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Abstract— The outage performance of a spectrally efficient
scheme for diversity exploitation in multiuser cognitive relaying
networks under spectrum sharing constraints is investigated. In
our analysis, we consider a secondary network composed by
one source node communicating with one out of L available
destinations, which is selected according to the channel quality of
the direct links. If the transmission through the selected direct

link drops below a given threshold, a half-duplex decode-and-
forward relaying transmission is then invoked. For this purpose, it
is first selected a new secondary destination so as to maximize the
signal-to-noise ratio resulting from employing a maximal-ratio
combining technique on the received signals from the secondary
source and relay. In addition, assuming an underlay spectrum-
sharing approach, the overall transmit power at the secondary
network is considered to be limited by the maximum tolerable
interference power at the primary user receiver, as well as by
the maximum transmit power available at the secondary nodes.
An exact analytical expression for the outage probability of
the proposed scheme is derived and validated by Monte Carlo
simulations. Furthermore, closed-form expressions derived from
the asymptotic analysis of the outage probability reveal that the
proposed scheme achieves full diversity order, equal to L+ 1.

Keywords— Cognitive relaying networks, cooperative diversity,
outage probability, underlay spectrum sharing.

I. INTRODUCTION

Spectrum sharing in cognitive radio networks is proposed

as a promising approach that enables an efficient use of scarce

radio resources [1], [2]. In an underlay spectrum sharing sce-

nario, secondary users (SUs) are allowed to opportunistically

and dynamically access a licensed band owned by primary

users (PUs), as long as the resulting interference on the PUs

is maintained below a given threshold. Cooperative relaying

is another promising technique, which creates and exploits

a new form of spatial diversity by leveraging the distributed

signal processing and transmission from collaborating nodes of

the network [3]. Both techniques have recently received great

attention from the research community, once their joint use

can achieve significantly improved outage performance and

spectral efficiency [4], [5]. Due to this fact, several papers have

investigated the performance of cognitive relaying networks
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in a multiuser scenario1 (see, for instance, [6], [7] and the

references therein). In [6], Yang et al. proposed a cooperative

relaying scheme to select the best available destination for

communicating with the source under the aid of a half-duplex

amplify-and-forward (AF) relay. However, because in [6] the

direct links have not been considered and due to the half-

duplex relay nature, the resulting diversity order and spectral

efficiency were not satisfactory. In order to alleviate these

problems, in [7], the authors considered the opportunistic use

of the direct links in a multiuser cooperative scheme. Essen-

tially, in that work, if the selected direct link is sufficiently

good, then the relaying transmission is not employed, thus

improving the overall spectral efficiency.

In this work, we extend the analysis of spectrally efficient

schemes for a cognitive relaying network context. More specif-

ically, employing a spectrally efficient scheme for spatial-

diversity exploitation, we examine the outage performance of

multiuser cognitive relaying networks under spectrum sharing

constraints. In our analysis, we consider a secondary network

composed by one source node communicating with the best

one out of L available destinations, which is selected according

to the channel quality of the direct links. According to this

scheme, if the transmission through the selected direct link

drops below a given threshold, a half-duplex decode-and-

forward (DF) relaying transmission is carried out. For this pur-

pose, it is first selected a new secondary destination that will

maximize the signal-to-noise ratio resulting from employing

a maximal-ratio combining (MRC) technique on the received

signals from the SU source and SU relay. In addition, assuming

an underlay spectrum-sharing approach, the overall transmit

power at the secondary network is considered to be limited by

the maximum tolerable interference power at the primary user

receiver, as well as by the maximum transmit power available

at the secondary nodes. An exact analytical expression for

the outage probability of the proposed scheme is derived and

validated by Monte Carlo simulations. Furthermore, closed-

form expressions derived from the asymptotic analysis of the

outage probability reveal that the achievable diversity order

equals L + 1, thus not being affected by the interference

temperature. By contrast, as shall be seen, the interference

temperature causes the outage probability to “saturate” at a

certain level.

1As well-known, multiuser diversity (MUD) is an inherent property of
multiuser networks which can be exploited by opportunistically selecting the
user with the best channel conditions.
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Fig. 1. System model (data link: solid line; interference link: dashed line).

The remainder of this paper is organized as follows. In Sec-

tion II, the system model as well as the proposed spectrally-

efficient scheme are described. Section III investigates the

outage performance of the system under study, in which

an exact analytical expression for the outage probability is

derived. Based on this expression, an asymptotic analysis

is carried out and the system diversity order is attained.

Section IV presents some representative numerical results and

insightful discussions are drawn. Finally, Section V concludes

the paper.

In what follows, fZ(·) denotes the probability density func-

tion (PDF) of a generic random variable Z, E[·] denotes

expectation, and Pr(·) denotes probability.

II. SYSTEM MODEL

Consider a spectrum-sharing cognitive relaying network as

shown in Fig. 1, which consists of one SU source S, one

decode-and-forward SU relay R, L SU destinations Dl (l =

1, . . . , L), and one PU receiver P . The solid lines denote the

data links and the dashed lines denote the interference links.

We assume that all nodes in the system are single-antenna

devices operating in a half-duplex mode and on a time-division

multiple access basis. Furthermore, we assume that the direct

links between S and Dl are accessible and can be used to

transmit information. In addition, the channels pertaining to

the links between any two nodes, that is, the direct links,

the link between S and R, and the links from R to Dl, are

supposed to undergo independent but not necessarily identi-

cally distributed Rayleigh block fading. Hereafter, we denote

the instantaneous channel coefficient and the distance between

two arbitrary nodes V and W as hV W and dV W , respectively,

with VW ∈ {SR, SDl, RDl}. Moreover, by considering an

underlay spectrum sharing scenario, let I be the maximum

tolerable interference power at the PU receiver, PS and PR

be the maximum transmit powers at the SU source and SU

relay, respectively, and assume that the background noise at

all nodes is an additive white Gaussian noise (AWGN) with

mean power N0. Accordingly, the transmit powers at S and R

can be written, respectively, as PS = min
{
I/|hSP |

2, PS

}
and

PR = min
{
I/|hRP |

2, PR

}
.

In this work, we make use of the spectrally-efficient im-

proved incremental DF relaying scheme with MUD (MU-

IIDF)2 proposed in [7]. According to this scheme, the

SU destination with the best channel quality of the di-

rect link, Dl∗ , is first selected among the L available des-

tinations, that is, l∗ = argmax
l

{γSDl
}, where γSDl

=

min
{
I/|hSP |

2, PS

}
d−α
SDl

|hSDl
|2/N0 is the instantaneous re-

ceived signal-to-noise ratio (SNR) of the link between S

and Dl, with α being the pathloss exponent. Afterwards, the

information transmission between S and Dl∗ is carried out

in one or two time slots, depending on the value of γSDl∗
.

More specifically, during the first time slot, S broadcasts

information with transmit power PS , while R, Dl∗ , as well as

all other destinations Dl (∀l 6= l∗) listen to the transmission.

For a given target spectral efficiency ℜ (bits/s/Hz), if Dl∗

is able to correctly decode the received information, that

is, if log2 (1 + γSDl∗
) ≥ ℜ, or in an equivalent manner, if

γSDl∗
≥ 2ℜ−1, it will broadcast a “success” message back to S

and R. Then, S will be able to send new information during the

next time slot, thus yielding an improved spectral efficiency.

Otherwise, Dl∗ will broadcast a “failure” message back to S

and R, and the relaying transmission will be invoked in the sec-

ond time slot. However, for this transmission, in order to take

full advantage from the signals coming from the direct and

relaying links and improve the transmission reliability against

fading, an opportunistic scheduling mechanism is performed,

which selects a new destination Dl′ (possibly different from

Dl∗ ) so as to maximize the SNR of the MRC operation of the

source and relay signals, that is, l′ = argmax l {γSDl
+ γRDl

}3.

Subsequently, during the second time slot, R will try to decode

the foregoing information from S and retransmit it to Dl′ with

transmit power PR. Afterwards, a MRC operation is executed

at Dl′ to combine the received signals from S and R. Thus,

the maximal mutual information I for the MU-IIDF scheme

can be expressed as

I =

{

log2 (1 + γSDl∗
) , if log2 (1 + γSDl∗

) ≥ ℜ
1
2
log2

(
1 +min

{
γSR, γSD

l′
+ γRD

l′

})
, otherwise,

where γSR = min
{
I/|hSP |

2, PS

}
d−α
SR|hSR|

2/N0, and γRD
l′

=

min
{
I/|hRP |

2, PS

}
d−α
RDl′

∣
∣hRDl′

∣
∣2/N0.

III. OUTAGE PROBABILITY ANALYSIS

In this section, an exact analytical expression for the outage

probability will be derived, from which an asymptotic analysis

will be carried out. To the best of the authors’ knowledge, the

subsequent analysis has not been performed in the technical

literature before.

2In [7], it is also introduced the incremental DF relaying scheme with MUD
(MU-IDF). Although both MU-IDF and MU-IIDF are shown to be highly
spectrally efficient schemes in the high-SNR regime, attaining an expected
spectral efficiency equal to that one obtained by direct transmission, the
MU-IIDF scheme outperforms the MU-IDF scheme in terms of the outage
probability. Thus, in this paper, the MU-IIDF is considered for analysis.

3In the case of MU-IDF scheme, this step is not performed. Instead of that,
during the second time slot, R will try to decode the information previously
broadcast by S and retransmit it to Dl∗ , which was the destination initially
selected. Then, it will combine the received signals by employing a maximal-
ratio combining technique. However, Dl∗ may not be the optimal choice at
that moment. Precisely, the MU-IIDF scheme attempts to circumvent this by
selecting the destination Dl′ that maximizes the resulting SNR of the MRC
reception.
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A. Exact Analysis

For the considered system, an outage event occurs when

both the direct transmission and the relaying transmission fail.

Let X , |hSP |
2, Y , |hRP |

2, and τ , 2ℜ − 1. The conditional

outage probability for a certain threshold τ can be formulated

as

Pout (τ |X,Y ) = Pr (γSDl∗
< τ, γSR < τ |X)

︸ ︷︷ ︸

K1

+Pr
(
γSDl∗

< τ, γSR > τ, γSDl′
+ γRDl′

< τ |X,Y
)

︸ ︷︷ ︸

K2

, (1)

where, due to the statistical independence among the direct,

first- and second-hop relaying links, and because of all of

these links follow an exponential distribution according to the

system model described above, K1 can be calculated as

K1 =Pr (γSDl∗
< τ |X)Pr (γSR < τ |X)

=

L∏

l=1

(

1− e−τβSDl

)(

1− e−τβSR

)

, (2)

with βSDl
, 1/E [γSDl

] and βSR , 1/E [γSR]. In addition,

since the event {γSDl′
+γRDl′

< τ} implies the event {γSDl∗
<

τ}, K2 can be rewritten as

K2 = Pr (γSR > τ |X)Pr
(
γSDl′

+ γRDl′
< τ |X,Y

)

︸ ︷︷ ︸

K3

, (3)

where Pr (γSR > τ |X) = exp (−τβSR), and K3 is given by

K3 =Pr
(

max
l

{γSDl
+ γRDl

} < τ |X,Y
)

=
L∏

l=1

Pr (γSDl
+ γRDl

< τ |X,Y )
︸ ︷︷ ︸

Φl

, (4)

in which Φl can be derived as

Φl =

τ∫

0

Pr (γRDl
< τ − z|X,Y ) fγSDl

(z) dz

=

τ∫

0

[

1− e−(τ−z)βRDl

]

βSDl
e−zβSDldz

=
βSDl

(
1− e−τβRDl

)
− βRDl

(
1− e−τβSDl

)

βSDl
− βRDl

, (5)

with βRDl
, 1/E [γRDl

]. Thus, unconditioning (1) w.r.t. X

and Y , the outage probability can be obtained by solving the

following integral:

Pout =

∞∫

0

∞∫

0

[K1 (τ |X) +K2 (τ |X,Y )]fX (x) fY (y)dxdy, (6)

where K1(τ |X) and K2(τ |X,Y ) are given by (2) and (3),

respectively. Furthermore, it is clear that

min

(
I

X
, PS

)

=

{

PS , if X ≤ I/PS

I/X, if X > I/PS
(7)

min

(
I

Y
, PR

)

=

{

PR, if Y ≤ I/PR

I/Y, if Y > I/PR .
(8)

Without loss of generality, let PS = PR = Q. Therefore, the

outage probability in (6) can be split according to the four

combined cases in (7) and (8) as Pout = A+B+C+D, where

A =

I/Q∫

0

I/Q∫

0

[K1 (τ |X) +K2 (τ |X,Y )]fX (x) fY (y) dxdy (9)

B =

∞∫

I/Q

I/Q∫

0

[K1 (τ |X) +K2 (τ |X,Y )]fX (x) fY (y) dxdy (10)

C =

I/Q∫

0

∞∫

I/Q

[K1 (τ |X) +K2 (τ |X,Y )]fX (x) fY (y) dxdy (11)

D =

∞∫

I/Q

∞∫

I/Q

[K1 (τ |X) +K2 (τ |X,Y )]fX (x) fY (y) dxdy. (12)

Making the appropriate substitutions in (9), we have that

A =

I/Q∫

0

I/Q∫

0

L∏

l=1

(

1− e
−τβ

Q
SDl

)(

1− e−τβ
Q
SR

)

βSP e
−xβSP

× βRP e
−yβRP dxdy +

I/Q∫

0

I/Q∫

0

e−τβ
Q
SRKQ

3 (τ )

× βSP e
−xβSP βRP e

−yβRP dxdy, (13)

where βSP
∆
= 1/E [X], βRP

∆
= 1/E [Y ], and

βQ
V W

∆
=

1

E
[
Qd−α

V W |hV W |2 /N0

] , (14)

with VW ∈ {SR, SDl, RDl}, and KQ
3 (τ ) is given by (4), with

βSDl
and βRDl

being defined as in (14). After some algebraic

manipulations, (13) can be simplified to

A =

[
L∏

l=1

(

1− e
−τβ

Q
SDl

)(

1− e−τβ
Q
SR

)

+ e−τβ
Q
SRKQ

3 (τ )

]

×
(

1− e
− I

Q
βSP

)(

1− e
− I

Q
βRP

)

. (15)

Similarly, after the appropriate substitutions, (10) can be

expressed in a single-integral form as

B = e
− I

Q
βRP

(

1− e−τβ
Q
SR

)(

1− e
− I

Q
βSP

) L∏

l=1

(

1− e
−τβ

Q
SDl

)

+ e−τβ
Q
SR

(

1− e−
I
Q

βSP

)
∞∫

I/Q

KI
3 (τ |Y )βRP e

−yβRP dy, (16)

where KI
3 (τ |Y ) is given by (4), with βSDl

and βRDl
being

respectively defined as in (14) and

yβI
RDl

,
1

E
[

(I/y) d−α
RDl

|hRDl
|2 /N0

] . (17)
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Following the same procedure in (11), it yields

C =
(

1− e−
I
Q

βRP

)

×

∞∫

I/Q

L∏

l=1

(

1− e
−xτβI

SDl

)(

1− e−xτβI
SR

)

βSP e
−xβSP dx

︸ ︷︷ ︸

K4

+
(

1− e
− I

Q
βRP

)
∞∫

I/Q

e−xτβI
SRKI

3 (τ |X)βSP e
−xβSP dx, (18)

where

xβI
SW ,

1

E
[
(I/x) d−α

SW |hSW |2/N0

] , (19)

with W ∈ {Dl, R}, and KI
3 (τ |X) is given by (4), with βRDl

and βSDl
being respectively defined as in (14) and (19). After

some algebraic manipulations, the first integral in (18) can be

developed as

K4
(a)
=

∞∫

I/Q

L∑

l=0

∑

Sl⊆{1,...,L}
|Sl|=l

(−1)le
−

∑

j∈Sl
xτβI

SDj

×
(

1− e−xτβI
SR

)

βSP e
−xβSP dx

=
L∑

l=0

∑

Sl⊆{1,...,L}
|Sl|=l

(−1)lβSP







e
− I

Q

(

βSP+τ
∑

j∈Sl
βI
SDj

)

βSP + τ
∑

j∈Sl
βI
SDj

−
e
− I

Q

[

βSP+τ
(

βI
SR+

∑

j∈Sl
βI
SDj

)]

βSP + τ
(

βI
SR +

∑

j∈Sl
βI
SDj

)






, (20)

where in step (a) we have made use of the multinomial

expansion identity [9, eq. (33)]. Thus, (18) is also obtained

in a single-integral form.

Following again the same procedure, (12) can be written as

D = e
− I

Q
βRP K4

+

∞∫

I/Q

∞∫

I/Q

e−xτβI
SRKI

3 (τ |X,Y )βSP e
−xβSP βRP e

−yβRP dxdy,

(21)

where KI
3 (τ |X,Y ) is given by (4), with βRDl

and βSDl
being

respectively defined as in (17) and (19).

Finally, using (15), (16), (18), and (21) into Pout = A+B+

C + D, we arrive at a new useful expression for the outage

probability of the considered system. It is noteworthy that the

single-fold integrals in (16) and (18), as well as the two-fold

integral in (21), can be fast evaluated by numerical methods

found in standard computing softwares, such as Matlab and

Mathematica. Also, as far as the authors are aware, such

analysis is new and it arises as a benchmark for further

investigations in the design of spectrally efficient schemes for

multiuser cognitive relaying networks.

B. Asymptotic Analysis

With the aim of gaining a better understanding of the

outage performance of the system under study, as well as of

its achievable diversity order, an asymptotic analysis of the

outage behavior in the high-SNR regime is provided next4. By

defining γ̄ , 1/N0 as the system SNR, and from the system

model detailed in Section II, we can notice that βSDl
, βSR,

and βRDl
go to zero as γ̄ → ∞. In addition, by invoking

the Maclaurin series expansion of the exponential function [9,

eq. (0.318.2)], we have that e−x ≃ 1 − x when x → 0. Using

this, and after some tedious algebraic manipulations, the fol-

lowing asymptotic expressions can be respectively attained in

a closed-form for the terms A, B, C, and D in (15), (16), (18),

and (21):

PA
out ≃

{

τL+1βQ
SR

(
L∏

l=1

βQ
SDl

)

+

(
τ 2

2

)L
(

L∏

l=1

βQ
SDl

βQ
RDl

)}

×
(

1− e−
I
Q

βSP

)(

1− e−
I
Q

βRP

)

∝

(
1

γ̄

)L+1

(22)

PB
out ≃τL+1βQ

SRe
− I

Q
βRP

(

1− e−
I
Q

βSP

)
(

L∏

l=1

βQ
SDl

)

+
(

1− e−
I
Q

βSP

)( τ 2

2

)L
(

L∏

l=1

βQ
SDl

βI
RDl

)

×
1

βRP
L
Γ

(

L+ 1,
I

Q
βRP

)

∝

(
1

γ̄

)L+1

(23)

PC
out ≃

(

1− e−
I
Q

βRP

)
{

τL+1βI
SR

(
L∏

l=1

βI
SDl

)

1

βSP
L+1

× Γ

(

L+ 2,
I

Q
βSP

)

+

(
τ 2

2

)L
(

L∏

l=1

βI
SDl

βQ
RDl

)

×
1

βSP
L
Γ

(

L+ 1,
I

Q
βSP

)}

∝

(
1

γ̄

)L+1

(24)

PD
out ≃τL+1βI

SRe
− I

Q
βRP

(
L∏

l=1

βI
SDl

)

1

βSP
L+1

× Γ

(

L+ 2,
I

Q
βSP

)

+

(
τ 2

2

)L
(

L∏

l=1

βI
SDl

βI
RDl

)

×
1

βSP
LβRP

L
Γ

(

L+ 1,
I

Q
βSP

)

Γ

(

L+ 1,
I

Q
βRP

)

∝

(
1

γ̄

)L+1

, (25)

where Γ(·, ·) denotes the upper incomplete gamma function [9,

eq. (8.350.2)]. From the expressions above, and noting that

βQ
V W and βI

V W , with VW ∈ {SR, SDl, RDl}, are all inversely

proportional to γ̄, it can be seen that Pout ∝ (1/γ̄)L+1, that is,

the system attains a full diversity order, which equals L + 1,

with L being the number of SU destinations. In addition, it

is noteworthy that the diversity order is not impaired by the

interference temperature constraint.

IV. NUMERICAL RESULTS AND DISCUSSIONS

In this section, we evaluate the outage performance of

the considered cognitive relaying network by applying our

4It is worth mentioning that the asymptotic analysis is carried out in a
direct manner on the integrand terms encountered in the outage probability
expression.



XXXI SIMPÓSIO BRASILEIRO DE TELECOMUNICAÇÕES - SBrT2013, 1-4 DE SETEMBRO DE 2013, FORTALEZA, CE

−5 0 5 10 15 20 25
10

−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

 

 

O
u

ta
g

e
p

ro
b

ab
il

it
y,

P
o
u
t

Transmit SNR, Q/N0 (dB)

Simulation
Exact analysis
Asymptote

L = 1

L = 2

L = 3

Fig. 2. Outage probability for different numbers of SU destinations (I =

Q = 0.5).

new analytical expressions to some representative examples.

Monte Carlo simulation results are also provided in order

to corroborate our formulas. For illustration purposes, we

consider a 2-D plane network, where the SU source and the

SU relay are located at (0,0) and (0.5,0), respectively, the SU

destinations are clustered and collocated at (1,0), and the PU is

located at (0,1). As a consequence, we have that βSDl
= βSD

and βRDl
= βRD , ∀l. Moreover, without loss of generality,

we assume that the average channel gain between any two

nodes is determined by the distance between them, and we set

the target spectral efficiency ℜ to 1 bit/s/Hz and the pathloss

exponent α to 4.

Fig. 2 shows the outage probability versus the maximum

transmit SNR for different numbers of SU destinations. Specif-

ically, we set L = 1, 2, 3. As expected, as L increases, the

outage performance improves due to the MUD gain. Also, it

is observed that the diversity order increases according to L+1.

Fig. 3 depicts the impact of the interference temperature

constraint I on the outage probability. As a sample example,

we set the number of SU destinations L to 2. Owing to the

interference constraint, the outage probability curves stabilize

to a floor after the maximum allowed value of transmit

SNR is achieved. Note that, as I increases, higher values of

transmit power are allowed and, as a consequence, the outage

performance improves, approaching the no-constraint case.

In Figs. 2 and 3, it is noteworthy the excellent agreement

between our exact analytical expressions (solid lines) and the

simulation results (dots). Furthermore, in Fig. 2, note how our

asymptotic expressions (dashed lines) provide a tight bound at

moderate-to-high values of transmit SNR.

V. CONCLUSIONS

This paper studied the impact of the interference tempera-

ture constraints at a PU receiver on the outage performance

of a multiuser cognitive relaying network. By using a spec-

trally efficient relaying scheme, an exact theoretical analysis

for the outage probability was performed and validated by

Monte Carlo simulations. In addition, closed-form expressions
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Fig. 3. Impact of the interference temperature constraint on the outage
probability (L = 2).

derived from the asymptotic analysis at high SNR showed that

the investigated system can achieve full diversity order, which

is equal to L+1, and it was found that the diversity order is not

affected by the interference temperature constraint. However,

for a given interference constraint, the outage performance

“saturates” after the maximum value of transmit power ex-

ceeds the maximum tolerable interference power.
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