
XXXIII SIMPÓSIO BRASILEIRO DE TELECOMUNICAÇÕES - SBrT2015, 1-4 DE SETEMBRO DE 2015, JUIZ DE FORA, MG

Warped Discrete S-Transform
Alam Silva Menezes and Moisés Vidal Ribeiro

Abstract— This work introduces the warped discrete-time S-
transform and the warped discrete S-transform to improve the
time frequency representation of the well-known S-transform.
The proposed transforms make use of a non-uniform mapping
of tones in the frequency domain to increase the time frequency
resolution in a specified frequency band. Numerical results show
that the warped discrete S-transform can offer better time-
frequency representation than discrete S-transform and short
time discrete Fourier transform. As a result, it has the potential to
increase the performance of techniques based on S-transform that
have being designed to analyze non-stationary signals. Finally, it
is demonstrated that the discrete S-transform is a particular case
of the warped discrete S-transform.

Keywords— Warped, S transform, Time-frequency representa-
tion, Warped S Transform.

I. INTRODUCTION

Time-frequency representation (TFR) techniques [1] are

used to analyze non-stationary signals in electric power sys-

tems [2]. The classical TFR technique is the short-time Fourier

transform (STFT). Basically, the STFT consists of applying

a short time window on the signal in time and mapping it

in the frequency domain using the Fourier transform. The

drawbacks related to the STFT is a poor time resolution

for frequency components localized in high frequency and

frequency resolution with a severe limitation (e.g., it is 2π/N ,

if its discrete version is applied to a N-length signal). On

the other hand, the TFR technique called S-transform was

proposed to solve the problem of low time resolution for

components localized in high frequency [3]. Due to this

characteristic, the S-transform has been extensively applied to

analyze non-stationary signals, such as electric ones [2], [4]

and [5]. However, the S-transform does not offer high TFR

for components localized in high frequencies [6].

In this contribution, by introducing the warped discrete time

S-transform (WDTST) and the warped discrete S-transform

(WDST) this limitation of S-transform is overcamed. The

WDTST and WDST were first introduced in [7]. A warped S-

transform was applied in [8] to analyse brain waves. However,

[7] employs a first order all pass filter, on the other hand

[8] uses a second order all pass filter in order to obtain the

warped S-transform. The WDST is a discrete version of the

WDTST and because of that it can be evaluated demanding

computational complexity similar to the discrete S-transform

(DST). The idea behind both WDTST and WDST techniques

is the concept of warping frequency [9]-[10], in which the

tones are non-uniformly mapped into the normalized spectrum.
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As a result, an improved TFR can be achieved for a priori cho-

sen frequency band. Then, the proposed warped S-transforms

are capable of offering better TFR representations than the

well-known DST and discrete STFT (STDFT). Numerical

results based on non-stationary signals show this improvement.

Finally, but not the least, we demonstrate that the DST is a

particular case of the WDST.

This paper is organized as follow. In section II we review

the concept of warped transform. Section III presents the

discrete-time S transform (DTST). In section we introduce

the transforms warped discrete-time transforms (WDTST)

and warped discrete S transform (WDST). In section V we

assess the techniques using two specific non-stationary signals.

Finally, in section VI, we presents the conclusions and outline

future works.

II. THE WARPED DISCRETE FOURIER TRANSFORM

The z-transform of {x [n]}N−1
n=0 is defined by

X (z) ,
N−1∑

n=0

x [n] z−n, (1)

the discrete Fourier transform (DFT) of {x [n]}N−1
n=0 is defined

by

XDFT [k] ,
1

N

N−1∑

n=0

x [n] e−i 2π
N

kn. (2)

Considering the variable z , eiωk , where ωk = 2πk/N , we

can seen that the DFT is a sequence which is obtained by

uniformly sampling the z-transform over unitary cycle in the

z-plane, as shown in (3)

X [k] = X (z)|z=ei2πk/N

=
N−1∑

n=0
x [n]e−i(2π/N)kn,

(3)

with 0 ≤ n ≤ N − 1.

The discrete frequencies of the DFT (ωk , 2πk/N ) are

distributed in a regular fashion over unitary circle, as shown

in Fig. 1. Note that the frequency resolution of DFT is given

by 2π/N . Therefore, the frequency resolution of DFT is

constant for a given number of samples N and also uniform

inside the interval 0 ≤ ωk < 2π. In a effort to increase the

frequency resolution of DFT, it should be use a large number

of frequency samples N .

The most simple approach applied to improve frequency

resolution is the use of zero-padding, which increase the

computational complexity. On the other hand, [9] shows that

it is possible increase the frequency resolution at a specific

region of unitary circle using the same numbers of discrete

frequencies, N . To this end, [10] proposes replace the z
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Fig. 1. Discrete frequencies of DFT over unitary circle.

variable at z-transform (1) by a specific all pass filter, B (z)
as follow:

X (z) ,
N−1∑

n=0

x [n] B(z)n. (4)

Where we assume that B (z) is a 1st-order all pass filter

such that

B (z) =
a∗ + z−1

1 + az−1
, (5)

in which a = αeiϕ ∈ C.

In this way, considering z = eiωk (ωk ∈ [0 , 2π)), [10]

proposes the warped discrete Fourier transform (WDFT),

which is defined by

X [̟k] ,
1

N

N−1∑

n=0

x [n]

(
a∗ + eiωk

1 + aeiωk

)n

, (6)

where ωk , arg
{
eiωk

}
is the kth discrete frequency and

̟k , arg {B (z)|z=eiω} refers to the kth warped discrete

frequency.

Note that the DFT is a special case of WDFT when a = 0.

The effect of parameter a = αeiϕ at discrete frequencies of the

WDFT is shown in Figs. 2 and 3. As we can seen, ϕ is the

frequency over unitary circle where the discrete frequencies

are placed. On the other hand, the parameter α defines the

concentration of frequencies around ϕ.

The relationship between ̟k and ωk is given by
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Fig. 2. WDFT with a = 0, 5e
i
π
4 .
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Fig. 3. WDFT with a = 0, 9e
i
π
4 .

̟ = arg
{

1+az−1

a∗+z−1

}

= arg
{

1+ae−iω

a∗+e−iω

}

= arg
{

1+ae−iω

e−iω(1+a∗eiω)

}

= arg
{
eiω

}
+ arg

{
1+ae−iω

(1+a∗eiω)

}

= ω + arg







(1+ae−iω)(1+ae−iω)
(
1 + a∗eiω

) (
1 + ae−iω

)

︸ ︷︷ ︸
real







= ω + arg
{(

1 + ae−iω
)2
}

= ω + 2 arg
{(

1 + αeiϕe−iω
)}

= ω + 2 arg {1 + cos(ϕ− ω) + j sin(ϕ− ω)}
= ω + 2tan−1

(
α sin(ϕ−ω)

1+α cos(ϕ−ω)

)

,

(7)

because ωk , arg
{
eiωk

}
and ̟k , arg {B (z)|z=eiω}. Fig. 4

shows graphically the effect of parameter a in the relationship

between ̟k and ωk.
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Fig. 4. Mapping between frequencies ω and ̟.

III. DISCRETE-TIME S TRANSFORM

The S-transform of a signal x (t) ∈ R | ∀ t ∈ R is given

by

S (τ, f) =
∞∫

−∞
x (t) g (τ − t, f) e−i2πftdt

=
∞∫

−∞
x (t) |f |√

2π
e−

1
2 [(τ−t)2f2]e−i2πftdt,

(8)

in which τ ∈ R and f ∈ R denote time instant in second (s)

and frequency in Hertz (Hz), respectively. Also, it is assumed

that

g (t, f) =
|f |√
2π

e−(t
2/2σ2) (9)

with σ = 1/|f | is a Gaussian function.

Let {x [n]}N−1
n=0 such that x [n] = x (t)|t=nTs

, where Ts =
1/2B with B ∈ R and X (jΩ) = 0, ∀ |Ω| ≥ 1/2B in which

X (jΩ) is the Fourier transform of x (t). Then, the DST of

{x [n]}N−1
n=0 can be expressed by

S [d, k] =
1√
2π

N−1∑

n=0

x [n]
k

N
e−

1
2 [(d−n) k

N ]2e−i 2π
N

kn, (10)

where d, k ∈ Z refer to the discretization of τ and f . Note

that d, k, n ∈ γ = {0, 1, . . . , N − 1}.

IV. THE WARPED DISCRETE S TRANSFORM

Let rewrite the DST as follows:

S [d, k] =
1√
2π

N−1∑

n=0

x [n]
2πk

2πN
e−

1
2 [(d−n) 2πk

2πN ]
2

e−i 2π
N

kn.

(11)

Now, we assume that z = ei
2π
N

k and arg {z} = 2π
N
k because

we are over the unitary circle, then

S
[
d, N

2π arg {z}
]
=

1√
2π

N−1∑

n=0
x [n] arg{z}

2π e−
1
2 [(d−n) arg{z}

2π ]
2

z−n.
(12)

If we replace z−1 by the all pass filter B (z), equation (5), we

have

S
[
d, N

2π arg {B (z)}
]
=

1√
2π

N−1∑

n=0

x [n] arg{B(z)}
2π e−

1
2 [(d−n)

arg{B(z)}
2π ]

2

B(z)n.
(13)

From which we defined the WDTST as follow

S

[

d,
N

2π
̟

]

∆
=

1√
2π

N−1∑

n=0

x [n]
̟

2π
e−

1
2 [(d−n) ̟

2π ]
2

B
(
eiω

)n
,

(14)

where
̟ = arg

{
B
(
eiω

)}

= ω + 2 arctan (β)
(15)

with 0 ≤ ω < 2π and β = |a| sin(ϕ−ω)
1+|a| cos(ϕ−ω) . Note that a is a

so-called warping parameter.

By applying (15) in (14) we obtain

S
[
d, N

2π [ω + 2 arctan (β)]
]
= 1

2π
√
2π

N−1∑

n=0
x [n] ×

[ω + 2 arctan (β)] e−
1
2 [(d−n)

[ω+2 arctan(β)]
2π ]

2

B
(
eiω

)n
.

(16)

As the computational complexity of WDTST is huge (ω ∈
[0 , 2π)), we define its discrete version as follows:

Let the uniform discretization of ω ∈ [0 , 2π) result in

ωk = 2π
N
k, then the WDST is define as

S
[
d, k + N

π
arctan (βd)

] ∆
= 1√

2πN

N−1∑

n=0
x [n] ×

[
k + N

π
arctan (βd)

]
e−

1
2 [(d−n)(k+N

π
arctan(βd))]

2

B
(

ei
2π
N

k
)n

(17)

in which βd =
|a| sin(ϕ− 2π

N
k)

1+|a| cos(ϕ− 2π
N

k)
.

For the sake of clarity, we can express (17) as the sum of

two terms:

S
[
d, k + N

π
arctan (βd)

]
= 1√

2πN

{

N−1∑

n=0
x [n] k e−

1
2 [(d−n)(k+N

π
arctan(βd))]

2

B
(

ei
2π
N

k
)n

+

N−1∑

n=0
x [n]

(
N
π
arctan (βd)

)
e−

1
2 [(d−n)(k+N

π
arctan(βd))]

2

×

B
(

ei
2π
N

k
)n}

(18)

Note that if a = 0, then S
[
d, k + N

π
arctan (βd)

]
=

S [d, k]. It means that DST is a particular case of the

WDST. Similar to the warped discrete Fourier Trans-

form, the parameters α ∈ R | 0 ≤ α < 1 and ϕ ∈
J

∣
∣
∣ J =

{

0, 2π
N
, 4π

N
, . . . ,

2π(N−1)
N

}

control the concentra-

tion of tones in a portion of the normalized spectrum and
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determines the tone around the concentration take place,

respectively. Due this feature, the WDST can offer high

resolution in both low and high frequencies. By offering

high resolution in high frequency, the WDST overcomes the

limitation of the DST reported in [3].

V. SIMULATIONS RESULTS

A comparative analysis among the WDST, the DST, and

the STDFT is carried out by considering an non-stationary

signal described in [3], which is reproduced in Fig. 5. This N-

length and discrete-time signal is composed of two sinusoidal

components whose frequencies in radians per sample are

(50/128)π and (12/128)π, respectively. Also, a short time

duration sinusoidal component with a frequency equal to

(104/128)π is added.

0 20 40 60 80 100 120
−1.5

−1

−0.5

0

0.5

1

1.5

n

A
m

p
lit

u
d

e

Fig. 5. Non-stationary signal in time domain.

The spectrograms obtained by using these TFR techniques

are depicted in Figs. 6, 7 and 8, respectively. As it is well

known in literature, the STDFT offers a poor time resolution

for high frequency content. In Fig. 3 we see that the DST

can achieve a better TFR than the STDFT (Fig. 2), which is

also presented in literature. The spectrogram obtained with

WDST is shown in Fig. 4. For this plot, we assume that

a = 0.7ei0.4π. One can see that the time resolution for

high frequency content is maintained, see the detection of

the short time duration signal. Due to concentration of tones

around ω = 0.4π (ϕ = 0.4π), the signal whose frequency is

(50/128)π is better characterized by using WDST than the

DST.

A phase voltage signal with harmonic distortion is also used

to compare the WDST, the DST, and the STDFT, as shown

in Fig. 9. The spectrogram generated by the STDFT (Fig. 10)

is not able to show clearly the harmonics components and

the high frequency distortion present in the voltage waveform.

However, the DST can achieve a better TRF than STDFT as

could be seen in Fig. 11. In fact, the harmonic components is

evident at spectrogram around ω = 0.04 (rad/sample). But, the

high frequency component around sample n = 200 is spreaded

over a great portion of normalized spectrum. It occurs because

the DST offers a poor frequency-resolution for high frequency
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Fig. 6. The spectrogram provided by the STDFT.
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Fig. 7. The spectrogram provided by the DST.
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Fig. 8. The spectrogram provided by the WDST.

components. On the other hand, using the WDST with a =
0.65ei0.06π, one can see that the spectrogram obtained with

the WDST is better than DST because the WDST provides

an enhanced characterization of harmonic components and,

at the same time, offers a better frequency-resolution around

ω = 0.06 (rad/sample), as could be see in Fig. 12.
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Fig. 9. Non-stationary signal in time domain.
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Fig. 10. The spectrogram provided by the STDFT.
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Fig. 11. The spectrogram provided by the DST.

VI. CONCLUSIONS

This contribution introduced the WDTST and the WDST

for improving the TFR offered by the DST when it is applied

to analyze non-stationary signals. Numerical results based on

non-stationary signal showed that the WDST is capable of
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Fig. 12. The spectrogram provided by the WDST.

providing an enhanced spectrogram representation in compar-

ison with the STDFT and the DST. Due to the widespread

use of the DST to analyze electric signals, the replacement

of the DST by an another technique that offers an enhanced

TFR, such as the that one provided by the WDST, has the

potential to improve the performance of several S-transform-

based techniques developed so far to analyze non-stationary

signals such as electric signals corrupted by transients (e.g.,

[2][4][5]).
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