this paper, the empirical probability density functions
(PDF) and the cross-correlation functions (CCF) ofη andµ,
which are the fading parameters of theη-µ distribution, are
obtained based on field measurements. Furthermore, the ranges
of possible practical values assumed byη andµ are estimated
from the empirical data and their instantaneous magnitude
variations are evaluated considering the displacement of the
mobile receiver in outdoor environments. Since the values of
η andµ are indicators of the scattered-wave components and
multipath clustering of the radio channel [7], the knowledge of
their PDFs, CCFs, and magnitude ranges can be used in the
evaluation and design of different wireless communications
techniques, such as diversity combining techniques, adaptive
modulation schemes, modeling and analysis of interferences,
outages probabilities, design and simulation of adaptive anten-
nas systems, among others.

The remainder of this work is structured as follows. In
Section II, theη-µ fading model is revisited. In Section III,
field trial measurements are conducted in order to investigate
first- and second-order statistics of theη and µ fading pa-
rameters. Specially, the empirical PDFs and CCFs of theη
and µ fading parameters are presented and discussed based
on the measurement campaigns. The instantaneous variation
of the η and µ magnitudes are also obtained with distance
and analyzed, and the practical value ranges of theη and
µ parameters are estimated. Finally, in Section IV, some
conclusion remarks are presented.

II. T HE η-µ FADING MODEL REVISITED

The η-µ distribution is a general fading distribution that
can be used to better represent the small-scale variation of
the fading signal in a non-line-of-sight (NLOS) condition.It
considers a signal composed of clusters of multipath waves
propagating in a inhomogeneous environment. As its name
implies, it is written in terms of two physical parameters,
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namely η and µ. It may appear in two different formats,
hence two corresponding physical models are encountered [7].
One format can be obtained from another by the bilinear
transformationη1 = 1−η2

1+η2
or, equivalently,η2 = 1−η1

1+η1
, in

which 0 < η1 < ∞ is the parameterη in Format 1, and
−1 < η2 < 1 is the parameterη in Format 2. So as to simplify
the notation,η is used in both cases, bearing in mind that they
represent different physical phenomena and their ranges are
different.

For aη-µ fading signal with normalized envelopeP = R/r̂
with r̂ =

√
E(R2) being therms value of the envelopeR, in

whichE(·) denotes the expectation operator, theη-µ envelope
PDF, fP(ρ), is written as [7]

fP(ρ) =
4
√
πµµ+ 1

2 hµ

Γ(µ)Hµ− 1
2

ρ2µ exp
(
−2µhρ2

)
Iµ− 1

2

(
2µHρ2

)
,

(1)
for which H andh will be defined next for each of the two
formats of the model,Γ(·) is the Gamma function [17, Eq.
6.1.1], Iν(·) is the modified Bessel function of the first kind
and orderν [17, Eq. 9.6.20], andµ > 0 is given by

µ =
1

2V (P2)

[
1 +

(
H

h

)2
]
, (2)

with V (·) denoting the variance operator.

A. Theη-µ Distribution: Format 1 and Format 2

In Format 1, the in-phase and quadrature components of
the fading signal within each cluster are assumed to be
independent from each other and to have different powers.
η > 0 is the scattered-wave power ratio between the in-phase
and quadrature components of each cluster of multipath and
µ > 0 is the number of multipath clusters. In such a case,
h = 2+η−1

+η
4

andH = η−1
−η
4

, thusH/h = (1− η)/(1 + η).
It is noted that for0 < η ≤ 1, H ≥ 0, and for0 < η−1 ≤ 1,
H ≤ 0. BecauseIν(−z) = (−1)νIν(z) the distribution
yields identical values within these two intervals, i.e., it is
symmetrical aroundη = 1. Therefore, as far as the envelope
distribution is concerned, it suffices to considerη only within
one of the ranges.

In Format 2, the in-phase and quadrature components of the
fading signal within each cluster are assumed to have identical
powers and to be correlated with each other.−1 < η < 1
is the correlation coefficient between the scattered-wavesin-
phase and quadrature components of each cluster of multipath
andµ > 0 is the number of multipath clusters. In such a case,
h = 1

1−η2 andH = η
1−η2 , thusH/h = η. It is noted that for

0 ≤ η < 1, H ≥ 0, and for−1 < η ≤ 0, H ≤ 0. Because
Iν(−z) = (−1)νIν(z) the distribution yields identical values
within these two intervals, i.e., it is symmetrical aroundη = 0.
Therefore, as far as the envelope distribution is concerned, it
suffices to considerη only within one of the ranges.

B. Obtaining the Traditional Fading Models

Interestingly, by setting some specific values for the fading
parametersη andµ, theη-µ distribution reduces to traditional
models. Forµ = 0.5, theη-µ distribution reduces to the Hoyt

(Nakagami-q) distribution. In this case, the Hoyt (Nakagami-q)
fading parameter is given byb = − 1−η

1+η (or q2 = η) in Format
1 or b = −η (or q2 = 1−η

1+η ) in Format 2. The Nakagami-
m distribution can be obtained from theη-µ distribution by
settingµ = m andη → 0 or η → ∞ in Format 1, orη → ±1
in Format 2. In the same way, it can be obtained by setting
µ = m/2 and η → 1 in Format 1 orη → 0 in Format 2.
The One-Sided Gaussian distribution can be also obtained by
settingη → 0 or η → ∞ in Format 1, orη → ±1 in Format
2. In the same way, the Rayleigh distribution is obtained in
an exact manner forµ = 0.5 and by settingη = 1 in Format
1 or η = 0 in Format 2.

III. F IELD TRIALS AND STATISTICAL ANALYSIS

A series of field trials was conducted at the University
of Campinas (Unicamp), Brazil, in order to (i) estimate the
value ranges of theη andµ parameters, (ii) characterize the
amplitude variations with distance of theη and µ fading
parameters, (iii) obtain the empirical PDFs of theη and µ
parameters, and (iv) obtain the empirical CCFs of such fading
parameters. To this end, the transmitter was placed on the
rooftop of one of the buildings as can be seen in Figure
1, and the receiver traveled through and outside the campus
with a constant speed of 30 km/h. Figures 2 to 4 present
some outdoor environments where the mobile receiver was
displaced during the measurement campaigns. Note the variety
of physical characteristics present in these scenarios, such as,
trees, parked and moving cars, people, and buildings with
different numbers of floors, constituting typical suburbanand
urban areas. The mobile reception equipment was especially
assembled for this purpose. Basically, the setup consisted
of a vertically polarized omnidirectional receiving antenna,
a low noise amplifier, a spectrum analyzer, data acquisition
apparatus, a notebook computer, and a distance transducer for
carrying out the signal sampling. The transmission consisted
of a continuous wave tone at 5.5 GHz. The spectrum analyzer
was set to zero span and centered at the desired frequency, and
its output used as the input of the data acquisition equipment
with a sampling interval ofλ/180 [18], [19]. The local mean
was estimated by the moving average method, with the average
being conveniently taken over samples symmetrically adjacent
to every point. From the collected data, the long term fading
was filtered out, then theη andµ fading parameters could be
estimated using the following moment-based estimator.

A. The Moment-basedη-µ Estimator

The jth moment,E(Pj), of P, is given as [7]

E(Pj) =
Γ(2µ+ j/2)

hµ+j/2(2µ)2Γ(2µ)

× 2F1

(
µ+

j

4
+

1

2
, µ+

j

4
;µ+

1

2
;

(
H

h

)2
)
, (3)

in which 2F1 (·, ·; ·; ·) is the Gauss hypergeometric function
[17, Eq. 15.1.1] andE(Rj) = r̂jE(Pj). Replacing (2) in (3)
an equality is defined that is useful for the estimation of theη
parameter of this distribution. Note that for a given value of
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Fig. 1. Building ’E’ – Faculty of Electrical and Computing Engineering.
Transmitter on the rooftop.

Fig. 2. Antonio Augusto Almeida Street. Outdoor measurements. NLOS
condition.

Fig. 3. Professor Atilio Martins Avenue. Outdoor measurements. NLOS
condition.

Fig. 4. Cora Coralina Street. Outdoor measurements. NLOS condition.

j, the physical parameterη is encountered and thenµ can be
found from Eq. (2). In [7], closed-form formulations for the
determination ofη [7, Eq. 28] andµ are obtained forj = 6.
However, such formulations are not able to estimate positive
real values forη andµ in almost all of our measurement data.
Thus, in this work, it is necessary to decrease the power value
of P by settingj = 3 in order to obtain non-complex positive
values ofη andµ. Note that from (3) several moment-based
estimators can be found.

B. The Empirical Cross-correlation

The normalized empirical CCF was computed according to

R̂R1,R2
(∆) =

∑N−∆

i=1
r1ir2i+∆∑N−∆

i=1
r1ir2i

(4)

in which r1i and r2i are thei-th samples of the amplitude
sequences ofR1 andR2, respectively,N is the total number
of samples,∆ is the discrete relative distance difference, and
R̂R1,R2

(·) denotes an empirical estimate ofRR1,R2
(·).

C. Numerical Results and Discussion

Figures 5 to 7 show sample plots of the magnitude variations
of theη andµ fading parameters with distance, which are re-
presented by the outdoor environments with NLOS conditions
of Figures 2 to 4, respectively. In such cases and in all of our
measurement data, we consider the Format 1 to compute the
η andµ fading parameters. It can be noted thatη increases
and µ decreases when0 < η < 1. For η > 1, µ increases
wheneverη increases. These interesting behaviors of the two
fading parameters, as predicted by their theoretical model[7]
are now confirmed in practice.

Figures 8, 9, and 10 present the fitting between the theo-
retical PDF of theη-µ distribution and the empirical PDFs
of the η andµ fading parameters, for the same environments
of the Figures 5, 6 and 7, respectively. Note that the PDFs
of both η and µ have similar shapes, but they are centered
in different values and they seem to approximately follow a
positive gaussian PDF. The values thatη assume for which the
η-µ theoretical PDF fits to the empirical PDFs ofη vary from
3.54 to 4, andµ varies from1.82 to 3.2. Theη-µ theoretical
PDF fits to the empirical PDFs ofµ whenη = 2 andµ varies
from 2 to 2.3. The average estimated median and mean values
of η, considering all measurement data, are respectively1.73
and 1.89, with standard deviations of0.60. For theµ cases,
these are respectively0.58 and0.59, with standard deviations
of 0.04. The range of possible practical values ofη, as found
here, vary from0.9 to 3.9. And for theµ case, these are from
0.5 to 0.7. The knowledge of possible practical levels ofη
and µ and their expected values is very important to better
estimate the fading margin in wireless systems.

Finally, Figures 11, 12, and 13 depict sample plots of the
empirical CCF of theη andµ fading parameters for different
outdoor environments. Interestingly, observe how theη andµ
curves tend to keep track of the changes of the concavity of
each other with slight shifts.
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Fig. 5. η andµ magnitudes with distance. Outdoor measurements in NLOS
conditions.
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Fig. 6. η andµ magnitudes with distance. Outdoor measurements in NLOS
conditions.
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Fig. 7. η andµ magnitudes with distance. Outdoor measurements in NLOS
conditions.
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Fig. 8. Empirical PDFs of theη and µ fading parameters being fitted by
the theoretical PDFs of theη-µ distribution.
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Fig. 9. Empirical PDFs of theη and µ fading parameters being fitted by
the theoretical PDFs of theη-µ distribution.

Theoretical PDF of Η-Μ (Η = 4, Μ = 2.6)

Theoretical PDF of Η-Μ (Η = 2, Μ = 2.3)

Empirical PDf of Η

Empirical PDf of Μ

0 1 2 3 4 5
0.0

0.5

1.0

1.5

2.0

2.5

Η,Μ

P
ro

ba
bi

lit
y

D
en

si
ty

F
un

ct
io

n

Fig. 10. Empirical PDFs of theη andµ fading parameters being fitted by
the theoretical PDFs of theη-µ distribution.
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Fig. 11. Empirical CCFs of theη and µ fading parameters. Outdoor
measurements in NLOS conditions.
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Fig. 12. Empirical CCFs of theη and µ fading parameters. Outdoor
measurements in NLOS conditions.

Η
  Μ

0 10 20 30 40 50
0.0

0.2

0.4

0.6

0.8

1.0

d�Λ

N
or

m
al

iz
ed

C
ro

ss
co

rr
el

at
io

n

Fig. 13. Empirical CCFs of theη and µ fading parameters. Outdoor
measurements in NLOS conditions.

IV. CONCLUSIONS

In this paper, we reported the results of field trials aimed
at investigating first- and second-order statistics of the fading
parameters of theη-µ distribution. More specifically, the em-
pirical probability density functions and the cross-correlation
functions of theη and µ fading parameters were obtained.
Moreover, the ranges of possible practical values for theη
and µ fading parameters were estimated from the empirical
data, and the instantaneous variations of their magnitudeswere
evaluated considering the displacement of the mobile receiver
in outdoor environments. The results provided important infor-
mation about the practical usefulness of theη-µ fading model
in mobile communication systems.
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